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Preface 


LSENS, the Lewis General Chemical Kinetics and Sensitivity Analysis Code, 
has been developed for homogeneous, gas-phase chemical kinetics computations 
and contains sensitivity analysis for a variety of problems, including nonisothermal 
situations. The code is described in a series of three reference publications, which 
also provide a detailed guide to its use and many illustrative test problems. 

LSENS has been designed for accuracy, efficiency, flexibility, and convenience. 
A variety of chemical reaction models can be considered: static system; steady, one- 
dimensional, inviscid flow; reaction behind an incident shock wave, including 
boundary layer correction; and perfectly stirred (highly backmixed) reactor. In 
addition, the chemical equilibrium state can be computed for the assigned states of 
temperature and pressure, enthalpy and pressure, temperature and volume, and 
internal energy and volume. Any reaction problem can be adiabatic, have an 
assigned heat transfer profile, or for static and flow problems, have an assigned- 
temperature profile. For static problems either the density is constant or the 
pressure-versus-time profile is assigned. For flow problems either the pressure or 
area can be assigned as a function of time or distance. For a static reaction sensitivity 
coefficients of the dependent variables and their temporal derivatives with respect 
to the initial values of the dependent variables and/or the three rate coefficient 
parameters of the chemical reactions can be obtained. 

LSENS checks the legality and sufficiency of all input. At the user’s option 
LSENS checks the reaction mechanism for uniqueness and ensures that each 
reaction satisfies charge and atom balance requirements. 

This volume, part I of the series (chapters 1 to 7), presents the theory and the 
numerical solution procedures used in LSENS. The ordinary differential equations 
(ODE’s) describing chemical kinetics problems are derived in chapter 2. Chapter 3 
describes the numerical integration method and how it is implemented. In chapter 
4 the governing ODE’s for sensitivity analysis are derived and the solution method 
and numerical algorithm explained. The governing equations and solution methods 
for the chemical equilibrium state, equilibrium and frozen thermodynamic states 
behind an incident shock wave, and perfectly stirred reactor problems are presented 
in chapters 5 to 7. 

Part n of the series (NASA RP-1329), consisting of chapters 8 to 13 and 
appendixes A to C, describes LSENS, its usage, and how to modify it. Chapter 8 
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describes the computational capabilities and convenience features built into the 
code. Chapter 9 presents its structure and description. Chapter 1 0 lists modifications 
that may be required to implement LSENS on the user’s computer system. Chapter 
1 1 provides a guide to code usage and describes how to prepare the input data files 
required to execute LSENS. The output information generated by the code is 
discussed in chapter 12. Example problems illustrating both problem data file 
construction and code usage are given in chapter 13. These examples supplement 
chapter 1 1 by providing additional guidance on preparation of the problem data file. 

The partial derivatives required by the numerical solution procedures detailed in 
chapters 3, 4, and 7 are derived in appendix A. Appendix B shows how to access the 
system clock for several common computing systems so that execution times can 
be measured. Appendix C describes the modifications required to change the built- 
in values for various quantities. 

Part III of the series (NASA RP-1330), consisting of appendixes D and E, 
explains the example problems provided with LSENS and presents sample results. 
Appendix D describes the kinetics test cases. These problems illustrate the various 
reaction models that can be solved by, and options built into, LSENS. Appendix E 
describes the kinetics-plus-sensitivity-analysis test cases supplied with the code. 
The examples in the two appendixes cover a variety of problem types and so should 
serve as useful models for the structure of the problem data file required to execute 
the code. Indeed, it is likely that the desired file can be produced by modifying one 
of the test cases. 

Details regarding code availability and procurement can be obtained from 
COSMIC, 328 East Broad Street, University of Georgia, Athens, GA 30602 
(Telephone: 706-542-3265). 
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ODE’s by one integration step, equation (3.15) 

mass-specific enthalpy of mixture 

mass-specific enthalpy of mixture at PSR inlet 

integration step size to be attempted on next step 

integration step size on step [^ n -\ &n\ 

mixture mass-specific stagnation enthalpy 

molar-specific enthalpy of species i 

number of integration steps between output of results for chemical 
kinetics problems and sensitivity analysis computations 

user-supplied integer that indicates if RTOL and ATOL are scalars 
or arrays 


I identity matrix 


J Jacobian matrix 

K c j concentration equilibrium constant for reaction j, equation (2.8) 
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K\, K 2 integers associated with particular linear multistep method (see 

eq. (3.6)) 

kj, L.j forward (eqs. (2.4) and (2.5)) and reverse (eq. (2.6)) rate coefficients 

for reaction j 

k vector containing { kj } 

L number of columns of Nordsieck history matrices for chemical 

kinetics variables and sensitivity coefficients with respect to T y or 
number of elements in mixture 

£ coefficient vector for linear multistep method in normal form, 

equation (3.25) 

£q qih component of £ (see eq. (3.25)) 

zeroth component of £ (see eq. (3.25)) 

total number of iterations required for convergence or total number 
of independent sensitivity parameters for problem 

mixture molar mass 

molar mass of species i 

general third-body collision partner in third-body reaction 

maximum number of integration steps allowed for solution of 
ODE’s 

METH identifies integration method to be used for solving chemical 

kinetics ODE’s (see eq. (3.53)) 

MF method flag that specifies both integration method and corrector 

iteration technique to be used for solving chemical kinetics ODE’s, 
equation (3.53) 

MITER identifies corrector iteration technique to be used in integrating 
chemical kinetics ODE’s (see eq. (3.53)) 

uW Mach number 
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mass or iteration number 
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Am 
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m£j 
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NJE 
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NR 
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NS 
NS jft 


NSTEP 


mass flow rate 

mass flow rate increment for successive solutions of assigned- 
mass-flow-rate PSR problem (see eq. (7.32b)) 

mass flow rate for assigned-mass-flow-rate PSR problem 

mass flow rate to start iteration for first solution of assigned- 
temperature PSR problem 

relative third-body efficiency of species £ in reaction j (see 
eqs. (2.29) and (2.30)) 

number of chemical kinetics ODE’s or number of algebraic 
equations in PSR problem 

number of moles of species i in mixture 

total number of derivative evaluations required by ODE solver to 
solve problem 

number of inert species in mixture 

total number of iterations required for chemical equilibrium state 
calculation 

total number of Jacobian matrix evaluations required by ODE 
solver to solve problem 

number of elements in mixture 

number of chemical reactions in reaction mechanism 

number of reacting species in mixture 

number of (reacting plus inert) species in mixture 

number of species considered in measuring estimated global error 
in Sj at time t (see eq. (4.83)) 

total number of integration steps required by ODE solver to solve 
problem 
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Symbols 

number of third-body species with collisional efficiencies different 
from unity 

stoichiometric coefficient of species i in reaction j, equation (2.3) 

temperature exponent in forward rate coefficient expression for 
reaction j 

change in number of moles for jth reaction, equation (2.9) 
vector containing {nj} 

number density of species i, molecules of species i per unit 
volume of mixture 

number of parameters with respect to which sensitivity coefficients 
are desired 

user-supplied integer that controls amount of information generated 
by code PSR 

iteration matrix, used in solution of ODE’s for chemical kinetics and 
sensitivity coefficients, equation (3.16) 

pressure 

pressure at PSR inlet 
heat of combustion 
heat transfer rate 

heat transfer rate from differential element of flow (see fig. 2.1) 
heat transfer rate per unit length 

method order used by ODE solver on current integration step 
method order to be attempted by ODE solver on next step 
heat transfer rate per unit mass of mixture from system 
universal gas constant 
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RTOL, 


RTOL(5y) 
RTOL (£,) 
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Sij 

Sij 

(Sij) 


Srn 
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forward (eqs. (2.17) and (2.31)) and reverse (eqs. (2.18) and (2.32)) 
molar reaction rates per unit volume of reaction j 

local relative error tolerance for all sensitivity coefficients 

local relative error tolerance for ith chemical kinetics dependent 
variable (see eq. (3.31)) 

local relative error tolerance for Sy (see eq. (4.80)) 

local relative error tolerance for £7 (i.e., for all sensitivity coefficients 
with respect to r y) 

total molar rate of reaction j 

step length ratio 

net molar rate per unit volume of reaction j, equation (2.16) 

ratio of step length to be attempted on next step to its current value 
if method order q’ is to be used 

root mean square 

sensitivity coefficient of ith dependent variable with respect to 7 th 
sensitivity parameter 

approximation to exact sensitivity coefficient <fyj/dr\j 

normalized sensitivity coefficient of ith dependent variable with 
respect to jth sensitivity parameter, equation (4.63) 

sum of mass fractions of all species, equations (4.96) and (7.28) 

sensitivity coefficient vector with respect to 7 th sensitivity 
parameter 

approximation to F j produced by BDF method 
chemical symbol for species i 
mass-specific entropy of mixture 
molar-specific entropy of species i 
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Symbols 


T temperature 

AT temperature decrement for successive solutions of assigned- 

temperature PSR problem (see eq. (7.32c)) 

Ain T logarithmic correction of temperature for chemical equilibrium 

calculation 

T* temperature at PSR inlet 

Tnan reactor temperature for assigned-temperature PSR problem 

TEMP user-supplied initial estimate of reactor temperature for assigned- 

mass-flow-rate PSR problem or reactor temperature for assigned- 
temperature PSR problem, required by code PSR 

TRACE cutoff level for listing mole fractions, used by code CET 

t time 

U unit roundoff of computer 

u mass-specific internal energy of mixture 

uj molar-specific internal energy of species i 

V flow velocity 

0) volume 

V mass-specific volume of mixture 

Wi net molar production rate per unit volume of species i, equa- 

tion (7.6) 

w work transfer rate per unit mass of mixture from system 

x distance 

x i mole fraction of species i 

Y t ith component of Y 

A Y( ith component of AY or change in ith component of numerical 

solution vector to chemical kinetics ODE’s 
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Symbols 

A Yn correction to temperature for assigned-mass-flow-rate PSR prob- 

lem or correction to mass flow rate for assigned-temperature PSR 
problem 

Yi ith component of Y* 

Y numerical solution vector to chemical kinetics ODE’s or vector 
containing {lny*} for chemical equilibrium, shock, and PSR problems 

AY correction to Y obtained on an iteration 

Y* numerical solution obtained using exact past values or approximation 

to exact solution y 

Y approximation to £ produced by BDF method 

Yp* vector of equilibrium partial derivatives with respect to temperature 

at constant pressure, equation (5.76) 

Yj vector of equilibrium partial derivatives with respect to pressure at 

constant temperature, equation (5.85) 

y i Hh component of y or mass fraction of species i, equation (4.97) 

y exact solution vector for chemical kinetics problems or vector of 

dependent variables for chemical equilibrium, shock, and PSR 
problems 

y first derivative vector of chemical kinetics dependent variables with 

respect to % 

Zj(k) kth column of Zy, equation (4.25) 

Zj Nordsieck history matrix for sensitivity coefficients with respect to 

jth sensitivity parameter, equation (4.14) 

z(k) kth column of z, equation (3.49) 

z Nordsieck history matrix for solution to chemical kinetics problem, 

equation (3.19) 

ap p; method coefficients for linear multistep methods (see eq. (3.6)) 
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Symbols 

oc 7 , Pi methodcoefficientsforpredictorformulathatproducesinitial guess 

for solution to chemical kinetics ODE’s (see eq. (3.12)) 

Po integration method coefficient (see eq. (3.6)) 

y frozen specific heat ratio of mixture, equation (2.79) 

A ij weighted estimated local truncation errror in S,y, equation (4.85) 

8r | \j normalization factor for sensitivity coefficients with respect to r\j 

8(r|y) normalized finite-difference increment Ar|y (see eqs. (4.75) to (4.78) 

and (4.103)) 

8 c3 (riy) value of 8(rj .j) needed for sensitivity coefficients (or normalized 

sensitivity coefficients) with respect to r ]j to converge to three 
significant figures 

8 c4 (riy) value of 8(r|y) needed for sensitivity coefficients (or normalized 

sensitivity coefficients) with respect to r|y to converge to four 
significant figures 

average rms norm for complete problem of weighted estimated local 
truncation errors in sensitivity coefficients with respect to r|y, 
equation (4.84) 

e w , Em quantities used to test convergence of solution to chemical kinetics 

ODE’s, equations (3.32) and (3.35) 

r\j jth sensitivity parameter 

Arjy normalization factor for sensitivity coefficients with respect to r\j or 

finite-difference increment for r|y (see eqs. (4.73) and (4.74)) 

fiy generally accepted nominal value for T|y 

A underrelaxation factor used to restrict magnitude of corrections 

produced by NR iteration method while solving chemical equilibrium, 
shock, and PSR problems, equations (5.58), (6.28), and (7.26) 

Ai, A 2 quantities used to compute A for chemical equilibrium and PSR 

problems, equations (5.56), (5.57), (7.24), and (7.25) 

Lagrange multiplier for ith atom conservation equation 
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Symbols 

Hi 


chemical potential of species i 


v/j, v(j stoichiometric coefficients of reactant and product species i in 

reaction j (see eq. (2.1)) 

£ independent variable for chemical kinetics ODE’s — time or distance 

7 ij modified Lagrange multiplier A,;, equation (5.16) 

p mixture mass density 

p* mixture mass density at PSR inlet 

d mole number of species i — moles of species i per unit mass of 

mixture 

Ain C; logarithmic correction of mole number of species i for chemical 

equilibrium calculation 

G* mole number of species i at PSR inlet 

G m sum of mole numbers of species, equation (2.23) 

Ain c m logarithmic correction of G m for chemical equilibrium calculation 

T (q) test constant used in local truncation error test for BDF method of 

order q , equation (3.38) 

T all execution time required for computing concentrations, all initial 

condition sensitivities, and all rate constant sensititivies 

T CO nc execution time required to solve chemical kinetics ODE’s alone 

(i.e., no sensitivity analysis) 

T ic execution time required for computing concentrations and all initial 

condition sensitivities 

T r average residence time for PSR, equation (7.1) 

T rc execution time required for computing concentrations and all rate 

constant sensitivities 

y .• generalized normalization factor for sensitivities with respect to r|, 

(see eq. (4.63)) 
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Symbols 

previously computed information required by BDF method to 
advance S/, equation (4.10) 

1 

previously computed information required by BDF method to 
advance solution to chemical kinetics ODE’s, equation (3.10) 

Subscripts: 


end 

value at end of integration interval 

eq 

equilibrium state 

ic 

initial condition 

N 

index for either temperature or mass flow rate in PSR calculation 

n 

value at ^ n or results of (or assigned value for) nth PSR solution 

out 

value at next output station 

rp 

rate coefficient parameter 

St 

standard conditions (1 atm) 

0 

initial condition value or, for chemical equilibrium state calculations, 
assigned value 

1 

condition upstream of incident shock wave or results of (or assigned 
value for) first PSR solution 

2 

condition downstream of incident shock wave or results of (or 
assigned value for) second PSR solution 

Superscripts: 


(7) 

jth derivative 

[m] 

value at mth iteration 

T 

transpose 

[0] 

predicted value (i.e., initial guess) 

O 

standard state (1 atm) 
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Chapter 1 

Introduction 


LSENS, the Lewis General Chemical Kinetics and Sensitivity Analysis Code, 
has been developed for solving complex, homogeneous, gas-phase, chemical 
kinetics problems and contains sensitivity analysis for a variety of problems, 
including nonisothermal situations. This report derives the governing equations 
and describes the numerical solution procedures for the problem types that can be 
solved by LSENS. Test problems examining the accuracy and efficiency of 
LSENS, as well as comparisons with other methods and codes, are presented. 

There is a continuing interest in developing detailed chemical reaction 
mechanisms for complex reactions, such as fuel combustion and pollutant formation 
and destruction. A chemical reaction mechanism is the set of all elementary 
chemical reactions (i.e., real molecular events) that are required to describe the 
process of interest (refs. 1 and 2). Mathematical descriptions of chemical kinetics 
problems constitute sets of coupled, nonlinear, first-order ordinary differential 
equations (ODE’s) (refs. 1 and 3). The number of ODE’s can be very large 
because of the numerous chemical species involved in the reaction mechanism. 
Further complicating the situation are the many simultaneous reactions needed to 
describe the chemical kinetics of practical fuels. For example, the mechanism 
describing the oxidation of the simplest hydrocarbon fuel, methane, involves over 
25 species participating in nearly 100 elementary reaction steps (ref. 4). 

Validating a chemical reaction mechanism requires repetitive solutions of the 
governing ODE’s for a variety of reaction conditions. Analytical solutions to the 
systems of ODE’s describing chemistry are not possible, except for the simplest 
cases, which are of little or no practical value. Consequently fast and reliable 
numerical solution techniques are needed for chemical kinetics problems. 

Before fast computers were widely available, numerical results could be obtained 
only after substantial reduction and approximation of the reaction mechanism, 
which then bore little resemblance to the true chemistry (refs. 5 to 7). Surprisingly 
the introduction of digital computers after World War II did not result in significant 
advances in complex mechanism development, even though numerical integration 
methods for ODE’s had been developed. As discussed in chapter 3, the ODE’s 
describing chemical kinetics exhibit a peculiar behavior (called “stiffness”) that 
makes their solution by classical ODE integration methods prohibitively expensive; 
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that is, classical methods will require prohibitive amounts of computer time to 
integrate chemical kinetics equations. 1 It is the development of specialized solution 
techniques, as well as fast computers, that has made possible economical solution 
of complex reaction problems. 

In addition to solving the ODE’s describing chemical kinetics, it is often 
necessary to know how variations in either initial condition values or chemical 
reaction mechanism parameters affect the solution. Such a need arises in 
developing reaction mechanisms from experimental data (ref. 8). The rate 
coefficients are often not known with great precision, and in general the 
experimental data are not sufficiently detailed to accurately estimate the rate 
coefficient parameters. The development of a reaction mechanism is facilitated 
by a systematic sensitivity analysis, which establishes relationships between the 
predictions of a kinetics model and the input parameters of the problem (refs. 3, 9, 
and 10). 

LSENS replaces the previous NASA general chemical kinetics codes GCKP 
(ref. 1 1) and GCKP84 (ref. 12). The new code is designed for accuracy, efficiency, 
flexibility, and convenience. A variety of chemical reaction models can be 
considered. The models include static system; steady, one-dimensional, inviscid 
flow; incident shock wave; and perfectly stirred (highly backmixed) reactor 
(PSR). In addition, the chemical equilibrium state can be computed for the 
following assigned states: temperature and pressure, enthalpy and pressure, 

temperature and volume, and internal energy and volume. For static problems the 
code computes sensitivity coefficients with respect to the initial values of the 
dependent variables and/or the three rate coefficient parameters of the chemical 
reactions. 

To integrate the ODE’s describing chemical kinetics problems, LSENS uses the 
packaged code LSODE— the Livermore Solver for Ordinary Differential Equations 
(refs. 13 to 15) — because it has been shown to be the most efficient and accurate 
code for solving such problems (refs. 16 to 20). The sensitivity analysis 
computations use the decoupled direct method (refs. 20 to 22) as implemented by 
Dunker (ref. 23) for isothermal problems and extended by Radhakrishnan 
(ref. 22) to nonisothermal combustion kinetics. This method has shown greater 
efficiency and stability, with equal or better accuracy, than other sensitivity 
analysis methods (refs. 20 to 22). 

The chemical equilibrium state is obtained by minimizing either the Gibbs or 
Helmholtz function. The postincident shock equilibrium and frozen thermodynamic 
states are computed by solving the mass, momentum, and energy conservation 
equations for steady, one-dimensional, inviscid flow. For the PSR problem the 
nonlinear algebraic species continuity and energy conservation equations are 
solved. In all three cases a Newton-Raphson iteration technique that automatically 
limits the size of the corrections at each iteration to minimize convergence 
difficulties is used. Also, to avoid negative variables, the equations are cast in terms 


l In this report the terms “computational expense" (or cost) and “execution time (i.e., central 
processing unit (CPU) time) are used synonymously. 
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of the logarithm of the variables. In order to minimize convergence to a false 
solution, the calculation procedure for the PSR problem generates a series of 
solutions, starting with conditions close to the chemical equilibrium state, until the 
desired state is reached. 

The remainder of this report is organized as follows. The ODE’s describing static 
and flow chemically reacting problems are derived in chapter 2. Chapter 3 describes 
the numerical integration method and how it is implemented. In chapter 4 the 
governing ODE’s for sensitivity analysis are derived and the solution method and 
numerical algorithm explained. The governing equations and solution methods for 
the chemical equilibrium state, thermodynamic states behind an incident shock 
wave, and PSR problems are presented in chapters 5 to 7. 
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Chapter 2 

Governing Ordinary 
Differential Equations 


In order to describe the temporal evolution of homogeneous chemical reaction 
systems, equations are needed for species concentrations, temperature, density, 
pressure, and possibly, velocity (ref. 1). In this chapter the governing ordinary 
differential equations (ODE’s) are derived for a variety of problem types. However, 
for each problem type the ODE’s that are actually solved and the forms of these 
ODE’s as used in the code are given in appendix A of part EL 


2.1 Chemical Reactions and Rate Coefficients 

Consider a chemical reaction mechanism involving NR elementary reactions 
among NS species. The jth elementary step of the mechanism can be written 
symbolically in the general form 



NR 


( 2 . 1 ) 


Here vij is the stoichiometric coefficient (i.e., number of moles) of reactant 
species i in reaction j, v/y the stoichiometric coefficient of product species i in 
reaction j, and S, the chemical symbol for species i. For a species i that does not 
participate in the jth reaction, v[j = v/y = 0. The arrows indicate the direction (i.e., 
forward or reverse) of the chemical reaction. The kj and k-j are, respectively, the 
forward and reverse rate coefficients or rate constants for reaction j. 

For convenience, the chemical reaction, equation (2.1), is rewritten as 
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NS 

0 = X"ff S i 

i=i 

where 


n.j 



( 2 . 2 ) 


(2.3) 


By convention ny is positive for products and negative for reactants (ref. 24). 

Each kj is a function of temperature and usually given by the empirical expression 
(ref. 2) 


kj = AjT ■'exp 


r ~lL 

RT 


(2.4) 


which is the so-called modified Arrhenius expression. In equation (2.4) the 
preexponential factor Aj, the temperature exponent nj, and the activation energy Ej 
are constants, R is the universal gas constant, and T is the temperature. After 
Baulch and Drysdale (ref. 25), the present work also considers rate coefficients of 
the form 


kj = AjT*’ e\p(CjT) 


(2.5) 


where cj is a constant. 

Each reaction may be either irreversible (i.e., in the forward direction only) or 
reversible (i.e., bidirectional). For a reversible elementary reaction k-j is related 
to kj through the principle of detailed balancing or microscopic reversibility (refs. 
1 and 24): 


< 2 - 6 > 

In equation (2.6), K c j is the concentration equilibrium constant for reaction j and 
for a fixed temperature is given by 
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NS 


K — 1=1 
C ’J NS 


imj 


nhc 

i=l 


a NS 

r-niMj 


(2.7) 


where [S;]eq represents the concentration of the zth species at equilibrium at the 
given temperature. 

For ideal gases K c j is a function of temperature only and given by (ref. 24) 


K 


C’J 


— An ■ 

■■ ( RT ) 1 exp 


-AG. 


T.j 


RT 


( 2 . 8 ) 


where An, is the change in the total number of moles when reactants are converted 
to products according to the y'th reaction, equation (2.1), 

NS NS NS 

(2 - 9) 

1=1 1=1 1=1 


and A Gfj is the standard-state (e.g., 1 atm) Gibbs function change for the jth 
reaction at temperature I , 

NS NS NS 

ag tj =S»t / g;( r )=S v (/9°( 7 ’>-S v ^° (r) (2 - 10) 

i=l i=l i=l 


where g°(7) is the standard-state Gibbs function of species i at temperature T. 
Substituting equation (2.8) into equation (2.6) gives 


k_j - kj(RT) Arlj expl 


r Ar° ) 
ag tj 

RT 

V ) 


( 2 . 11 ) 
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2. Governing Ordinary Differential Equations 

2.2 Reaction Rates and Species Production Rates 

Consider a closed chemically reacting system (i.e., a fixed mass of reacting 
gas) of mass m and volume AJ. Let N t denote the total number of moles of species 
i in the system and ( dNj/dty its time rate of change due to reaction j. From the 
stoichiometric equation (2.2) it is clear that the quantity 



dN. 

~dT 


( 2 . 12 ) 


is the same for all species participating in the reaction and therefore a suitable 
measure of the total rate of reaction j (ref. 24). The total reaction rate, however, 
depends on the size of the system. For convenience the dependence is eliminated 
by dividing the total rate by the volume of the system (ref. 24). The rate of 
reaction j per unit volume rj is then given by 


r. 

J 


i 

Qin v { dt 


(2.13) 


If a,-, the mole number of species i, is defined to be the number of moles of species 
i per unit mass of mixture, that is, 


G. = NJm 


(2.14) 


equation (2.13) can be rewritten as 


1 

f d(ma.p 

m 


_ p 

do. ) 


l dt J 

j-^j 

v dt J 

y ' n ‘J 

l*J 


(2.15) 


where m can be taken outside the derivative because it is constant, (dGi/dt)j is the 
molar formation rate of species i per unit mass of mixture due to thejth reaction, 
and p is the mixture mass density. 

Because, in general, a chemical reaction can proceed in both directions, rj is the 
difference between the molar forward (Rj) and reverse (R-j) rates of reaction j per 
unit volume. Hence, 


r j= R j~ R -j 


where Rj and R-j are given by the law of mass action (refs. 1 and 24): 


(2.16) 
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and 


NS 

r /=‘jI 1 c . v ' 

e=i 


(2.17) 



(2.18) 


In equations (2.17) and (2.18), Cg (= [S^]) is the molar concentration of species i, 
that is, moles of species i per unit volume of mixture. The Cf and Of are related 
as follows: 


C e = po ( (2.19) 

Combining equations (2.15) and (2.16) gives the following equation for the 
molar rate of formation of species i per unit mass of mixture due to the jth 
reaction: 


'do.' 

I 

dt 




( 2 . 20 ) 


where riij has been replaced by V/J- - v,y. 

For an irreversible reaction = 0, which can be obtained simply by setting 
k_j = 0. Hence the preceding formulation can be used without loss in generality. 

Because the reaction given by equation (2.1) involves all species, reacting and 
inert, it includes third-body collisional reactions (ref. 1). An example is 


j 

0 2 + M=0 + 0 + M (2.21) 


where M (= molecule) represents any species that may participate in the reaction. 
Because M includes all species, its molar concentration C m is given by 

NS 

C„=£C, (2.22) 

£=1 

The mole number o m of M is given by 
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a 


m 


NS 


i 


t=\ 


(2.23) 


Clearly the concentrations of third-body species are not affected by the third- 
body reaction. However, the total concentration has an effect on the reaction 
rates. For the example reaction, equation (2.21), 


NS 


Rj - kjC 0 ^ C m - kjC 0i C t 

i=\ 


(2.24) 


NS 

= k_jC 0 C Q C m =k_jC 0 ^C e 


e=\ 


(2.25) 


For a general third-body reaction the reaction rates per unit volume are given by 

NS 

«r k , c ~ IK" <2 - 26) 

t = \ 

and 

NS 

IK" <2 ' 27) 

t=\ 


These two equations can be expressed in the forms given by equations (2.17) and 
(2.18) if the dependence on the total molar concentration is absorbed into kj, 
which is then written as kj(T,C m ). 

Another factor that must be accounted for when evaluating the molar formation 
rates of third-body reactions is that different third-body species may have different 
third-body collisional efficiencies in promoting the reaction. For example, the 
reaction 


H + 0 2 +M“H0 2 +M 


(2.28) 


has si gnifi cantly different rates for M = Ar, H 2 , O 2 , H 2 O, and N 2 (approximately 
in the ratio 1:3:1 .3:21 .3: 1 .3). In such a situation the reaction rates per unit volume 
for the jth reaction are given by 
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NS NS 

R j =k j y L n (j C tH C ? (2.29) 

£= 1 £= 1 

and 

NS NS 

R -j= k -ji< n tj c t n c t j ( 2 - 3 °) 

£= 1 £=l 

where m gj is the third-body collisional efficiency of species i in reaction j. 
Because, in general, only a few species have third-body efficiencies different 
from unity, for computational efficiency equations (2.29) and (2.30) are rewritten 
as follows: 


Rj= kj 


( NTBS 

X 

v e=\ 


IN 1 Do 

( -'m + y l | ( wt /f~^)Q 


NS 

riQ 

i 




R ~j= k ~j 


f NTBS A 

C m + 


V 


/= 1 


J 


NS 

n 

e=\ 


C '<J 

'-'t 


(2.31) 


(2.32) 


In these equations NTBS is the number of third-body species with efficiencies 
different from unity in the y'th reaction. 

The net formation rate of species i due to all reactions is given by 


da t 

dt 


X 


j = 1 


'do.' 


ydt. 



7=1 




(2.33) 


As indicated previously, the species can be classified into two types, reacting 
and inert. For inert species the governing ODE’s are given simply by 


da i 

dt 


■ = 0 


°i{ t = t o) = °i.O = Given 


i = 1,...,NINERT 


(2.34) 
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2. Governing Ordinary Differential Equations 

where NINERT is the total number of inert species in the mixture and to the time 
at which the reaction is initiated. Equation (2.34) has the trivial solution 


a.(t) = G. 0 , i = l,..., NINERT (2.35) 


for all f > to- 

The governing ODE’s for reacting species can be written as 


da i 
~dt 


//(KM 


k = 1,...,NS 


o,(t = t 0 ) = a l ;, 0 = Given 


i = 1,...,NRS 


(2.36) 


where NRS is the total number of reacting species. 

For constant-temperature, constant-density problems the set of NRS ODE’s 
given by equation (2.36) completely specifies the temporal evolution of the 
chemical system. The pressure p is evaluated by using the ideal-gas law 


p = pRTIM w (2.37) 

where M w , the mean molar mass of the mixture, is given by 

M w =lla m (2.38) 

For varying-temperature and varying-density problems equations are needed 
for temperature and density. In addition, if the reacting gas is in motion, an 
equation for the velocity is required. The problems examined in this report can be 
classified conveniently into two categories: static reaction problems, which involve 
no transport of energy or matter; and one-dimensional, steady reactive-flow 
problems. 


2.3 Static Reaction Problems 

For static problems the temperature may be assigned either as a function of 
time or as a constant. Otherwise its ODE is obtained from the energy equation for 
a closed system 


du 

Tt 


■ -q -w 


(2.39) 
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where u is the mixture internal energy per unit mass, q the heat transfer rate per 
unit mass of mixture from the reacting gas to its surroundings, and w the work 
transfer rate per unit mass of mixture from the system. By using the relations 


h = u + pv 

(2.40) 

w = p(dv/dt) 

(2.41) 

and 


v = 1/p 

(2.42) 

equation (2.39) can be rewritten as 


dh l dp 

(2.43) 

dt p dt ^ 


In equations (2.40) to (2.43), h is the mixture mass-specific enthalpy and v the 


specific volume of the mixture. 
For a mixture of ideal gases 


NS 

/2 = ]T|,.a. (2.44) 

1=1 

where (i the molar-specific enthalpy of species i, is a function of temperature 
only. Differentiating equation (2.44) with respect to t gives 


NRS 


NS 


dh ‘v, da i V dT 

dt ^ dt + ^ C P’''°' dt 


i = 1 


i=l 


(2.45) 


where c p>( (= d^/dT), the molar-specific heat at constant pressure of species i, is 
also a function of temperature only. The summation in the first term does not 
include inert species because dcildt = 0 for such species. Substituting equation 

(2.45) into equation (2.43) and rearranging terms give 



i , NRS . 

p dt ^ 1 dt q 

1=1 


(2.46) 
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2. Governing Ordinary Differential Equations 
where 


(2.47) 


c 


P 


NS 

IVi°i 


i=l 


is the frozen mass-specific heat at constant pressure of the gas mixture. 

As described in chapter 8 of part II the empirical equations used for the thermo- 
dynamic properties produce the nondimensional quantities c p> ;//? (t = 1,...,NS) and 
h/(/?T) (i = 1,...,NS). In order to avoid repeated conversion to the dimensional 
quantities c p>1 - and (i,-, both sides of equation (2.46) are divided by the term RT and 
then equations (2.37) and (2.38) used. The resulting equation is 


C P dT = a m dp y S fc,- dc t 'q_ ^ 

RT dt p dt RT dt RT 

Two types of static problem, constant and varying density, will now be examined. 

2.3.1 Constant-Density Static Problem 

For a constant-density static problem the ODE for density is simply 



P(f = f 0 ) = P 0 = Given 


(2.49) 


which has the trivial solution 

pW = P 0 ( 2 - 5 °) 


for all t > to . 

When the temperature is not given, its ODE is obtained from the energy 
equation, equation (2.48). The pressure, which is as yet unknown, is eliminated 
from equation (2.48) by using the ideal-gas law, equation (2.37), combined with 
equations (2.38) and (2.23) to give 


NS 

/ >= p /?7 ’X°i 


1=1 


(2.51) 
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Differentiating this equation with respect to t gives for constant density 



( NRS 



4e.- p 

1 dT + % 

dt~ p 

T dt a 


d^i_ 

dt 


(2.52) 


Substituting this expression into equation (2.48) and rearranging terms give 


f 




dT 

dt 


T 


NRS . NRS , 

X dC i y dO i g 

dt ^ RT dt RT 

i = 1 i=l 



V 


J 


(2.53) 


For adiabatic problems q = 0, but the temperature ODE, equation (2.53), remains 
unchanged. 

An alternative approach to computing the temperature for adiabatic, constant- 
density problems can be obtained from the first law of thermodynamics 


NS 

u - u . G f . = Constant (2.54) 

i=l 


where u/ is the molar-specific internal energy of species i. The algebraic equation 
(2.54) can be solved iteratively for the temperature, and there is then no need for a 
temperature ODE. Use of an algebraic equation for the temperature can be more 
efficient and accurate than integrating the temperature ODE (refs. 16 to 20). 
However, use of an ODE is preferred because it is applicable for the general case 
q*0. Unless q is either a constant or a function of only time, the energy equation 
(du/dt = -q) cannot be integrated to give an algebraic equation from which the 
temperature can be obtained. 

2.3.2 Variable-Density Static Problem 

In a variable-density static problem the pressure is specified, either as a constant 
or as a function of time, and the density and the temperature when it is not given 
are solved for. Because the pressure is known, equation (2.48) can be used to get 
the following ODE for temperature: 
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dT 

dt 


( \ 
. NRS i 

a m d P V dG i <L 

p dt “ RT dt RT 

• r=l 


R 




J 


(2.55) 


The ODE for density is obtained by differentiating equation (2.51) with respect 
to time. The result is 


^p =0 fl^p_I^_A/ N Y dc ‘ 

dt V p dt T dt w 4i dt 
V '=> 


(1.56) 


where 1 /o m has been replaced by M w . In equation (2.56), dT/dt is either given by 
equation (2.55) or evaluated from the assigned temperature profile. For a constant- 
temperature problem dT/dt = 0, but equation (2.56) remains unchanged. 


2.4 One-Dimensional, Steady, Reactive-Flow 
Problems 

In many practical devices chemical reactions occur in a flowing gas stream. 
For such problems the velocity V of the gas stream has to be computed along with 
the composition, temperature, density, and pressure. The following assumptions 
were made: steady, inviscid, one-dimensional flow of a chemically reacting ideal- 
gas mixture in a duct; variables uniform across any cross section but varying with 
distance along the duct; and negligible diffusion of matter and energy. However, 
heat transfer between the reacting gas mixture and its surroundings is allowed. 

For flow problems the independent variable can be either time t or distance x 
along the duct. If the independent variable is time, the species ODE’s, equa- 
tion (2.36), remain unchanged. If the independent variable is distance, the ODE’s 
for reacting species are obtained by using the chain rule of differentiation 


dOi _ da i dt _ 1 dOj 
dx dt dx V dt 


Gj(x = x 0 ) = ct, o = Given 


i = l,..„ NRS 


(2.57) 



2.4 One-Dimensional, Steady, Reactive-Flow Problems 

Two different types of flow problem are considered: assigned pressure and 
assigned area. In the first type of problem the pressure is assigned, after as a 
constant or as a function of time or distance, and the other thermodynarmc 
variables species concentrations, velocity, and duct area are solved for. In the 
second type the duct area is specified, either as a constant or as a function of time 
or distance, and all thermodynamic variables, species concentrations, and velocity 
are solved for. For both problem types the temperature may also be assigne , 

either as a constant or as a function of time or distance. 

In order to solve for p, T when it is not assigned, and V, appropriate forms of 
coSty, momentum and energy equations are integrated. When the pressure is 
not assigned, it is obtained from equation (2.51). Because the flow is steady and 
one-dimensional, mass continuity is expressed by the equation 


m = pA V = Constant 


(2.58) 


. . k the mass fl 0W ra te and p, V, and A are, respectively, density, velocity. 

Id dua “distance , along' the duct (fig. 2.1). Differentiating equation 
(2.58) and then dividing by pAV give the result 


±,dA + dV =0 (2.59) 

p A V 

The momentum and energy equations for one-dimensional, steady, frictionless 
flow are given by (e.g., ref. 26) 


8 Q = Q' dx 
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dp + pVdV = 0 


and 


dh + VdV = - 



m 



(2.61) 


where 8(2 is the heat transfer rate from the differential element of the duct and 
Q' the heat transfer rate per unit length of flow (fig. 2.1). Equation (2.44) gives 
the following expression for dh: 


NRS NS 

dh=J j k i da i + ^ pi c i dT 

1=1 1=1 


(2.62) 


Because dCi = 0 for inert species, they are not included in the first term. 
Substituting equation (2.62) into equation (2.61) and then using equation (2.47) 
give the result 



(2.63) 


For reasons discussed in section 2.3, equation (2.63) is divided by RT to non- 
dimensionalize the {c pj] and { (i/ } . The resulting equation is 


NRS 


-JL d T+Y 

R T PT 1 


VdV Q'/m 


i = 1 


RT 


RT RT 


dhc - 0 


(2.64) 


Finally the momentum equation, equation (2.60), is used to replace V dV by 
-dp/p and then equations (2.51) and (2.23) are used to get 


NRS » _ 

-?-dT+ Y -i-dc i ^ dp + 

RT “ RT p 
1=1 


Q'/m 

RT 


dx = 0 


(2.65) 
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2.4 One-Dimensional, Steady, Reactive-Flow Problems 
2.4.1 Assigned-Pressure Flow Problem 

For the assigned-pressure flow problem equation (2.60) gives the following 
velocity differential: 


dV = (2.66) 
pV 

The differential dT, obtained from equation (2.65) by simple rearrangement, is 
given by 


dT = T\ 


„ NRS i • 

<5 n - Q lm 

dp - \ —da--— 

p F ^ RT ' RT 

i=l 


P 

R 


dx 


(2.67) 


The differential dp is derived from equations (2.51) and (2.23) and given by 


4> = P 


NRS 

P T °m 


( 2 . 68 ) 


In this equation dT is either given by equation (2.67) or computed from the 
assigned temperature profile. For a constant-temperature problem, dT = 0, but 
equation (2.68) need not be modified. 

It is relatively straightforward to derive the governing ODE’s from equations 
(2.66) to (2.68). If time is the independent variable, the ODE’s are 


r \ 


d T _ T 

, NRS / 

°m d P y h i 

p dt “ RT dt 

i= l 

QTm v 
RT 

dt 

fg. 



R 





(2.69) 


V 
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f MR C , A 

f[p =0 y ^L 

dt p dt T dt w , dt 

v '=i y 


(2.70) 


dV = 1 _dp 

dt pV dt 


(2.71) 


The distance equations are 


dT 

dx 


_ , NRS i 

a rn dp y 

p dx “ RT dx 


R 


V 


Q7 m 
/?r 


y 


y S ^jL 

dx p dx T dx w ^ dx 
V /=! 7 


(2.72) 


(2.73) 


1 _dp 

dx pV dx 


(2.74) 


In equations (2.70) and (2.73), l/a m has been replaced by M w . Once the ODE’s 
for p and V are solved the duct area is obtained from equation (2.58) as 


A = 


m 

pV 


(2.75) 


2.4.2 Assigned-Area Flow Problem 

For the assigned-area flow problem substituting the momentum equation, 
equation (2.60), into the continuity equation, equation (2.59), gives 


dp dA 
p + A 


-\dp = 0 
pV 2 


(2.76) 
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2.4 One-Dimensional, Steady, Reactive-Flow Problems 
Introducing the Mach number uU, defined for ideal-gas mixtures by 


ju= 

V yRT/M w 

allows equation (2.76) to be rewritten as 

dp + dA 1 dp Q 
P A yJA 2 P 


(2.77) 


(2.78) 


where the ideal-gas equation of state, equation (2.37), has been used to replace 
p RT/M W by p. In equations (2.77) and (2.78), y is the frozen specific-heat ratio of 
the mixture: 


Y = 



(2.79) 


Combining equations (2.78) and (2.68) eliminates dp from equation (2.78) and 
gives 


NRS 

Y do. 

y<^M 2 — 1 dp dT • i dA 
J -=- — ^ + — = 0 (2.80) 

y lU 2 P t C m A 

If the temperature is assigned, equation (2.80) gives dp. The differential dp is 
then obtained from equation (2.78), which combined with equation (2.80) gives 


f 


dp - 


y^\K 2 -\ 


NRS 

dT + S_ 

T °m 


u2 dA 
-y JX 2 — 
A 


(2.81) 


Combining equations (2.60) and (2.80) and using equations (2.37) and (2.77) 
provide the following expression for dV : 
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dV = - 


y oW 2 — 1 


' NRS 

dT ~{ dA 

T + a A 


(2.82) 


However, if the temperature is not assigned, an expression is needed for dT. 
Eliminating dp from equation (2.65) by using equation (2.80) produces the 
following equation for dT: 


y-l 

M 2 

f 

dA 

NRS N 

2 da i 

i=i 

t y<M 2 -l 

to 

1 

A ’ 

m 

V m 




J 



( 

NRS 

x 

/= 1 
V 




k/ , Q/m 

— do- + — dx 

RT 1 RT 


J 


(2.83) 

To derive dp and dV , this expression for dT is substituted into equations (2.81) and 
(2.82), respectively. 

If time is the independent variable, equations (2.81) to (2.83) provide the 
following ODE’s for the temperature, density, and velocity: 


dT 

dt 




Y-l 


MA 2 -1 


JA 2 


i_dA 
A dt 


NRS 


X d(5 ■ 

-j 


V 


i=l 


yjU 2 -l 
+ - AT 


NRS 


K ^ L | y 


i=l 


RT dt RT 


(2.84) 


dp _ P 
dt y(_At 2 — 1 


m y s da i y^ 2 d a 

T dt + w Ti dt A dt 




i=l 


(2.85) 


22 
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dV 

dt 


-V 

yJA 2 -l 


1 JrTi NRS ? 

i dr w v 1 do i 

+ > — L 

T dt w ^ 






1=1 


dt 


\_dA 
A dt 


The distance equations are 


( 2 . 86 ) 


dT 

dx 


= -T 



/ 

Y-l 

uU 2 

V 

\ m 2 - i 


i j a NRS / 

A dx dx 

i=l y 


yJA 2 -l 

+- Af.. 


/■ \ 

NRS I • , • 

K ( - do ^ + Q ! m 


i=l 


AT dx RT 


(2.87) 


dp P 


dx y eA( 2 — 1 


1 dT dOj y^-M 2 dA 

+ M„, > — L - J 

T sir w -d— ^ rix 


V 


i = 1 


dx A dx 


J 


( 2 . 88 ) 


</y -y 


dx y^ 2 -1 


NRS 


1 dr ,, do,. 1 </A 
T dx W z/r A rlr 


i=\ 


dx A dx 


J 


(2.89) 


In equations (2.84) to (2.89), l/o m has been replaced by M w . In equations (2.85), 
(2.86), (2.88), and (2.89) the temperature derivative is given by equation (2.84) 
or (2.87), or evaluated from the assigned temperature profile. After the solutions 
for T, p, and V have been computed, the pressure is given by equation (2.51). 
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Chapter 3 

Numerical Integration 


The ordinary differential equations (ODE’s) presented in chapter 2 can be 
generalized as 


• dy 

y^ = f(y) 

y(^ = ^ 0 ) = y 0 = Given] 


(3.1) 


where an underscore represents a vector quantity. In equation (3.1), yis the solution 
vector with N components, 


H* y») T <3 - 2> 

where the superscript T indicates transpose; that is, y is a column vector. The 
number of components depends on the problem type, and £ is the independent 
variable — time t or distance x. The solution vector contains appropriate species 
mole numbers, thermodynamic variables, and when necessary, the reacting gas 
velocity. For clarity in presentation the dependence of f on the rate coefficient 
parameters, the heat transfer rate, etc., has been suppressed. (Also, for the rate 
coefficient expressions considered in the present work, the {//} do not have an 
explicit dependence on £,.) 

The initial valueproblem is to solve for the species mole numbers, thermodynamic 
properties and, for a flow problem, velocity at one or more ^ values in a prescribed 
integration interval Ko,^end]> gi yen the initial conditions, reaction mechanism, and 
rate coefficient parameters. 

Before the numerical solution of the ODE’s arising in combustion chemistry is 
discussed, the existence and uniqueness of the exact solution to equation (3.1) are 
addressed. For a first-order, initial value problem a fundamental theorem guarantees 
solution existence and uniqueness in the region of interest if f and df/dyj (/ = 1,...^V) 
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exist and are continuous in that region (refs. 27 and 28). The quantity df/dy (= J) 
is the Jacobian of f with respect to y . It is an NxN matrix with element Jy defined 
as 


j ij =ty/dy j, i,j = l,...,N 


(3.3) 


The expressions given in appendix A of part II for { ft } and { Jy } show that both f and 
J exist and are bounded except at <jU 2 = 1 for an assigned-area flow problem and 
yj{ 2 = 1 for an assigned-area, assigned-temperature flow problem. Here uU is the 
Mach number and y the frozen specific-heat ratio of the mixture. Therefore these 
two points and small regions around them are excluded from the computational 
domain. In the code LSENS, if oU 2 approaches 1 for an assigned-area flow problem 
or yuU 2 approaches 1 for an assigned-area, assigned-temperature flow problem, an 
error exit is taken. At all other points the results of the above theorem guarantee 
solution existence and uniqueness. 

Figure 3.1 illustrates the solution to a typical adiabatic, static combustion 
kinetics problem. This constant-pressure problem, taken from Pratt and 
Radhakrishnan (ref. 29), describes the ignition and subsequent combustion of a 
mixture of 33 percent carbon monoxide (CO) and 67 percent hydrogen (H 2 ) with 
stoichiometric air at an initial temperature of 1000 K and a pressure of 10 atm. The 
reaction mechanism consists of 12 reactions among 11 species and is given by 
Radhakrishnan (refs. 16 and 19). 

Three distinct regimes, commonly denoted as induction, heat release, and 
equilibration, are apparent in figure 3.1. The induction regime is the period of time 
immediately following some form of reaction initiation, such as the passage of a 
shock wave through the fuel-air mixture. During the induction regime concentrations 
of chemically active species (such as O, H, and OH) increase from very small initial 
values to values sufficiently large to initiate oxidation reactions, with an attendant 
temperature increase. The induction regime ends and the heat release regime begins 
when sharply defined changes in temperature and concentration, commonly denoted 
as ignition, occur. During heat release the temperature and concentrations of 
combustion products (such as CO 2 and H 2 O) and active intermediates increase very 
rapidly. The heat release regime ends and the equilibration regime begins after the 
active intermediate species have reached their maximum values and all variables 
have begun to equilibrate. The equilibration regime is characterized by the 
monotonic, asymptotic approach of all variables toward their chemical equilibrium 
values. 


3.1 Computational Difficulty — Stiffness 

The major difficulty associated with the automatic integration of the ODE’s 
arising in chemical kinetics is that of “stiffness.” For reasons discussed by 
Shampine (ref. 30) stiffness does not have a simple definition involving only the 
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mathematical problem, equation (3.1). However, Shampine and Gear (ref. 31) 
discuss some fundamental issues related to stiffness and how it arises. Also, Pratt 
and Radhakrishnan (refs. 32 and 33) give some useful definitions of stiffness, due 
to others. Stiffness arises in chemical kinetics because of the vastly different 
relaxation times for the various chemical species. From a practical viewpoint 
stiffness manifests itself in a readily recognizable way. The use of classical ODE 
solution methods, such as the popular explicit Runge-Kutta method (e.g., refs. 34 
and 35), to solve stiff problems results in prohibitive computational cost (refs. 16, 
17, and 36) for reasons discussed here. 

In general, numerical integration methods replace the ODE’s with difference 
equations, which are solved step by step. Starting with the initial conditions at 
approximations Xz (= i = l,-, AO to the exact solution y(§ n ) (= y&J, 
i = 1,.. JV) of the ODE’s are generated at discrete points £ n (n = 1,2,...), called mesh 
points, as illustrated in figure 3.2 for a single ODE. The spacing between any two 
mesh points is called the step size or step length and is denoted by h n , where 

K^n-^n- 1 ( 3 - 4 ) 


Exact solution y(Q 

• Numerical solution Y obtained with 
initial condition Y 0 = y^) 



Figure 3.2. — Numerical solution and error types for single ODE 
dy/d% = f(y). The local truncation error is designated by d, 
the global truncation error by 6 , and the step length by h. 
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3.1 Computational Difficulty — Stiffness 
The step length can vary from one step to the next, or can be constant, and is usually 
computed by the numerical integration method. 

Solution of the relatively small problem illustrated in figure 3.1 was attempted 
with a classical numerical method, the explicit fourth-order Runge-Kutta method. 
The variation of the step length successfully used by the method versus reaction time 
is presented in figure 3.3 (ref. 36). During induction and heat release the step lengths 
selected by the method are small because the solution changes very rapidly in these 
regimes. During late heat release and equilibration, however, when the variables 
change slowly, larger step lengths should be possible. Surprisingly, for reasons 
discussed here, the step lengths continue to remain small and are of the same 
magnitude as those used in the earlier regimes. Consequently the number of steps 
and the computer time (i.e., CPU time) required for the problem are large — 
approximately 10 700 steps and 1 min, respectively, on an IBM 370/3033 computer 
(ref. 36). The situation is worse for larger problems. For example, a hydrogen-air 
combustion problem involving 15 species and 30 reactions required over 80 000 
steps and 15 min of CPU time (ref. 36). Such prohibitive computer times required 
by classical ODE solution methods impeded the development of complex reaction 
mechanisms. 

The difficulty of solving the ODE’s describing combustion chemistry by the 
explicit Runge-Kutta method is related to the stability of the numerical method. 
Because of the approximate nature of the solutions generated by numerical 
integration methods, errors are inevitably introduced at every step. For a numerical 



Reaction time, s 


Figure 3.3. — Step length variation with reaction time for problem 
illustrated in figure 3.1 . 
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method to be stable errors introduced at any one step should not grow unbounded 
as the calculation proceeds in time. Stiff problems force classical ODE solution 
methods to use unacceptably small step lengths (fig. 3.3) to maintain numerical 
stability (ref. 37). 

An alternative practical description of a stiff problem is one whose solution by 
classical ODE methods is significantly more expensive than its solution by stiff 
methods, that is, methods designed specifically for stiff problems (refs. 38 and 39). 
For example, figure 3.3 shows the step lengths selected by the stiff ODE solver, 
LSODE (refs. 13 to 15), through the course of solving the problem illustrated in 
figure 3.1. Substantially larger step lengths are selected by the stiff ODE solver, 
especially during late heat release and equilibration. Consequently the computational 
work required by the stiff ODE solver — approximately 90 steps and 0.35 s 
(ref. 36) — was significantly less than that required by the explicit Runge-Kutta 
method. 

In addition to being stable the numerical method needs to be accurate. Accuracy 
of a numerical method refers to the magnitude of the error introduced in a single step 
or more precisely the local truncation or discretization error. The local truncation 
error d„ at <^ n is the difference between the computed approximation and the exact 
solution, with both starting the integration at the previous mesh point and using 

the exact solution y (^_i) as the initial value (fig. 3.2). The local truncation error 
on any step is therefore the error obtained on that step under the assumption of no 
past errors (e.g., ref. 40). Another commonly used definition is that it is the amount 
by which the exact solution fails to satisfy the difference equation of the numerical 
method (refs. 34 and 40 to 42). As discussed by Lambert (ref. 41), the quantities 
given by the two definitions are not, in general, the same. Although the first 
definition has been used for illustrative purposes, it is the quantity given by the 
second definition that is actually estimated and controlled in the program. 

The accuracy of a numerical method is usually measured by its order. A method 
is said to be of order q if the local truncation error varies as A$ +1 . More precisely 
a numerical method is of order q if there are quantities C and h 0 (> 0) such that 
(refs. 28 and 43) 


|d„| < C h q n +x for all 0 <h n <h Q (3.5) 

where |d^| is an A-dimensional column vector containing the absolute values of the 
d-i tn ( i = 1,...,A0. The coefficient vector C may depend on the function defining the 
ODE and on the total integration interval, but it should be independent of the step 
size h n (ref. 43). Accuracy of a numerical method refers to the smallness of the error 
introduced in a single step; stability refers to whether or not this error grows in 
subsequent steps (ref. 31). 

In addition to the local truncation error, roundoff errors are introduced at every 
step because computer arithmetic is performed in finite precision (i.e., with a fixed 
number of significant digits). As discussed by Henrici (ref. 34), for example, the 


30 



3.2 Description of LSODE 

roundoff error depends on a number of factors. In general, this error increases with 
the number of calculations (i.e., as the step length is decreased) and can be reduced 
by using more precision (i.e., increasing the number of significant digits). Detailed 
discussions and analyses of roundoff errors are given in references 34, 35, and 42. 

The phenomenon of stiffness in chemical kinetics was first recognized by Curtiss 
and Hirschfelder (ref. 44), who developed a simple backward differentiation 
formula method. Since then many techniques have been developed for stiff ODE’s 
in general (refs. 13, 14, 39 to 42, and 45 to 52) and chemical kinetics equations in 
particular (refs. 7, 11, 12, 20, 29, 32, 33, 47, 49, and 52 to 56). In several recent 
publications (refs. 16 to 20 and 36) the efficiency and accuracy of many techniques 
for solving stiff ODE’s arising in combustion chemistry were examined. These 
studies showed that the packaged code LSODE (refs. 13 to 15) is at present the most 
efficient and accurate method for combustion chemistry problems. It has therefore 
been adopted in the present work. 

The integration methods used in LSODE and how they are implemented in 
practice are now described. The material presented here is essentially a summary 
of reference 15, which may be consulted for details. 


3.2 Description of LSODE 

3.2.1 Linear Multistep Methods: Backward Differentiation Formula 

The numerical methods included in LSODE generate approximate solutions Y„ 
to the ODE’s at discrete points (n = 1,2,...). Assuming that the approximate 
solutions Xji--j have been obtained at the mesh points <^ n -j (j = 1 ,2,...), these methods 
advance the solution to the current value of the independent variable by using 

linear multistep formulas of the type 

I n = y £<*jV n - j +K y £Vjin-j W 

7=1 7=0 

where the current approximate solution vector consists of N components: 



In equation (3.6), U-j D= iQLn-j)] is the approximation to the exact derivative vector 
at^_ ; *, y&n-j) t=f( y (W)]’ and the coefficients {a,} and (P j] and integers and 

K 2 are associated with a particular method. The method is called linear because the 
Yj and fj occur linearly. It is called multistep because it uses information from 
several previous mesh points. The number max(£i,& 2 ) gives the number of 
previous values involved. 
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3. Numerical Integration 

The values K\ = 1 and Kj = q- 1 produce the popular implicit Adams, or Adams- 
Moulton (AM), method of order q: 

(3 - 8) 

7=0 

The method is called implicit because it uses the as yet unknown f n to compute X- 
The choice K\ = q, K 2 = 0 results in the backward differentiation formula (BDF) 
method of order q : 

X, - +A»M« = v,^,Po£(X») < 3 - 9 > 

7=1 

where 

X„=I“>X„-j < 310 > 

7=1 

contains previously computed information. The term “backward differentiation 
formula” is used to describe the method because equation (3.9), upon division by 
h n $ 0 and rearrangement of terms, can be regarded as an approximation for y(^ n ) in 
terms of X, X-lv, Xn-q (refs. 39, 57, and 58). 

Because the BDF method has much better stability characteristics than the AM 
method, it is preferred for stiff problems. In a later section (3.3.3) the use of the AM 
method for chemical kinetics problems is examined, and its inferiority to the BDF 
method for such problems is demonstrated. Therefore the discussion here is 
restricted to the BDF method. 

The coefficients { a j } and Po are determined such that equation (3.9) will be exact 
if the solution to equation (3.1) is a polynomial of degree q or less. Stability 
characteristics limit q in equation (3.9) to 6 (ref. 42). The coefficients {a ; } and po 
for q < 6 are given by Gear (ref. 42) and reproduced in table 3.1. In LSODE, 
however, methods of order up to only 5 are used because of additional stability 
considerations (refs. 3 1 and 59). In equation (3.6), although the subscript n has been 
attached to the step length h , indicating that h n is the step size to be attempted on the 
current step \^ n - 1 £>n\ > th e methods used in LSODE are based on a constant h. When 
the step length is changed, the data at the new spacing required to continue the 
integration are obtained by interpolation from the data at the original spacing. 

3.2.2 Corrector Iteration Methods 

If Po = 0, the methods are called explicit because they involve only the known 
values O’ = I,—,#) and equation (3.6) is easy to solve. If, however, Po ^ 0, the 
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TABLE 3.1.— METHOD COEFFICIENTS FOR BACKWARD DIFFERENTIATION 
FORMULA METHOD OF ORDERS ONE TO SIX 


? 

Po 

«i 

“2 

«3 

«4 

«5 

«6 

1 

1 

1 






2 

2/3 

4/3 

-1/3 





3 

6/11 

18/11 

-9/11 

2/11 




4 

12/25 

48/25 

-36/25 

16/25 

-3/25 



5 

60/137 

300/137 

-300/137 

200/137 

-75/137 

12/137 


6 

60/147 

360/147 

—450/147 

400/147 

-225/147 

72/147 

-10/147 


methods are implicit and solution of equation (3.6) is generally expensive. For the 
BDF method of order q, equation (3.9), po is positive for each q (see table 3.1), and 
because f is nonlinear, some type of iterative procedure is needed to solve equa- 
tion (3.9). Nevertheless, implicit methods are preferred because they are more 
stable and hence can use much larger step lengths than explicit methods. They are 
also more accurate for the same order and step size because they have smaller error 
coefficients, C in equation (3.5) (refs. 40 to 42). Explicit methods are used as 
predictors, which generate an initial guess for Y„. The implicit method corrects the 
initial guess iteratively and provides a reasonable approximation to the solution of 
equation (3.9). 

The predictor-corrector process for advancing the numerical solution to \ n 
therefore consists of first generating a predicted value, denoted by Yj 0] , and then 
correcting this initial estimate by iterating equation (3.9) to convergence. That is, 
starting with the initial guess x!° ] > approximations Yjf 1 (m = 1,2,..., AT) are 
generated (by using one of the techniques discussed next) until the magnitude of the 
difference in two successive approximations approaches zero within a specified 
accuracy. The quantity Xi m] is the approximation obtained on the mth iteration, the 
integer M is the number of iterations required for convergence, and is accepted 

as an approximation to y(% n ) and therefore denoted by Y „ although in general it 
does not satisfy equation (3.9) exactly. 

At each iteration m the quantity h n Y n ™ , which is the mth estimate for ft/jfn 
(ref. 15), is obtained from yJT ] by using the relation 


v [m] 

—n 


= V„ + Po h n Y [ „ m] 


(3.11) 


so that the pair (Y^ m) , Y [ „ m] ) satisfies the BDF exactly. 
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3. Numerical Integration 

The predicted value at YjP\ is obtained by a #th-order explicit formula similar 

to equation (3.9) (refs. 60 and 61): 

<3i2) 
j = 1 

where X n -\ is the approximation to f^_i computed on the step [^n-2&n-\\- The 
coefficients {aj} and pi* are selected such that equation (3.12) will be exact if the 
solution to equation (3.1) is a polynomial of degree q or less. 

To correct the initial estimate given by equation (3.12), that is, to solve equa- 
tion (3.9), LSODE includes a variety of iteration techniques — functional, Newton- 
Raphson, and Jacobi-Newton. All three iteration methods can be generalized by the 
recursive relations (ref. 15) 

xr 1 = xir 1 + PoP- 1 ^; 1 ) (3-13) 

and 


h n Y [ „ m+1] = h n Y[ m] + P- I g(xl m| ) (3-14) 

where the NxN iteration matrix P depends on the iteration technique and 

v [m] 

i(x!T ] )^„f(x!r ] ) + ~ n ~~ n =^f(x!T ] )-^xL m] (3.15) 

For functional iteration, also called simple iteration (refs. 38 and 48) and 
successive substitution (ref. 50), P = I, the NxN identity matrix. This method is 
simple to use, but it converges only linearly (ref. 50). In addition, for successful 
convergence the step length may be restricted to very small values for stiff problems 
(refs. 15, 40 to 42, 46, and 48). In fact, the restriction is exactly of the same form 
as that imposed by stability requirements on classical methods such as the explicit 
Runge-Kutta methods (refs. 41 and 48). For this reason, when functional iteration 
is used, the integration method is usually said to be explicit even though it is implicit 
(ref. 39). 

Newton-Raphson (NR) iteration, on the other hand, converges quadratically and 
can use much larger step lengths than functional iteration (refs. 34, 50, and 62). For 
this method 


P =i-W 


(3.16) 
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where J is the Jacobian matrix, equation (3.3). This iteration will converge provided 
that the predicted value is sufficiently accurate (refs. 40 and 41). However, much 
computational work is required to form the Jacobian matrix and to perform the linear 
algebra necessary to solve equation (3.13). In order to reduce the computational 
work associated with linear algebra, P is not updated at every iteration. For 
additional savings it is updated only when the solution to equation (3.13) does not 
converge. Hence P is only accurate enough for the iteration to converge, and the 
same matrix may be used over several steps. Inaccuracies in P may affect the rate 
of convergence of the solution but not the solution if it converges (refs. 4 1 and 63). 
In any case, LSODE updates the Jacobian matrix at least every twentieth step. 

A useful feature of LSODE is that it will estimate the elements of the Jacobian 
matrix by finite-difference approximations if the user chooses not to provide 
analytical expressions for them. This method will require N + 1 derivative 
evaluations for a system of N ODE’s and, as shown in section 3.3.3, can therefore 
become much more expensive than the use of an analytical Jacobian, especially for 
large N. 

However J is calculated, the linear algebra necessary to solve equation (3 . 1 3) is 
performed by the lower-upper (LU) method (e.g., refs. 64 and 65), rather than by 
explicitly inverting the iteration matrix, which will require prohibitive amounts of 
computer time (ref. 43). In the LU method the iteration matrix is factored into the 
product of two triangular matrices L and U. Solving equation (3.13) then requires 
the fairly simple solution of two triangular linear systems in succession. 

Jacobi-Newton (JN) iteration (ref. 66), also called Jacobi iteration (ref. 67), is 
derived from Newton-Raphson iteration by neglecting all off-diagonal elements of 
the Jacobian matrix. Hence for JN iteration 


|0, i* 

i-j 


j 


(3.17) 


This technique is as simple to use as functional iteration because it does not require 
any matrix algebra. It converges faster than functional iteration but not quite as fast 
as NR iteration. For this iteration technique also either an analytical Jacobian 
matrix can be used, as explained in table 3.5, or the code will generate finite- 
difference approximations for the diagonal elements of the matrix. 

3.2.3 Matrix Formulation: Nordsieck History Matrix 

In order to solve for Xn and h n Y„, by using equations (3.13) and (3.14), the 

L=q + 1 column vectors Xi-l » Xn-2<—^n-q> anc * \ — n-l 316 nee ^ et ^ an< * therefore 
must be saved. However, instead of saving this information. Gear (ref. 60) 
suggested storing the matrix devised by Nordsieck (ref. 68). If this history matrix 
is denoted by z, then z„_i at is given by 
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3. Numerical Integration 


z »- 1 = 

' h n " 

— n-l’fyj— n-1’ —n-1’ 

\ 

K ) 
/ 

that is, the NxL matrix z„_i is given by 



( 

^l.n-1 h n ^i,n-l • • • 

y(q) 

7 i "- 1 


Y 2, n-1 K Y 2.n-\ • • • 

K y(q) 

7 2 n ' 1 

z n- 1 “ 

^V.n-1 K Y N,n-\ ■ ■ ■ 

\ 

y(q) 

~~7 r N,n- 1 
$ ; 


where Y^_i is the 7 th derivative of the approximating polynomial for The N 
rows of z n _i are numbered from 1 to N, so that the ith row (i = 1,...,N) contains the 
q+ 1 scaled derivatives of the ith component, 1 , of Xi_i. The q + 1 columns 
are, however, numbered from 0 to q , so that the column number corresponds to 
the order of the scaled derivative stored in that column. Thus the yth column 
(j = 0,1, ...,#) contains the vector /^Y$_i/;! The Nordsieck matrix formulation of 
the method is referred to as “the normal form of the method” (ref. 42). 

At each step ^ n the code constructs the updated matrix z n , which contains Xi an d 
its q scaled derivatives. The predicted matrix z^, which contains an d its scaled 
derivatives, is given by (ref. 15) 


4, #I =Z„-,A (3.20) 

where the LxL prediction matrix A provides a gth-order approximation to z^ in 
terms of z„_i and is therefore the lower-triangular Pascal triangle matrix (ref. 42), 
with element A,y given by 


0 , i < j 



i, j = 0, 1 


(3.21) 
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where y l jj is the binomial coefficient defined as 

('.)=—!!— 

vi m-i) '■ 

The corrector equation is given by (ref. 15) 

Jm+1]__[0] fm+l), 

z n -z n i 

where z [ n m] is the Nordsieck history matrix on the mth iteration, ej" i+1 1 is defined as 

m s x 

®L m+1] = ) (3 - 24) 

7=0 V 7 

and l is an L-dimensional vector 

<») < 3 - 25) 

satisfying #o = Po> h = 1 • For q ^ 6 the values for t are given by Gear (ref. 42) and 
reproduced here in table 3.2. It is clear from the definition of ej/ TI+ 1 1 that 

( 3 - 2 6) 


TABLE 3.2— METHOD COEFFICIENTS FOR BACKWARD DIFFERENTIATION 
FORMULA METHOD IN NORMAL FORM OF ORDERS ONE TO SIX 


< l 

«0 


h 

h 

«4 

«5 

*6 

1 

1 

1 






2 

2/3 

3/3 

1/3 





D 

6/11 

11/11 

6/11 

1/11 




D 

24/50 

50/50 

35/50 

10/50 

1/50 



B 

120/274 

274/274 

225/274 

85/274 

15/274 

1/274 


B 

720/1764 

1764/1764 

1624/1764 

735/1764 

175/1764 

21/1764 

1/1764 


(3.22) 


(3.23) 
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3. Numerical Integration 

Equation (3.23) can be used to rewrite g(Yj^), equation (3.15), as follows: 



(3.27) 


because l\ = l. 

Now only the first two columns of z n enter into the solution of equation (3.9) (see 
eqs. (3.13) and (3.14)). Therefore the successive corrections can be accumulated 
and applied to the remaining columns of z n after convergence. Not updating all 
columns of the Nordsieck history matrix after each iteration saves computational 
effort, especially when a high-order method is used and/or TV is large. For additional 
savings of computer time the history matrix is updated only if both the iteration 
converges and the converged solution satisfies accuracy requirements. 

The predictor-corrector formulation utilized in LSODE can be summarized as 
follows: 

Predictor: 


z 


[0] 

n 


= X n- 1 A 


e 


[ 0 ] 

n 


= 0 


(3.28) 


Corrector: 


gjxir 1 )'*, 

[m+l] 
e„ = 


Am] 


f ir -\Zn 


[0] 


elT'+P- 1 H"' 


>"'l 



m = 0,l,...,M — 1 (3.29) 


[m+l] 

—n 


— _j_ jf/ e 

-JL n 


[m+l] 
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. _ JM] 
-n - —n 


z = JU + e 
Z n Z n 


(3.30) 


3.2.4 Corrector Convergence and Local Truncation Error Tests 

After each iteration m convergence is ascertained by examining the magnitude of 
the difference - h n Y^™~ l \ In order to provide for user control of the 

convergence process, this difference is normalized by an error weight vector EWT„ , 
with element EWT /AI defined by 

EWT. =RTOL.|f. J + ATOL. (3.31) 

i,n 1 1 i,n-l\ i 

where RTOL, and ATOL, are, respectively, the user-supplied local relative and local 
absolute error tolerances for the ith component. The convergence test is then given 
by (ref. 15) 



? 

<- 


T(g) 

' 2(9 + 2 ) 


(3.32) 


where T(q) is the test constant used for the local error test (see eqs. (3.37) and (3.38)) 
and the variable q indicates the method order. If convergence is not achieved after 
the first iteration, the code anticipates the magnitude of e m one iteration in advance 
by assuming that the approximations converge linearly. Thus, e m+ i, which does not 
as yet exist, is estimated by 


^m+l ^ m C m 


(3.33) 


where c m (= e m /e m _i) is the estimated convergence rate. This assumption is used 
to modify the convergence test as follows: 


l *(9) 
2(9 + 2) 


(3.34) 
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3. Numerical Integration 
where 


e m =£ m min ( 1 ’ L5c m) (3>35) 

and 

c;=max(0.2 c m _ v cj (3.36) 

Clearly at least two iterations are required to evaluate c m . For the first iteration c' m 
is set equal to the last value of c m from the previous step. For the first iteration of 
the very first step, and for NR or JN iteration after every update of the Jacobian 
matrix, c' m is set equal to 0.7. 

If the corrector iteration fails to converge in three iterations, h n is reduced if P is 
current and the step retried; otherwise P is updated and the step retried. If the 
corrector iteration converges after M (M < 3) iterations, the solution is accepted 

as sufficiently accurate if the following inequality is satisfied (ref. 15): 


i N 

U-y, 

' NJ h 


e i,n 




v EWT i,»; 


<x(q) 


(3.37) 


where e„ is given by equation (3.30), the error weight vector EWT„ is given by equa- 
tion (3.31), and 


x(q) = (q + m 0 (3.38) 

is the local error test coefficient for the c/th-ordcr BDF method. 

If the error test fails, the step is repeated with a reduced step size and/or a lower 
method order until either the test is passed or the situation considered hopeless. If 
the test is passed, the step is accepted as successful and the entire Nordsieck array 
updated by using equation (3.30). 

The local error tolerances RTOL and ATOL (see eq. (3 .3 1 )) determine the nature 
of the error control performed by LSODE. Pure relative error control for the 
ith solution component is obtained by setting ATOL,- = 0, and RTOL,- is then a 
measure of the number of accurate significant figures in the numerical solution. 
Setting RTOL, = 0 gives pure absolute error control, and ATOL,- is then a measure 
of the largest number that may be neglected. Both RTOL and ATOLcan be specified 
either as scalars, so that the same error tolerances are used for all variables, or as 
arrays, so that different tolerances are used for different variables. The value of the 
user-supplied parameter ITOL indicates whether RTOL and ATOL are scalars or 
arrays. The legal values that can be assigned to ITOL and the corresponding types 
of RTOL and ATOL are given in table 3.3. 
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TABLE 3.3.— VALUES OF ITOL USED 
IN LSODE AND THEIR MEANINGS 


ITOL 

Description 

1 

Scalar RTOL and scalar ATOL 

2 

Scalar RTOL and array ATOL 

3 

Array RTOL and scalar ATOL 

4 

Array RTOL and array ATOL 


3.2.5 Step Length and Method Order Selection and Change 

After every q+ 1 successful steps with the same method order q and step length 
h n , LSODE attempts to change the step length and/or method order to minimize 
computational work while maintaining prescribed accuracy. In order to minimize 
the complication associated with method order and step length selection, the new 
order q ' is restricted to the values q-\,q, and q+\. For each method order q ' the 
step size h '(q ') that will satisfy exactly the local error bound is obtained by assuming 
that the highest derivative remains constant, as follows: 


_ = w _ 
*'■ K 


v D <r j 


q'+\ 


(3.39) 


where r is the ratio of the step length to be attempted on the next step to its current 
value, the subscript q' denotes the method order to be used on the next step, and 




d UnW 

EWT. 


\ 2 


unj 


(3.40) 


where <//„(<?') is the estimated local truncation error in the ith variable for method 
order g'. 

In computing the three step length ratios certain safety factors are introduced into 
equation (3.39) to produce smaller h' values to account for inaccuracies in the 
procedure. The formulas used in LSODE to calculate the step length ratios are as 
follows (ref. 15): 


1 


1 

1.3 

(d .W+kt 6 


\ 9-1/ 


(3.41) 
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1 


<1 

1 

1.2 

+io"^ 


(3.42) 


r q + 1 


1.4 


( D ,«) ,+2 


+ 10 " 


(3.43) 


The maximum step length ratio r = max(r^_i,r^,r^ + i) and the corresponding 
method order are selected to be attempted on the next step if r> 1.1. Changes in both 
step length and method order are rejected if the step length increase is less than 10 
percent because that is not considered large enough to justify the computational cost 
required by either change (refs. 42 and 69). Several additional tests, described by 
Radhakrishnan and Hindmarsh (ref. 15), are performed on r before the step length 
h' (= rh n ) to be attempted next is selected. 

If the step length and/or the method order is changed, the Nordsieck history 
matrix has to be modified. For q' = q and h'*h n , the new z n is obtained as follows: 


z <— z C 

n n 


(3.44) 


where the arrow denotes the replacement operator, which means the overwriting 

of the contents of a computer storage location, and the LxL diagonal matrix C is 
given by 


r i 


c = 



(0 


(3.45) 


V 


0 


r q 


J 


For q' = q - 1 and h'^h n the same scaling is performed on the first q columns; the 
last column of the old z n is ignored because it is not needed on subsequent steps. 

If q' = q + 1, z n must be augmented by a column containing the vector 
(hf^Ytf+V/iq + 1)! The column addition is done in two stages. First, a (q + 2)th 
column, containing h^Yjp+^/iq + 1)!, which is given by (ref. 15) 
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(9 + 1)! - " "? + l 


(3.46) 


is added to z„. Second, to account for any change in step length, all q + 2 columns 
of the new z„ are rescaled as before. 

Another factor that must be considered if the step length and/or method order is 
changed is that the iteration matrix P, equation (3.16), may be altered even if the 
Jacobian matrix is current. In order to minimize convergence failures caused by an 
inaccurate iteration matrix, the code updates P and performs its LU-decomposition 
if the coefficient h$o (= hto) has changed by more than 30 percent since the last 
evaluation of P. 

3.2.6 Interpolation at Output Stations 

During the course of solving a problem, solution values may be required at the 
output stations £ 0 ut,l>£out,2>- that may not coincide with the naturally occurring 
{£,„}. These values are obtained as follows: For each output station ^ out , LSODE 
continues the integration until the first mesh point n for which > ^ out and then 
computes the solution at ^ out by interpolation. Now the solution and its scaled 
derivatives up to order q' n+ \ are available at i \ n , where q' n+ \ is the order to be 
attempted on the next step, that is, [% n £n+ll Hence the solution at ^ out , Y(^ out ), is 
computed by using a (<?'„+ i)th-order Taylor series expansion about t, n \ 

q n+l _P ) k ... q n+\ 

)°£ “v' 1 Y < 3 - 47 > 

k = 0 ■ k = 0 

where 

l -l 

r _ 2out — 2jl (3.48) 

h 'n + 1 


h ' n + 1 is the step size to be attempted on the next step, and 

z„W = ^-x!f ) (3.49) 

is the Mi column (< k = 0,l,...,q' n+i ) of z„ (see eq. (3.19)). Because the solution is 
accurate to order q' n+ \ at and a (<?’„ + i)th -order Taylor series expansion is used to 

compute Y(4out), the latter is also accurate to order q' n +i- 
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3. Numerical Integration 

This method can be used to evaluate the solution derivative of any order (up to 
q' n+ 1 ). For example, the |ith derivative at §o Ut , Y^^out), is given by 



where r is given by equation (3.48). 


3.2.7 Starting Procedure 

At the outset of the integration, information is available at only the initial point 
^0- Hence multistep methods cannot be used on the first step. LSODE resolves the 
difficulty at the initial point by starting the integration with a single-step, first-order 
method. The Nordsieck history matrix zq at is constructed from the initial 
conditions yp and the ODE’s as follows: 


z 0 (0)-I 0 =y 0 


(3.51) 


and 


z 0 W s/l oio = ^of(y 0 ) 


(3.52) 


where Hq is the step length to be attempted on the first step. 

As the integration proceeds, the numerical solutions generated at the points ^i, 
^2v- provide necessary values for using multistep methods. Hence, as the 
numerical solution evolves, LSODE adjusts the method order (and step length) for 
optimal efficiency by using the procedure described in section 3.2.5. 

The step length ho is computed by LSODE unless the user has specified a value 
for it. The calculation procedure for ho is based on the initial conditions and the 
quantity max(|^o|> |£ 0 ut f l|)> where i; outj i is the first, or only, output station (ref. 15). 
Now, as explained in chapter 11 of part II, LSENS also includes the option of 
generating the solution after every Ip (Ip > 1) integration steps. In this situation 
^out,l is undefined; therefore LSENS sets f; out j equal to !^ n d, the user-supplied 
value of the independent variable at which the integration is to be terminated. 

LSODE permits integration of the ODE’s for either increasing or decreasing 
value of the independent variable. However, because chemical reaction problems 


44 



3.3 Experiments With LSODE 

are irreversible, they are solved in the forward direction only (i.e., increasing E,). 2 
In addition, E,o is usually set equal to zero. Hence £ 0 ut,l > £o> an d the calculation 
procedure for h$ utilizes the user-specified value for 5out,l- Experience with the 
single-precision version of LSODE showed that the computational work and 
accuracy can be adversely affected by the choice of ^ 0 ut,l (ref. 17). The CPU time 
required by the double-precision version of LSODE used in LSENS showed less 
sensitivity to ^ 0 ut,l* However, some combinations of ATOLSP (= local absolute 
error tolerance for reacting species mole numbers, see section 3.3.2) and ^o U t,i 
produced inaccurate and unstable solutions . For example, for the problem illustrated 
in figure 3. 1 , a value of = KT 6 s (with EMAX (= local relative error tolerance 

for all variables, see section 3.3.2) = KT 6 , ATOLSP = 10“ 8 , = 0 s, and £ 0 ut,2 - 

KT 3 s) produced the correct solution at E,= 1(T 3 s. However, runs with other values 
for ^o Utj i (between 1(T 3 and KT 12 s) failed because they either required excessive 
computational work 3 * * (^ ut> i = 1 0~ 7 s) or predicted little or no change in composition 
and temperature after an elapsed time of KT 3 s (all other ^ 0 ut,l values). When the 
maximum number of steps allowed for the problem was increased to 5000, 3 the 
run with Ui =4o _ I s experienced numerical difficulty, that is, overflow errors. 
Thus the solutions generated by LSODE can be adversely affected by the value 
specified for ^o U t,i- 


3.3 Experiments With LSODE 

This section examines the use of different integration and corrector iteration 
methods for solving chemical kinetics problems. All results presented herein were 
obtained on the NASA Lewis Research Center’s Amdahl 5870 computer using the 
UTS operating system, the Fujitsu 77 compiler (optimization level, 3), and double 
precision. 

LSODE contains the AM method of orders 1 to 1 2 and the BDF method of orders 
1 to 5. In addition, the code includes a variety of corrector iteration techniques. The 
user selects both the basic integration method and corrector iteration procedure by 
means of the method flag MF. By definition, MF has the two decimal digits METH 
and MITER, and 


2 For a flow problem with 5 = * the ODE’s can be integrated in the backward direction (i.e., decreasing 
£) by specifying a negative velocity. However, because the mass flow rate is by definition a positive 
quantity, the area should also be negative (see eq. (2.58)). In order to avoid additional testing of the 
legality of the input, integration is restricted in the direction of increasing 5- This restriction does not limit 
the generality of the code because the user can always obtain the desired values for the independent 
variable by a linear transformation. For example, if the initial value is 5o and output is required at 5 but** 
n= I,2,...,set5o = 0and5 outtrt = |5'out,n-^b|>n=h2,... . The velocity V'(=dt ) '/Misgiven by Fsign(5' end 
— 5'o)> where V (= &Jdt) is computed by LSENS. 

3 As described in chapter 1 1 of part II, the maximum number of integration steps allowed for the 

problem is equal to the user-supplied value for the integer variable MAXSTP (default value, 2000). If 

more than MAXSTP steps are taken without successfully completing the problem, an error exit is taken. 
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3. Numerical Integration 

MF = 10 x METH + MITER (3.53) 

where METH and MITER indicate the integration method and corrector iteration 
technique to be used on the problem. Table 3.4 summarizes the integration methods 
included in LSODE, together with the appropriate values for METH. The legal 
values for MITER and their meanings are given in table 3.5. The iteration 
procedures corresponding to MITER = 1 to 5 are described as modified Newton 
iteration techniques because the Jacobian matrix is not updated at every iteration. 

In order to identify the optimal integration and corrector iteration methods for 
chemical kinetics problems, all relevant method flag options (MF = 10 to 13 and 20 
to 23) were attempted. The options MITER = 4 and 5 (and hence the methods given 
by the method flag MF = 14, 15, 24, and 25) were excluded because chemical 
kinetics problems do not have a Jacobian matrix with a banded structure. For clarity 
in presentation the integration method and corrector iteration technique corresponding 
to method flag MF will be designated as method MF. For example, method 21 
means the BDF method with modified Newton iteration using an analytical 
Jacobian. 


TABLE 3.4.— SUMMARY OF INTEGRATION METHODS INCLUDED IN 
LSODE AND CORRESPONDING VALUES OF METH 


METH 

Integration method 

1 

Variable-step, variable-order, implicit Adams method of orders 1 to 12 

2 

Variable-step, variable-order, implicit backward differentiation formula 


method of orders 1 to 5 


TABLE 3.5.— CORRECTOR ITERATION TECHNIQUES AVAILABLE IN LSODE 
AND CORRESPONDING VALUES OF MITER 


MITER 

Corrector iteration technique 

0 

Functional iteration 

1 

Modified Newton iteration with user-supplied analytical Jacobian 

■a 

Modified Newton iteration with internally generated numerical Jacobian 

p 9 

Modified Jacobi-Newton iteration with internally generated numerical Jacobian 3 


Modified Newton iteration with user-supplied banded Jacobian 

■tfl 

Modified Newton iteration with internally generated banded Jacobian 


a Modified Jacobi-Newton iteration with user-supplied analytical Jacobian can be performed 
by specifying MITER =4 and ML=MU=0, b i.e., a banded Jacobian with bandwidth of one. 
hThe user must specify the lower (ML) and upper (MU) half-bandwidths of the Jacobian 
matrix. 

c This option should not be used with the present version of LSENS. 
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3.3 Experiments With LSODE 

3.3.1 Test Problems 

The 12 test problems, together with the thermodynamic and transport properties 
data, supplied with the packaged code GCKP84 (ref. 12), were used to compare the 
different integration and corrector iteration methods. Table 3.6 briefly describes 
each test problem. The problem parameters, listed in table 3.7, 4 show that the 12 
cases cover a wide range of reaction conditions. Also, the problem size varies from 
3 species and 1 reaction to 78 reactions among 33 species. Hence these problems 
should be useful in assessing solution techniques for chemical kinetics applications. 


3.3.2 Selection of Local Error Tolerance Parameters 

The accuracy of the solutions generated by LSODE, and hence LSENS, depends 
on the local error tolerance parameters { RTOL/ } and {ATOL*} (seeeqs. (3.31)and 
(3.37)). In a typical combustion kinetics problem the solutions for species 
concentrations and temperature vary widely (fig. 3.1), and so pure relative error 
control is appropriate. In addition, the same number of accurate significant figures 
is acceptable for all components. The option ITOL = 1, with ATOL = 0 (see table 
3.3), is therefore appropriate for chemical kinetics problems. However, because 


TABLE 3.6.— DESCRIPTION OF TEST PROBLEMS 


Test 

problem 

Description 

1 

Dissociation of bromine in a shock tube 


Hydrogen-air combustion in supersonic flow with heat transfer 


Same problem as case 2 but with a larger reaction mechanism 


Hydrogen-oxygen combustion in subsonic flow with heat transfer 


Static, rich methane-air combustion at assigned pressure with heat transfer 


Lean methane-air adiabatic combustion in supersonic flow at constant 


pressure 


Same problem as case 6 except that area obtained from case 6 is assigned 


as input 

8 

Constant-density, static methanol-air adiabatic combustion 

mm 

Perfectly stirred reactor combustion of a rich propane-air mixture, followed 

■H 

by supersonic expansion of the combustion products with heat loss 

IB 

High-temperature, adiabatic air ionization reaction in constant-area flow 

■■ 

High-temperature, high-pressure, static reaction of carbon monoxide- 


hydrogen mixture at constant density and constant temperature 


Constant-density, adiabatic, static problem involving photolytic ignition of 

1 

hydrogen-oxygen mixture at low initial temperature 


4 Since publication of reference 12 the authors reduced the reaction mechanism for test problem 11 
from 21 reactions among 11 species to 14 reactions among 10 species. However, see test problem 13 in 
appendix D of part III. 
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3. Numerical Integration 


TABLE 3.7.— PROBLEM PARAMETERS FOR TEST CASES GIVEN IN TABLE 3.6 


Test 

problem 

Number 

of 

reactions 

Number 

of 

reacting 

species 

Number 
of inert 
species 

Number 

of 

ODE’s 

Independent 

variable 

Integration interval® 


£end 


1 

2 

1 

5 

X 

0 

4.0 


28 

13 

2 

16 

X 

0 

15.24 


31 

13 

2 

16 

X 

0 

15.24 


18 

8 

0 

11 

X 

^0 

22.845 


66 

25 

0 

27 

t 

0 

5.85x1 0 -4 


58 

24 

0 

26 

X 

0 

43 


58 

24 

0 

27 

X 

0 

42 

8 

73 

28 

1 

29 

t 

0 

6.2x1 0" 4 


78 

32 

1 

35 

X 

0.2 

4.0 


12 

12 

0 

15 

X 

0 

0.7 


14 

10 

0 

10 

t 

0 

10 9 


20 

8 

0 

9 

t 

0 

1.147376 


a Units arc centimeters or seconds. 


many species are assigned zero initial concentration, pure relative error control 
cannot be used. A mixed relative/absolute error control must therefore be utilized. 
Because concentrations of inert species, temperature, density, and velocity can 
never have zero values, pure relative error control can be used for these quantities. 
Hence, LSENS uses the option ITOL = 2, that is, a scalar RTOL (= EMAX) and an 
array ATOL (see table 3.3). For convenience, the same value of ATOL (= ATOLSP) 
is assigned for all reacting species mole numbers. For inert species mole numbers, 
temperature, density, and velocity, however, ATOL is set equal to zero. 

The procedure for selecting the optimal EMAX and ATOLSP, that is, values that 
result in the least CPU time while satisfying prescribed accuracy requirements, is 
not clear. Because LSODE controls only the estimated local error, not much can be 
said about the actual or global error (e n in fig. 3.2), which accumulates in a 
complicated way from the local errors. Because the user wants to control the global 
error, it must be measured. In the absence of exact solutions some procedure for 
estimating the global error must be established. One way to estimate the accuracy 
of the solution obtained with particular values for EMAX and ATOLSP is to 
compare it with results generated with reduced EMAX and ATOLSP. The solution 
used as a basis for comparison is referred to as the “standard solution” for the 
problem. For all test problems standard solutions were generated with method 21 
and the local error tolerance values EMAX = 1 0 -6 and ATOLSP = 1 0 _1 5 . To provide 
a measure of the computational work required for a problem, the following 
parameters were recorded: total number of integration steps, NSTEP; total number 
of functional (i.e., derivative) evaluations, NFE; total number of Jacobian matrix 
evaluations and LU-decompositions, NJE; and total execution time (in seconds) to 
integrate the ODE’s, CPU. Table 3.8 presents values of these parameters for the 
standard solutions. 
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33 Experiments With LSODE 
The optimal values for EMAX and ATOLSP were obtained by a trial-and-error 
procedure and are given in table 3.9. 5 * * All experiments related to the optimization 
procedure were performed with method 21 . In selecting the optimal values for the 
local error tolerances, the prescribed accuracy requirement was that the computed 
temperature profile agree with the standard solution to within 2 K. However, for 


TABLE 3.8.— WORK REQUIRED BY LSENS 
FOR STANDARD SOLUTIONS 
[Method 21, EMAX = IO -6 , ATOLSP = IO -15 .] 


Test 

problem 

NSTEP 

NFE 

NJE 

CPU, 

s 

1 

91 

114 




355 

484 


1.0 


325 

448 


1.0 


399 

511 

47 

0.63 


594 

741 

63 

6.0 


499 

642 

68 

3.0 


387 

511 

53 

2.5 

8 

433 

522 

50 

3.1 

9 

302 

397 

54 

3.1 

10 

135 

172 

19 

0.23 

11 

571 

737 

103 

0.53 

12 

593 

841 

90 

0.94 


TABLE 3.9.— OPTIMIZED ERROR 
TOLERANCES OBTAINED 
WITH METHOD 21 FOR 
TEST PROBLEMS 


Test 

problem 

EMAX 

ATOLSP 

1 

■S9 

10-.0 



nr 12 


Kfsl 

IO -12 


10“ 5 

io- 12 


IO " 4 

10 -13 


KT 4 

nr 10 


5xl(T 5 

io -12 

8 

5XKT 4 

IO ' 12 


10“ 3 

io - " 


i<r 2 

io -11 


10" 2 

KT 11 

■■ 

IO -6 

10' 11 


5 Although the results presented in this section were generated on the Amdahl 5870 computer, 

the optimal values for EMAX and ATOLSP were obtained on the NASA Lewis Research Center’s IBM 

370/3033 computer using an earlier version of LSENS (ref. 70). 
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3. Numerical Integration 

problems 1 and 1 1 the temperature variation was either minimal or none; hence for 
these two problems the computed concentrations were required to be within 
2 percent of the standard solution values. Thus for each test problem the EMAX and 
ATOLSP values given in table 3.9 minimized the CPU time required by method 21 
while generating solutions that satisfied the accuracy criterion. 

For each test problem the EMAX given in table 3.9 is not necessarily the 
maximum value that produced a sufficiently accurate solution. The reason is the 
dependence of both accuracy and execution time on ATOLSP, as documented in 
references 17 to 19 for the single-precision version of LSODE. The double- 
precision version of LSODE used in LSENS showed much less sensitivity to 
variations in ATOLSP than the single-precision version. However, use of very small 
ATOLSP to ensure accuracy can result in significantly increased CPU times. For 
example, for test problem 12 the run with EMAX = 10 ^ and ATOLSP =10 
required approximately 0.5 s, which is only about half the CPU time required with 
ATOLSP = 10 -15 (table 3.8). 

Examination of table 3.9 shows that in several cases the required EMAX values 
are considerably smaller than the desired accuracy, illustrating the need for the 
integrator to control the global error. Such a control will also eliminate the trial-and- 
error procedure needed to optimize the error tolerances — a time-consuming process, 
especially for large problems. 

The computational work required by method 2 1 to solve the 1 2 test problems with 
the optimized local error tolerances is given in table 3.10. Comparing tables 3.10 
and 3.8 shows the significant savings in computer time that can be realized by using 
the optimized EMAX and ATOLSP. In many practical situations the accuracy 
criterion can be more relaxed than the one used here, resulting in additional savings 
of CPU time. The development and validation of a chemical reaction mechanism 


TABLE 3.10.— WORK REQUIRED BY LSENS 
WITH METHOD 21 AND OPTIMIZED ERROR 
TOLERANCES GIVEN IN TABLE 3.9 


Test 

problem 

NSTEP 

NFE 

NJE 

CPU, 

s 

1 

10 

14 

5 

0.004 

2 

85 

136 

23 

0.30 

3 

96 

138 

24 

0.34 

4 

209 

299 

37 

0.38 

5 

269 

370 

40 

3.1 

6 

152 

224 

28 

1.1 

7 

162 

223 

30 

1.1 

8 

166 

235 

32 

1.5 

9 

66 

90 

21 

0.84 

10 

38 

47 

12 

0.077 

11 

119 

149 

37 

0.12 

12 

275 

424 

51 

0.48 
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3.3 Experiments With LSODE 

require solving the governing ODE’s repeatedly. In this situation especially, the 
use of optimal local error tolerances will substantially shorten both the execution 
time and, more significantly, the computer turnaround time. 


3.3.3 Comparison of Methods 

Solutions to the 12 test problems were also attempted with methods 10 to 13 and 
20 to 23 — the other methods were excluded for reasons given previously. All 
methods used the optimized error tolerances obtained with method 21 (table 3.9). 
Using the same local error tolerances ensured that comparisons of computational 
work and global errors were made among methods that satisfied the same local 
accuracy requirements. In order to avoid using excessive amounts of CPU time to solve 
any problem, an error exit was made if more than 2000 integration steps had been taken 
without successfully completing the problem. Also, to prevent excessive output for 
problem 12, the output parameters Ip = 60 and ^ en d = 1 . 147376 s were changed to 
= 1.147376 s. 6 

Methods 10 and 20 successfully completed only test problem 1 and their 
computational work requirements are given in table 3. 1 1 ; for all other test problems 
an error exit occurred because of excessive computational work. Hence functional 
iteration is inappropriate for chemical kinetics problems. This fact is a consequence 
of the stiffness exhibited by the ODE’s, as discussed in section 3.2.2. 

Method 13 also successfully completed only test problem 1, for which the 
required computational work is given in table 3.11. The method failed on all other 
test problems because of one of the following three difficulties: excessive 
computational work (problems 4 and 12); invalid composition, in the sense that 
mass was not conserved (problems 2, 3, and 5 to 10) 7 ; and numerical instability, that 
is, overflow error (problem 11). 

Method 23 successfully completed test problems 1, 7, and 9; the computational 
work for the three cases is given in table 3 . 1 1 . It failed on the other problems because 
of the same three difficulties experienced by method 13: excessive computational 
work (problems 5 and 12); invalid composition (problems 2 to 4, 6, 8, and 10); and 
numerical instability (problem 11). Moreover, for problem 7 method 23 was much 
more expensive and much less accurate than methods 11, 12, 21, and 22. For 
problem 9 also these four methods were more accurate than method 23, but only 
methods 11 and 21 were faster. 

The results for methods 13 and 23 indicate that the modified Jacobi-Newton 
iteration technique used in LSODE is also inappropriate for chemical kinetics 
problems. The difficulties with this iteration method have been reported by others 


6 In reference 12 the values given for I P and ^ n( i are, respectively, 90 and 1 .147479 s. However, since 
publication of this report, the output parameters were reset to the values given in the text. 

7 Whenever the solution is printed, LSENS checks the composition to ensure that mass is conserved. 
If the sum of the species mass fractions is different from unity by more than 5xl0 -5 , an error exit is made 
(see chapter 12 of part II). 


51 



3. Numerical Integration 

TABLE 3.11.— WORK REQUIRED BY LSENS WITH 
METHODS 10, 13, 20, AND 23 FOR TEST 
PROBLEMS SUCCESSFULLY COMPLETED 
USING OPTIMIZED ERROR TOLERANCES 
GIVEN IN TABLE 3.9 


Test 

problem 

Method 

NSTEP 

NFE 

NJE 

CPU, 

s 

1 

10 

11 

15 

0 

0.004 

1 

13 

12 

28 

8 

0.004 

1 

20 

11 

15 

0 

0.004 

1 

23 

13 

30 

8 

0.004 

7 

23 

1744 

4983 

1284 

15 

9 

23 

215 

619 

161 

2.8 


(refs. 71 to 73). When the error tolerances were decreased to EMAX = 10"^ and 
ATOLSP = 10 -15 , the solutions generated by methods 13 and 23 were significantly 
more accurate than those obtained with the optimized error tolerances. In addition, 
several problems (1 , 2, 3, 9, and 10) were successfully completed, and the solutions 
were essentially identical to the standard solutions. However, except for problems 

I and 10 these runs were considerably more expensive than the ones with methods 

II and 21, as shown in table 3.12, which gives the execution times required by the 
different methods for EMAX = 10 -6 and ATOLSP=10” 15 . With the reduced error 
tolerances methods 13 and 23 failed on all other problems because of excessive 
computational work. 

The computational work required by methods 11,12, and 22 with the optimized 
error tolerances is given in tables 3 . 1 3 to 3 . 1 5 . Examination of tables 3 . 1 0, 3 . 1 1 , and 
3.13 to 3.15 shows that for test problem 1 there was little difference in the 
computational work required by the different methods and iteration techniques. 
However, with the smaller error tolerances the AM method was slightly faster than 
the BDF method (table 3.12). For almost all other problems method 21 was faster 
than method 1 1 , and significantly so in several cases. Hence the BDF is the optimal 
integration method for chemical kinetics problems. The same conclusion was 
obtained by comparing methods 12 and 22 (tables 3.14 and 3.15) and by examining 
the CPU times required for the accurate solutions (table 3.12). 

Problem 1 1 required integration of the ODE’s over the time interval [0, 10 9 ] s and 
posed the greatest difficulty for the AM method. Both methods 1 1 and 12 failed on 
this problem because of numerical instability. Examination of the solutions generated 
by the two methods showed that several species concentrations had very large (in 
magnitude) negative values, indicating that the AM method can be significantly 
inaccurate for chemical kinetics problems. When the local error tolerances were 
reduced to EMAX = 10 -6 and ATOLSP = 10“ 15 , both methods failed because of 
excessive computational work; they failed on problem 12 also for the same reason 
but successfully completed all other test problems (table 3.12). 
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TABLE 3.12.— CPU TIMES REQUIRED WITH LOCAL ERROR 
TOLERANCES EMAX = 1CT 6 AND ATOLSP = 10" 15 


Test 

problem 

CPU, s, for method- 

11 

12 

13 

21 

22 

23 

1 

0.032 

0.040 

0.024 

0.040 

0.049 

0.028 

2 

1.3 

2.3 

1.8 

1.0 

1.3 

2.2 

3 

1.6 

2.0 

2.3 

1.0 

1.4 

2.3 

4 

1.6 

1.9 

(a) 

0.63 

0.73 

(a) 

5 

16 

39 

(a) 

6.0 

14 

(a) 

6 

7.0 

14 

(a) 

3.0 

5.7 

(a) 

7 

5.7 

13 

(a) 

2.5 

4.4 

(a) 

8 

7.6 

18 

(a) 

3.1 

6.1 

(a) 

9 

5.4 

14 

8.2 

3.1 

7.1 

10 

10 

0.57 

0.83 

0.62 

0.23 

0.32 

0.41 

11 

(a) 

(a) 

(a) 

0.53 

0.73 

(a) 

12 

(a) 

(a) 

(a) 

0.94 

1.1 

(a) 


a Failed because of excessive computational work. 


TABLE 3.13. — WORK REQUIRED BY LSENS 
WITH METHOD 1 1 AND OPTIMIZED ERROR 
TOLERANCES GIVEN IN TABLE 3.9 


Test 

problem 

NSTEP 

NFE 

NJE 

CPU, 

s 

1 

10 

14 

5 

0.004 

2 

105 

186 

26 

0.40 

3 

112 

214 

33 

0.50 

4 

382 

562 

77 

0.72 

5 

671 

931 

72 

7.4 

6 

218 

349 

50 

1.7 

7 

306 

437 

50 

2.1 

8 

227 

327 

38 

2.0 

9 

69 

121 

24 

1.1 

10 

28 

34 

9 

0.055 

11 

(a) 

(a) 

(a) 

(a) 

12 

(b) 

(b) 

(b) 

(b) 


terminated because of overflow error. 

^Failed because of excessive computational work. 
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TABLE 3.14.— WORK REQUIRED BY LSENS 
WITH METHOD 12 AND OPTIMIZED ERROR 
TOLERANCES GIVEN IN TABLE 3.9 


Test 

problem 

NSTEP 

NFE 

NJE 

CPU, 

s 

1 

10 

39 

5 

0.003 

2 

152 

762 

31 

0.79 

3 

121 

741 

33 

0.79 

4 

538 

1541 

72 

1.1 

5 

628 

2844 

73 

17 

6 

239 

1753 

53 

4.0 

7 

300 

1750 

49 

4.1 

8 

243 

1312 

34 

4.0 

9 

69 

961 

24 

3.3 

10 

28 

169 

9 

0.089 

11 

(a) 

(a) 

(a) 

(a) 

12 

1519 

3545 

152 

2.6 


terminated because of overflow error. 


TABLE 3.15.— WORK REQUIRED BY LSENS 
WITH METHOD 22 AND OPTIMIZED ERROR 
TOLERANCES GIVEN IN TABLE 3.9 


Test 

problem 

NSTEP 

NFE 

NJE 

CPU, 

s 

1 

10 

39 

5 

0.004 

2 

85 

504 

23 

0.49 

3 

98 

582 

27 

0.60 

4 

209 

706 

37 

0.49 

5 

269 

1450 

40 

8.3 

6 

152 

952 

28 

2.2 

7 

162 

1033 

30 

2.4 

8 

166 

1163 

32 

3.4 

9 

66 

825 

21 

2.8 

10 

38 

227 

12 

0.12 

11 

119 

519 

37 

0.19 

12 

275 

894 

52 

0.59 


Comparing the CPU times given in table 3.10 with those given in table 3.15 shows 
that method 21 was faster than method 22, and by a factor of 2 or more for several 
problems. Why method 21 was more efficient than method 22 will now be examined 
in some detail. Tables 3.10 and 3.15 show that for all problems, except cases 3 and 
12, the two methods required the same number of steps and Jacobian matrix 
evaluations and LU-decompositions. Furthermore for these 10 problems the 
number of derivative evaluations needed by the corrector was the same for both 
methods. (For method 22 this number equals the total number of derivative 
evaluations (NFE) minus the additional number (= NxNJE) required for computing 
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33 Experiments With LSODE 

the approximate Jacobians.) The last fact indicates that the number of corrector 
iterations was, in general, the same for the two methods. Hence the approximate 
Jacobian generated by the code is sufficiently accurate that the convergence rate was 
not adversely affected. These observations, together with the fact that the 
computational work needed for LU-decomposing the iteration matrix and backsolving 
for the corrections is the same for methods 21 and 22, indicate that the differences 
in execution times for solving the ODE’s were strictly due to differences in the 
computational work required to form the Jacobian matrix. Careful examination of 
tables 3.7, 3.10, and 3. 15 shows that the difference in CPU times for the two methods 
increased with both N and NJE. Indeed the CPU time difference per unit Jacobian 
matrix evaluation was the greatest for problems 5 to 9 — the ones with 
the largest A (see table 3.7). (This CPU time difference was significantly more for 
problem 5 because the heat transfer model required considerable computational 
work.) The same behavior was exhibited by the runs with EMAX = 10 -6 and 
ATOLSP= 1(T 15 . Now because chemical kinetics problems may involve numerous 
species, N is large. Hence the optimal corrector iteration technique for these 
problems is the modified NR iteration using an analytical Jacobian. 

The same conclusion was obtained by comparing the CPU times required by 
methods 11 and 12 (tables 3.13 and 3.14). Except for problem 12 method 11 was 
faster than method 12, and in several cases by as much as a factor of 2 or more. Test 
problem 12 was characterized by a very rapid increase in temperature at t = 1 . 14 s, 
figure 3.4. To track this rapid variation accurately required small error tolerances, 



Figure 3.4. — Variation of temperature with reaction time for 
test problem 1 2. 
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which forced the code to use small step lengths and higher order methods. This 
problem also posed some difficulty for both methods 11 and 12. In particular, the 
computational work was sensitive to variations in both £ outi i and ATOLSP. For 
example, when a print station at 0.1 s was included, the run with method 11 and 
ATOLSP = 1 0 _1 1 was successfully completed and required about 1 .8 s of CPU time. 
On the other hand, this modification to the input data caused method 1 2 to fail owing 
to excessive computational work. Additional experimentation with ^ 0 ut,i> while 
keeping ATOLSP fixed at 10 -1 *, showed that either method could be made to fail 
or to be faster than the other. In light of this discussion, if test problem 12 can be 
excluded, method 11 was clearly more efficient than method 12. Furthermore 
examination of the execution times required by the two methods for the accurate 
runs (table 3.12) showed that method 11 was faster than method 12 for all 
problems — significantly so in several cases, sometimes by as much as a factor of 2 
or more. 

Although method 1 1 was slower than method 2 1 , it was somewhat more accurate 
on several problems. The AM method was more accurate than the BDF method 
because it has a smaller local truncation error (ref. 42) and, in general, used smaller 
step lengths. Comparing the solutions generated by methods 11 and 12 with the 
optimized error tolerances showed that neither method was consistently more 
accurate than the other. Similar remarks apply to the solutions produced by methods 
21 and 22 with the optimized error tolerances. These observations give credibility 
to the claim made in section 3.2.2 that inaccuracies in the iteration matrix do not 
affect the accuracy of the solution, provided of course that the matrix is accurate 
enough for the iteration to converge. Further confirmation of this beneficial fact was 
provided by the solutions generated with the reduced error tolerances — all methods 
produced essentially identical results. Nonetheless for reasons of efficiency an 
analytical Jacobian is preferred. 

The preceding discussion implies that for chemical kinetics problems the best 
integration method and corrector iteration technique are given by method 21, the 
BDF method with the modified NR iteration using an analytical Jacobian matrix. 
The results with the implicit Adams method, together with those presented in 
section 3.1 for the explicit Runge-Kutta method (e.g., fig. 3.3), illustrate the 
importance of using implicit solution techniques for the stiff ODE’s arising in 
chemical kinetics. 


3.4 Comparisons With GCKP84 

This section presents comparisons of the computational work required by the 
codes LSENS (using method 21) and GCKP84 (ref. 12), which uses the GEAR 
package (ref. 57) as modified by Zeleznik and McBride (ref. 74), to integrate the 
ODE’s. The results with GCKP84 were also obtained on the NAS ALewis Research 
Center’s Amdahl 5870 computer using the UTS operating system, the Fujitsu 77 
compiler (optimization level, 3), and double precision. 
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3.4 Comparisons With GCKP84 
The error control used in GCKP84 is different from, and for chemical kinetics 
problems inferior to, that used in LSODE, as discussed by Radhakrishnan (ref. 19). 
GCKP84 uses a semirelative local error control and, in contrast to LSODE, requires 
a single local error tolerance, EMAX. For species with zero initial concentration the 
error control is purely absolute. For all other variables the error control is purely 
relative. Hence, for GCKP84, EMAX is a mixed local relative and absolute error 
tolerance — relative for species with nonzero initial mole number, temperature, 
density, and velocity and absolute for species with zero initial mole number. 
Because, in general, most species have zero initial concentration, the error control 
performed by GCKP84 is mostly absolute. In contrast, the error control used with 
LSODE is mixed relative and absolute, and EMAX is the local relative error 
tolerance for all variables. The difference in error control, together with the fact that 
all G/ « 1 , implies that GCKP84 should need smaller values of EMAX than LSENS 
to attain comparable accuracy. 

For each test problem the optimal EMAX (i.e., the value that minimized the CPU 
time while maintaining prescribed accuracy) was obtained with the same trial-and- 
error procedure and accuracy criterion used for LSENS. However, to prevent bias 
in favor of LSENS, the selection procedure for the optimal EMAX values for 
GCKP84 used new standard solutions, which were generated with GCKP84. For 
each test problem the “standard” EMAX, that is, the value needed for the standard 
solution, was determined by progressively decreasing EMAX until the solution 
showed negligible change with further decrease. The standard and optimal values 
for EMAX are given in table 3. 16. 8 The standard solutions produced by GCKP84 
were essentially identical to those obtained with LSENS. The computational work 
required by GCKP84 to generate the standard solutions is given in table 3.17. 
Examination of tables 3.8 and 3.17 shows that LSENS required substantially less 
CPU time than GCKP84 to generate standard (i.e., accurate) solutions. 

Tables 3.9 and 3. 16 show that, as expected, GCKP84 needed significantly smaller 
EMAX than LSENS to satisfy the same global accuracy requirements. Comparing 
the execution times given in tables 3.10 and 3.18 shows that for the optimal solutions 
also GCKP84 was substantially more expensive than LSENS. In fact, for almost all 
problems LSENS was faster than GCKP84 by a factor of 2 to 8. 

The differences in the CPU times required by GCKP84 and LSENS may of course 
be attributed solely to the smaller standard and optimal EMAX values needed by 
GCKP84. To investigate this possibility, each code was run with the standard and 
optimized EMAX for the other code. Tables 3.19 and 3.20 give the computational 
work required by GCKP84 when run with the standard (10 -6 ) and optimized 
(table 3.9) EMAX values for LSENS. Test problem 12 required excessive 
computational work and is therefore excluded from tables 3.19 and 3 .20. Comparing 


8 The standard and optimal EMAX values for GCKP84 were also obtained on the NASA Lewis 
Research Center’s IBM 370/3033 computer. For test problem 11 the standard EMAX value (=10“ 9 ) 
given in table 3.16 could not be used on the Amdahl 5870 computer because an error exit occurred at 

t = 5.95xl0 8 s owing to the excessively small step length (h = 10 -14 s) to be used on the next step. A 
value of EMAX = 5xl0 -9 was therefore used as the standard for test problem 11. 
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TABLE 3.16.— STANDARD 
SOLUTION AND OPTIMAL 
ERROR TOLERANCES 
REQUIRED BY GCKP84 


Test 

problem 

EMAX 

Standard 

Optimal 

1 

10" 8 

10‘ 3 

2 

10" 8 

10" 7 

3 

10 -8 

10‘ 7 

4 

10- 9 

10" 8 

5 

10- 9 

5xl0 -8 

6 

10“ 9 

io - 7 

7 

10- 9 

10 -8 

8 

10~ 9 

10' 7 

9 

1CT 6 

SxlO -4 

10 

10" 7 

10“ 3 

11 

10' 9 

10 -6 

12 

10-1° 

5xl0 -9 


TABLE 3.17.— WORK REQUIRED BY GCKP84 
FOR STANDARD SOLUTIONS USING EMAX 
VALUES GIVEN IN TABLE 3.16 


Test 

problem 

NSTEP 

NFE 

NJE 

CPU, 

s 

1 

233 

280 

50 

0.11 

2 

3617 

3678 

671 

13 

3 

3775 

3837 

669 

14 

4 

368 

392 

60 

0.76 

5 

2577 

5029 

394 

51 

6 

1510 

1569 

235 

12 

7 

1098 

1150 

157 

8.3 

8 

1504 

2544 

236 

22 

9 

2368 

3396 

466 

37 

10 

5183 

5534 

1341 

11 

a ll 

1007 

1295 

194 

2.1 

12 

2556 

2677 

402 

5.1 


'EMAX = 5x1 0 -9 . 




TABLE 3.18.— WORK REQUIRED BY GCKP84 
WITH OPTI MIZED ERROR TOLERANCES 
GIVEN IN TABLE 3.16 


Test 

problem 

NSTEP 

NFE 

NJE 

CPU, 

s 

1 

22 

33 

8 

0.013 

2 

459 

476 

73 

1.6 

3 

431 

449 

79 

1.6 

4 

217 

236 

39 

0.45 

5 

504 

1047 

102 

11 

6 

325 

352 

56 

2.6 

7 

529 

571 

91 

4.2 

8 

428 

811 

92 

7.2 

9 

99 

205 

23 

2.1 

10 

41 

84 

14 

0.14 

11 

461 

611 

117 

1.0 

12 

471 

515 

75 

0.98 


TABLE 3.19.— WORK REQUIRED BY GCKP84 
WITH STANDARD EMAX (= 10 -6 ) 

USED WITH LSENS 


Test 

problem 

NSTEP 

NFE 

NJE 

CPU, 

s 

1 

75 

92 

14 

0.031 

2 

192 

200 

38 

0.71 

3 

207 

219 

39 

0.82 

4 

226 

285 

48 

0.55 

5 

278 

562 

65 

6.0 

6 

238 

257 

47 

2.0 

7 

207 

225 

40 

1.7 

8 

304 

559 

71 

5.1 

9 

2368 

3396 

466 

37 

10 

259 

322 

66 

0.60 

11 

461 

611 

117 

1.0 
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TABLE 3.20.— WORK REQUIRED BY GCKP84 
WITH OPTIMIZED EMAX VALUES OBTAINED 
FOR LSENS, TABLE 3.9 


Test 

problem 

NSTEP 

NFE 

NJE 

CPU, 

s 

1 

19 

29 

7 

0.008 

2 

89 

103 

33 

0.42 

3 

79 

98 

27 

0.40 

4 

164 

273 

40 

0.50 

5 

179 

360 

54 

4.0 

6 

119 

140 

32 

1.2 

7 

112 

136 

33 

1.1 

8 

244 

473 

76 

4.6 

9 

92 

189 

22 

2.0 

10 

29 

65 

14 

0.12 

11 

3406 

4028 

1331 

8.6 


the CPU times in tables 3.8 and 3.19 shows that with EMAX = KT 6 GCKP84 was 
faster than LSENS for some problems, especially 6. However, the solutions 
generated by GCKP84 for this and several other problems were inaccurate, 
sometimes significantly. For example, for problem 4, at* = 22.845 cm the computed 
temperature was 5444.8 °R, instead of 2193.1 °R. Tables 3.8 and 3.19 show that for 
most problems LSENS was either as fast as GCKP84 or faster, and significantly so 
in several instances. The same two conclusions are apparent for the runs with the 
optimal EMAX (tables 3.10 and 3.20). In this situation also, GCKP84 was quite 
inaccurate, and severely so for several problems. Hence LSENS was more accurate 
than GCKP84. Moreover, surprisingly, during equilibration, especially at long times 
when the ODE’s are stiff (refs. 20, 32, 33, and 73), GCKP84 experienced numerical 
difficulties and sometimes reduced the step length drastically, thereby making the 
computation both time consuming and expensive. For example, for test problem 1 2 
the run with EMAX = 1CT 6 required over 281 000 steps and a CPU time of 
approximately 4000 s. (For this problem and EMAX, GCKP84 predicted a shorter 
reaction time for the end of heat release (and start of equilibration) than that 
indicated in figure 3.4. Similar behavior has been observed on other problems.) 

Final comparisons between the two codes were made by running LSENS with the 
standard and optimized EMAX values evaluated for GCKP84. For the first set of 
runs ATOLSP values were obtained by scaling down the standard value ( 10” 15 ) used 
with LSENS and are given in table 3.21 . 9 * For the second set of runs no attempt was 
made to optimize ATOLSP. Instead, the values obtained earlier (see table 3.9) were 
simply used. The computational work required by LSENS with these local error 
tolerances is given in tables 3.21 and 3.22. Examination of tables 3.17, 3.18, 3.21, 
and 3.22 shows that in these situations also LSENS was, in general, substantially 
faster than GCKP84. 


9 Although for consistency with GCKP84, EMAX = 5x10 9 was used for problem 11, the run with 

EMAX = 10 -9 and ATOLSP = 10 -18 was successfully completed and required about 1 .4 s of CPU time. 
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TABLE 3.21.— WORK REQUIRED BY LSENS FOR 
ACCURATE EMAX VALUES OBTAINED 
FOR GCKP84, TABLE 3.16 


Test 

problem 

ATOLSP 

NSTEP 

NFE 

NJE 

CPU, 

s 

1 

10- 17 

230 

287 

52 

0.10 

2 

10- 17 

643 

822 

67 

1.6 

3 

10- 17 

595 

758 

58 

1.6 

4 

10 -18 

1308 

1715 

144 

2.1 

5 

10 -18 

1726 

2122 

173 

17 

6 

10-1S 

1237 

1512 

121 

6.8 

7 

,0-1(5 

1400 

1796 

158 

8.4 

8 

1<T 18 

1473 

1870 

149 

11 

9 

10- 15 

302 

397 

54 

3.1 

10 

,0-16 

201 

254 

25 

0.33 

a ll 

5xl0~ 18 

1118 

1402 

146 

0.95 

12 

io- 19 

2610 

3669 

391 

4.1 


a EMAX = 5xl0~ 9 . 


TABLE 3.22.— WORK REQUIRED BY LSENS 
WITH OPTIMIZED EMAX VALUES 
OBTAINED FOR GCKP84, 

TABLE 3.16, AND ATOLSP 
VALUES GIVEN IN TABLE 3.9 


Test 

problem 

NSTEP 

NFE 

NJE 

CPU, 

s 

1 

14 

19 

6 

0.012 

2 

309 

428 

42 

0.88 

3 

317 

424 

39 

0.92 

4 

370 

483 

43 

0.59 

5 

471 

584 

50 

4.7 

6 

212 

295 

26 

1.3 

7 

402 

531 

65 

2.7 

8 

367 

483 

54 

2.9 

9 

76 

108 

24 

0.99 

10 

53 

73 

13 

0.11 

11 

327 

446 

73 

0.33 

12 

439 

590 

57 

0.65 
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3. Numerical Integration 

Tables 3.8, 3.10, 3.21, and 3.22 show that on average for all problems and local 
error tolerances less than two derivative evaluations (hence corrector iterations) 
were required per step by LSODE as pointed out by Byrne and Hindmarsh (ref. 39). 
In fact, in general, the average number of iterations per step was less than 1.5, in 
agreement with the findings of Shampine and Gear (ref. 31). The reason for the rapid 
convergence of the corrector is the accuracy of the predictor. Indeed the predictor 
is generally more accurate than the corrector, which is nonetheless needed for 
numerical stability (ref. 31). Rapid improvement in the accuracy of successive 
estimates is especially important for stiff problems because the corrector must be 
iterated to convergence; otherwise, its stability property is lost (refs. 40 and 41). 

It is clear from tables 3.9 and 3.16 that the local error tolerances were varied 
widely — by many orders of magnitude. Consequently, the method-order-versus- 
reaction-time history also varied. Nevertheless tables 3.8, 3.10, 3.21, and 3.22 
indicate that the average number of derivative evaluations per step was relatively 
insensitive to variations in the local error tolerances. Thus the number of iterations 
per step was essentially independent of the method order, which makes multistep 
methods particularly attractive when, as in the present application, the derivatives 
are expensive to evaluate (ref. 40). Careful examination of the four tables does, 
however, show a slight decrease in the average number of iterations per step when 
the error tolerances were reduced. The reasons are the generally smaller step lengths 
and higher method order selected and (the resultant) improvement in accuracy. 

For most of the problems the optimized EMAX values evaluated for GCKP84 
(table 3.16) were smaller than the standard EMAX (10~ 6 ) used with LSENS. 
Nevertheless tables 3.8 and 3.22 show that the CPU times required by LSENS with 
these smaller EMAX values were, in general, either the same or less than the CPU 
times for the standard solutions. The reason is that the standard ATOLSP (10 -15 ) 
was smaller than the ATOLSP used in the latter runs (see table 3.9). These results 
illustrate the dependence of the computational work required by LSODE on 
ATOLSP, as pointed out earlier, and the importance of optimizing it. 
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Chapter 4 

Sensitivity Analysis 

The solution of the ordinary differential equations (ODE’s) describing chemical 
kinetics depends on a number of parameters, such as initial conditions, rate 
coefficient parameters, and thermodynamic properties. The input parameters are 
often not known exactly, and constructing accurate models for the reaction chemistry 
(e.g., refs. 2 and 4) and thermodynamic properties (e.g., ref. 75) are active areas of 
research. The usual procedure for developing a reaction mechanism is to start with 
all possible reactions involving all relevant species (ref. 76). The mechanism is then 
fine tuned by discarding unimportant reactions and adjusting rate coefficient 
parameters to match experimental data. 

The development of a reaction mechanism is both facilitated and made more 
accurate by a systematic sensitivity analysis, which provides the basic methods for 
studying parameter sensitivities, that is, changes in model behavior due to parameter 
variation (ref. 77). Sensitivity analysis in chemical kinetics establishes relationships 
between the predictions of a kinetic model (i.e., reaction mechanism) and the 
parameters of the problem (i.e., initial conditions, rate coefficient parameters, etc.). 
It helps to determine the effects of uncertainties in rate coefficient parameters or 
initial condition values on the model predictions. Parameters that have to be 
determined accurately because they have a large effect on the solution can thus be 
identified. At the same time rate coefficient parameters that show little or no effect 
on the solution need not be known with great precision. In some cases the latter 
reactions may even be eliminated, thereby simplifying the reaction mechanism. But 
perhaps the most significant utility of sensitivity analysis is the increased 
understanding it provides of a complex reaction mechanism. Advantages and 
applications of sensitivity analysis are discussed by Edelson (ref. 3) and Rabitz 
et al. (ref. 10). 

Sensitivity analysis methods fall into two categories: local methods and global 
methods. Local methods typically produce the effect of a small change in one 
parameter about its nominal value by computing the first-order sensitivity coefficient 
dyi/dr\j evaluated at the generally accepted nominal values {f]^} . Here y,- is a 
variable of interest (e.g., species concentration or temperature), and r | j a rate 
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coefficient parameter (eqs. (2.4) and (2.5)) or an initial condition value . 10 The first- 
order sensitivity coefficient vector Sj is defined as 


3y 


- J an, 


j = 


all other r\ k 


(4.1) 


Here, y is the TV-dimensional solution vector, equation (3.2), M the total number 
of independent parameters, and a column vector of length N: 



(4.2) 


where the superscript T indicates transpose and 


5 


lall other r\ k 


(4.3) 


If sensitivities with respect to P (P < M) independent parameters are required, 
the first-order sensitivity matrix S is of size NxP , with element S(j given by 
equation (4.3). 

The first-order sensitivity coefficient 3y*/3t|y is the gradient of y* with respect to 
the parameter at a single point jr^} in parameter space. The change Ay/ in the 
solution due to the change Ar|y in the 7 th parameter can be approximated by 


Ay- 


f 






ATI. 


(4.4) 


for sufficiently small Ar\j. 

The restriction to small changes does not apply to global methods, which can 
account for simultaneous parameter variations of arbitrary magnitude. These 
methods provide an average effect of all uncertainties examined. The sensitivities 
obtained are therefore different from the sensitivity coefficients defined here. 
However, for small variations in the input parameters there is a simple relationship 
between the coefficients computed by global methods and the linear sensitivity 
coefficients, equation (4.1) (ref. 78). Because global methods require repeated 
solution of the chemical kinetics equations, their computational cost can become 


10 Because, in general, thermodynamic properties are better known than rate coefficient parameters, 
the present work does not consider sensitivities with respect to thermodynamic properties. 
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4.1 Governing Ordinary Differential Equations 
prohibitive as the number of independent parameters increases (refs. 79 to 81). In 
addition, these methods require statistical information on the uncertainties in the 
input parameters, and this information is often not well known (ref. 21). Therefore 
a local sensitivity analysis method has been adopted in the present work. Global 
methods have been reviewed by Cukier et al. (ref. 9), Tilden et al. (ref. 82), Rabitz 
et al. (ref. 10), and Oran and Boris (ref. 56). 

The simplest method for estimating the effect of an uncertainty in any parameter 
r\j is to run the simulation program, that is, solve the ODE’s describing chemical 
kinetics, with two different values for r| y , say ^1 j and *1 j + At ]j. The change AT/ (t) 
in the numerical solution for the ith component at any time t is then given by 

AY t (t) = Y^j + - Y^jj) (4.5) 


where Yi(r\j + Ar| y ,f) and Y/(f| y ,f) are the numerical solutions for the ith component 
at time t obtained with the two different values for T| y . Although such a “brute force” 
method has been used successfully (refs. 78 and 83 to 85), it can become very 
expensive when the number of independent parameters is large. For M parameters 
the simulation program must be run at least M + 1 times to generate all first-order 
sensitivity coefficients. Also A T| y must be chosen carefully to ensure accuracy of the 
sensitivity coefficients (refs. 10, 21, and 81); see section 4.6. 

To avoid the expense associated with repeated runs of the simulation program, 
several methods that solve directly for the sensitivity coefficients have been 
developed (refs. 20 to 23, 70, 81, and 86 to 102). These methods compute S l y by 
integrating the ODE’s describing the temporal evolution of the sensitivity coefficients. 


4.1 Governing Ordinary Differential Equations 

The ODE’s describing chemical kinetics, equation (3.1), are rewritten as 11 


dy 

dt 


f(y,A,n,E) 


y(' = ' 0 ) = y 0 = Given 


(4.6) 


to emphasize the functional dependence of y(t) on the rate coefficient parameter 
vectors A, n, andE, each of which has NR components, where NR is the total number 


n In the present work sensitivity analysis is limited to static problems. Therefore the independent 
variable is time t. 
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of reactions. If any rate coefficients are expressed in the form of equation (2.5), E 
will contain the { cj } in appropriate locations. Thus E contains NR parameters, some 
(or none) of which are the [cj] and the rest activation energies {£,}. This notation 
is used to simplify the presentation. For isothermal reactions the rate coefficients 
{kj} are time invariant, and there is then no need to consider the individual rate 
coefficient parameters. For such problems equation (4.6) reduces to 

(4 - 7) 

where k is the rate constant vector containing the NR rate constants. 

The ODE for £ j can be obtained by differentiating equation (4.6) with respect to 
T|y and then interchanging the order of differentiation with respect to t and qy. The 
result is 





(4.8) 


where J is the Jacobian matrix, equation (3.3), and for clarity in presentation the 
dependence of F on y,A, etc., has been suppressed. In equation (4.8) the first term 
on the right-hand side accounts for the implicit dependence of f on q |y through y , 
and the second term takes into account any explicit dependence of f on qy. If q ; is 
an initial condition value, f is not a function of qy and 3f/3qy| y = 0. 

The initial value of Sy (i.e., S/f 0 )) is equal to they'th column of the NxN identity 
matrix if qy is the yth element of >b; if, however, q y is a rate coefficient parameter, 
S/f 0 ) = °. 

Each parameter qy results in N ODE’s given by equation (4.8). Hence, for P 
independent parameters, NP ODE’s have to be solved to produce the required first- 
order sensitivity coefficients. The ODE’s are, however, independent of one another, 
so they can be solved separately. Also, although the model equation (4.6) can be 
highly nonlinear, the sensitivity equations (4.8) are linear ODE’s with time- 
dependent coefficients. Therefore the sensitivity equations are easier to solve than 
the model equations. 


4.2 Local Sensitivity Analysis Methods 

The methods developed for solving equation (4.8) include the direct method 
(refs. 86 to 88), the Green’s function method (refs. 89 and 90) and its variants (refs. 
93 and 94), the analytically integrated Magnus modification of the Green’s function 
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4.2 Local Sensitivity Analysis Methods 
method (refs. 91 and 92), variational methods (refs. 95 to 97), and the decoupled 
direct method (refs. 21 to 23, 70, and 98 to 102). Local sensitivity analysis methods 
have been reviewed by Tilden et al. (ref. 82), Rabitz et al. (ref. 10), Kramer et al. (ref. 
81), Oran and Boris (ref. 56), and Radhakrishnan (ref. 20). 


4.2.1 Direct Method 

The direct method (DM) (ref. 87), also called the direct variational method (ref. 
88), computes the sensitivity coefficients by simultaneously solving the model and 
sensitivity equations, (4.6) and (4.8). An alternative implementation of the DM is 
to decouple the model equations from the sensitivity equations and solve the two 
sets of equations separately (ref. 86). The coupled DM, that is, solution of the 
combined system of equations (4.6) and (4.8), has been found to be quite inefficient 
and unstable or has failed completely on several stiff problems (refs. 90 and 91). 
Because the ODE’s for the sensitivity coefficients are linear, whereas the combined 
system of ODE’s is nonlinear, the decoupled approach to implementing the DM is, 
in theory, more efficient than the coupled DM. Surprisingly the decoupled 
procedure has shown no efficiency gains over the coupled DM on some problems 
(refs. 90 and 91). Furthermore it has proven unstable on some stiff problems (ref. 
91); however, see reference 81. 

4.2.2 Green’s Function Method 

The Green’s function method (GFM) computes the Green’s function for the 
sensitivity equations and then obtains the sensitivity coefficients from integrals over 
the Green’s function (refs. 89 to 94). For N < M, which is generally true in chemical 
kinetics, the GFM requires the solution of fewer ODE’s, and is therefore more 
efficient, than the DM. However, the GFM can still be expensive (ref. 91). In 
addition, it can produce significant inaccuracies when the solution changes rapidly. 
If accurate solutions are desired in rapidly varying regions, the GFM loses its 
computational advantage over the DM. The computational cost and accuracy of the 
GFM are also adversely affected by the choice of output stations, that is, the time 
values at which sensitivities are required. 

4.2.3 Green’s Function Method With Analytically Integrated 
Magnus Modification 

The Green ’s function method with the analytically integrated Magnus modification 
(GFM/ AIM) (refs. 9 1 and 92) was developed to reduce the cost associated with the 
GFM. The GFM/AIM uses different calculation procedures than the GFM for the 
Green’s function and for the integrals that give the sensitivity coefficients. The 
GFM/AIM requires the specification of local error tolerances in addition to those 
required for solving the chemical kinetics equations. Using small values for the 
error tolerances can make the GFM/AIM much more expensive than the DM 
(ref. 81). In addition, the GFM/AIM shares with the GFM the disadvantages of the 
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computational work and accuracy both being adversely affected by the choice of 
output stations (ref. 21). 

4.2.4 Variational Method 

The variational method presented by Seigneur et al. (ref. 96) computes the 
sensitivities of objective functions. The function can be a single variable, such as 
a species concentration or temperature, or it may involve several variables, such as 
a class of species like unbumt hydrocarbons or pollutant species. The calculation 
procedure involves the solution of adjoint equations (ref. 103) and is similar to the 
GFM (ref. 10). The variational method for computing sensitivity coefficients is 
described by Koda et al. (ref. 95). 

4.2.5 Decoupled Direct Method 

The decoupled direct method (DDM) solves the sensitivity equations separately 
from, but sequentially with, the model equations. The procedure used to decouple 
the sensitivity equations from the chemical kinetics ODE’s is different from, and 
avoids the instabilities associated with, the decoupled version of the DM. 12 For 
chemical kinetics applications the DDM has shown greater efficiency and stability, 
with equal or better accuracy than the DM, GFM, and GFM/AIM (refs. 20 to 22). 

The DDM has been incorporated by Dunker (ref. 23) into an efficient computer 
program, CHEMDDM, which couples this sensitivity analysis method with the 
code LSODE (refs. 13to 15) for solving the model equations. However, CHEMDDM 
is restricted to constant-density, constant-temperature problems. The restriction to 
constant-temperature problems appears to be characteristic of most sensitivity 
analysis codes developed to date. However, combustion kinetics is characterized 
by a narrow region of rapidly varying temperature (see fig. 3.1). Consequently 
sensitivity analysis of combustion kinetics equations must account for the effects of 
varying temperature on the rate coefficients (see eqs. (2.4) and (2.5)). However, 
until recently local sensitivity analysis methods have been successfully applied to 
constant-temperature problems only. For example, Dougherty and Rabitz (ref. 1 04) 
experienced numerical difficulties in attempting nonisothermal calculations of 
hydrogen-oxygen combustion. When sensitivity analysis of nonisothermal problems 
has been performed, the temperature has usually been assigned (e.g., refs. 78 and 
105) and not computed independently. 13 

Recently Radhakrishnan (ref. 22) extended Dunker’s (ref. 23) implementation of 
the DDM to nonisothermal combustion kinetics. The method can be used to 


12 To avoid confusion between the decoupled version of the direct method and the decoupled direct 
method, I will refer to the former method as the decoupled version of the DM, and the latter method as 
the DDM. 

13 Cukier et al. (ref. 9) performed sensitivity analysis of the nonisothermal hydrogen-fluorine reaction 
with a global method. Because the method involves repeated solution of the model equations for different 
values of the rate coefficient parameters, the temperature can be computed independently. But their work 
did not separate the effects of the temperature-independent part (i.e., [Aj } ) from those of the temperature- 
dependent parts (i.e., {nj} and {£/}) of the rate coefficients. 
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examine the effects of uncertainties in both the temperature-independent part (i.e., 
{Aj}) and the temperature-dependent parts (i.e., [nj] and {Ej}) of the rate coefficients. 
It has been demonstrated to be accurate and efficient for both constant- and varying- 
temperature problems (ref. 22) and has therefore been adopted in the present work. 
Descriptions of the DDM and how it is implemented in CHEMDDM, and hence 
LSENS, are presented next. 


4.3 Decoupled Direct Method 


The decoupled direct method solves the ODE’s for the sensitivity coefficients 
separately from, but sequentially with, those describing the chemical kinetics. The 
same algorithm that solves the ODE’s for the reaction chemistry solves the 
sensitivity equations. The rationale for using the same solver is that the two sets of 
equations have the same Jacobian. 

As discussed in chapter 3, the most efficient and accurate method for solving 
chemical kinetics problems is the backward differentiation formula (BDF) method 
included in the packaged code LSODE (refs. 13 to 15). The BDF method, as 
implemented in LSODE, is therefore used to integrate the sensitivity ODE’s. Also 
the most efficient iteration technique was found to be the modified Newton iteration 
using an analytical Jacobian. In the following discussion it will therefore be 
assumed that the BDF method with the modified Newton iteration using an 
analytical Jacobian, that is, the method flag MF = 21 (see eq. (3.53)), has been 
selected to solve the model equations. 14 

If the BDF method is used to solve the ODE for £/ over the time step [t n .\ y t n ] , the 
resulting formula, corresponding to equation (3.9), is given by 


§/> ~j^ a k-j,n-k — j,n + ^rfio-j,n 


k = 1 


(4.9) 


where 


—J>n 


n 

X a k-j,n-k 
k=\ 


(4.10) 


contains previously computed information. In equation (4.9), S [j, n [— S/(^n)] * s 
the sensitivity coefficient vector at the current time t n \ q n is the order of the 
numerical approximation for the step [t n -\,t n ]\ the method coefficients {a*} andp 0 


14 Indeed, when sensitivity analysis computation is required, the code LSENS allows only method 21 
to be used to solve the chemical kinetics ODE’s. For a kinetics-only computation any legal value may 
be assigned for MF. However, for sensitivity analysis computations, specifiying a value for MF other 
than 21 will result in an error exit. The default value for MF is 21. 
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depend on q n (see table 3.1); {£,•„_* [= S/(f„-*)] } are the £y at the previous times 
t n -k, k = 1 ,...,q n ; h n (= t n - t n -\) is the step size for this step; and E /,« = E(£/*n))- 
Writing out the expression for E/,«> equation (4.8), and collecting terms give 

»(<.&. < 411 > 

where 

r(<„H < 4 - 12 > 


and I is the NxN identity matrix. 

Equation (4. 1 1) can also be derived by differentiating equation (3.9) with respect 
to t | j (ref. 21). Although the model solution vector Y is defined only at discrete 
points in time, it can still be considered as a continuous function of the {r| ; }. 

Because equation (4.8) is linear, equation (4. 1 1 ) is also linear. Hence the solution 
can be obtained explicitly; that is, solution of equation (4.11) does not require an 
iterative predictor-corrector procedure. Because the original model y = f( y ) has 
been replaced by the finite-difference model, equation (3 .9), the sensitivities 9Y/9r | j 
calculated from equation (4.11) are the exact sensitivities of Y with respect to T| ; -, 
apart from computer roundoff (ref. 21), provided of course that the Jacobian matrix 
J(t n ) is accurate. Note, however, that because Y,i may be different from y(t n ), the 
solution to equation (4.11) may not give the exact sensitivity coefficient 9 y /9r| ; (f„). 

Equations (3.13), (3.15), (3.16), (4.11), and (4.12) show the similarity between 
the finite-difference equations for the chemical kinetics variables and the sensitivity 
coefficients. The DDM exploits the similarity by alternating the solution of 
equation (3.9) with that of equation (4.11) (ref. 21). For any step [f n -i,6d the 
solution Y to the model equations is advanced by one time step from f„_i to t n by 
using LSODE. The solution Y„ at t n is then used in equation (4. 1 1 ) to update the 
sensitivity coefficients with respect to all the required ( P ) parameters. The next step 
in the calculation procedure is to advance Y from l„ to t n+ \. Then Y„ + i is used to 
advance S ; (j = 1,...,P) from t n to t n +\. The process of advancing Y and then S, 
(j = 1 ,...,P) by the same time step, using the same method order, is repeated until 
the end of the integration interval. This procedure is illustrated schematically in 
figure 4.1. 

During the course of solving the model problem LSODE automatically generates 
values for q n , q n+ \,... and h n , h n+ 1 ,... (and hence, t n , )» as described in chap- 
ter 3 (section 3.2.5). In solving for the sensitivity coefficients the DDM uses exactly 
the same step length and method order as those used for the model problem, so the 
error control in the solution of equation (4. 1 1) is determined by the error control in 
the solution of equation (4.6) (ref. 21). Hence the DDM needs no additional error 
tolerances beyond those required for the model system, provided that J(f) is updated 
before the sensitivities are computed. 

To reduce the computational cost associated with matrix algebra, LSODE 
updates the Jacobian matrix only when the solution to equation (3.9) does not 
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Model 

equations 


Sensitivity 

equations 


Reaction 

time 



hp + 1 fyj+2 


Figure 4.1 . — Schematic illustration of decoupled direct method 
(after ref. 21). The numbers in circles denote the sequence 
in which the model and sensitivity equations are solved. The 
step size is designated by h and the method order by q. 


converge. As noted in chapter 3 (section 3.2.2), inaccuracies in J may affect the 
convergence rate but not the accuracy of the solution to equation (3 .9) if the iteration 
converges. However, the ODE’s for the sensitivity coefficients, equation (4.8), 
contain J explicitly. To maintain accuracy in the computed S ; , the matrix P in 
equation (4.11) must therefore be recomputed at every time step unless J changes 
slowly (refs. 21 and 99). For example, during equilibration the solution changes 
slowly, figure 3.1, and the use of an old Jacobian may be adequate. In the present 
work use of an old Jacobian is not explored, and J and P are updated at every step. 1 5 
Note, however, that because the same matrix P is required in both equations (3.13) 
and (4.11), no additional programming is required by the DDM for either the 
computation of P or its LU-decomposition. 

At each solution step equation (4.11) must be solved as many times as the number 
of independent parameters with respect to which the solution sensitivity is required. 
However, because P is independent of the sensitivity parameters, it has to be formed 
and LU-decomposed only once, irrespective of the number of sensitivity parameters. 
Hence, although calculating the sensitivities with respect to the first parameter may 
require considerable work to form P, perform its LU-decomposition, and solve 
equation (4.11), evaluating the sensitivity coefficients with respect to the second 
and subsequent parameters is significantly less expensive. 

The advantage of solving the model and sensitivity equations sequentially step 
by step is that the computed solution to the model problem does not have to be stored 
for the entire integration interval, which consists of many steps. In contrast, the 
decoupled version of the DM, the GFM, the GFM/AIM, and the variational method 
all have to store the computed solution for the complete integration interval. The 


15 As discussed in appendix C of part II, LSENS includes a switch that can be set so that the Jacobian 
matrix for sensitivity analysis computations is updated only for steps on which LSODE updates this 
matrix while solving the model equations. 
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DDM also avoids the added expense and inherent errors associated with the later 
approximation of J from the stored solution, as done in the other four methods. The 
decoupled version of the DM, the GFM, the GFM/AIM, and the variational method 
compute the sensitivity coefficients after the model problem has been solved over 
the entire integration interval. Hence in solving for the sensitivities these four 
methods, unlike the DDM, do not necessarily use the same time sequence t n , t n +\,... 
utilized for the model problem. In order to compute J and df/dr\j at the times where 
the sensitivities are generated, Y and f must be obtained by interpolation, resulting 
in additional cost and inaccuracies. The coupled version of the DM avoids the 
problems associated with interpolation by simultaneously solving the 2N model and 
sensitivity ODE’s. However, solving the 2 N equations requires more computational 
work than solving the two systems separately. The reason for the increased 
computational effort is twofold: (1) a larger system of equations has to be solved 
and (2) the sensitivity equations are linear and therefore do not require iteration, 
whereas the combined system of equations is nonlinear and therefore requires an 
iterative procedure. 

Finally, as discussed by Dunker (ref. 21), the DDM is easier to program than the 
GFM/AIM and requires a smaller computer program and less array storage if 
M<1N+C{\ + l/N), where C— 100. Hence, in general, the DDM needs less array 
storage than the GFM/AIM for chemical kinetics problems. 


4.3.1 Matrix Formulation 

To preserve the similarity between the solution procedures for the model and 
sensitivity equations, the Nordsieck history matrix formulation of the DDM is 
constructed. Exactly the same procedures utilized in chapter 3 (section 3.2.3) are 
followed in developing the matrix formulation of the DDM. The same symbol is 
also used as before for the history array. However, in order to avoid confusion 
between the history arrays for the model problem and the sensitivity equations, the 
upper case letter Z is used to denote the history array containing the sensitivity 
information . Here Z is analogous to the z array defined in chapter 3 (see eqs. (3 . 1 8) 
and (3.19)). There is, however, one important difference between Z and z. Whereas 
z is a two-dimensional array of size NxL, Z is a three-dimensional array of size 
NxLxP, where L = q n + 1. However, because the sensitivity equations for the 
different parameters are independent of one another, only one parameter, T\j, need 
be considered. Sensitivities with respect to all other parameters can be computed 
by following exactly the same procedure developed for T\j. The NxL Nordsieck 
history matrix for x\j is denoted by Zj. 

The history matrix for the jth parameter at i, Z ;>n _i, which is the analog to 

z n _i, equation (3.18), is defined as 


Z J,n- 




K" s (9„) 

* n 




J 


(4.13) 
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f 

5 u(*n- 1) K Kjfcn-l) 

fU'*-,) • • 

Hn’ 


S 2 „j ( f n-l ) K S 2.j ( f «-l ) 

■ ' 


Z j,n - 1 “ 


• 

^71 


S N,j ( f n-l ) K ' S N,j ( { n- 1 ) 

1) 

—2—, s^ n Ht 'i 

, *N,j Vn-lJ 
^n' J 




(4.14) 

where 5^}(^_i) is the kth temporal derivative of Sy at t n -\. 



To derive analogs of the prediction and correction procedures utilized on the 
model equations for the step [t n -\, t n ], the calculation procedure for is split into 

two stages as follows: An initial estimate is first computed; this step is 
analogous to the predictor step. The initial estimate is then “corrected” to get the 
sensitivity coefficient vector at t n \ this step corresponds to a single corrector 
iteration. Both steps are derived by directly applying equations (3.28) to (3.30) for 
a single iteration. 

The predictor step, obtained from equation (3.28), is given by 


Z [0] 

J>n 


= z 


bn - 1 


A 


where Z is the “predicted” Nordsieck history matrix at t n , that is, 


(4.15) 


7 [ 0 ] 

L j,n 


<j[°) , A [0] ^.o [0] K n o[0] ( " n> 
—j,n ,n n—j,n’ 2t * j , n >—> t ^j,n 

Vn’ 


(4.16) 


and the LxL “prediction” matrix A is given by equation (3.21). 
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The corrector step is given by a single application (i.e., with m = 0) of equa- 
tion (3.29). If the analogs of the vector functions g , equation (3.15), and equa- 
tion (3.24), are denoted by Q and £/,«, respectively, the correction process can be 
summarized as follows: 



where the method coefficient vector £ is given in table 3.2; E j, n is proportional to 
the local error in (see eq. (3 .37)); and Z ; - >n is the Nordsieck history matrix for the 

y'th parameter at t n : 


Z J, = 


* /z 2 •• h q " in \ 

±j,n' n n^j,n' 2 , -;>’***’ Q \ -j,n 
*n m 


Equation (4.8) gives the following expression for F(S^): 





so that G(S^n) becomes 



3f / \ 


-h s [0] 

n n-j,n 


(4.18) 


(4.19) 


(4.20) 


Hence at each step the formulation given by equation (4.17) requires one matrix- 
vector multiplication for each sensitivity parameter r\j. To avoid the 
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43 Decoupled Direct Method 

computational cost associated with this multiplication, the method is reformulated 
as follows (ref. 23): Equation (4.17) gives 

( 421 ) 

where the expression for E j n has been written out. Substituting equation (4.20) into 
equation (4.21) gives 


§/„=§“ +( 0 p- 






Ato] 


(4.22) 


Both sides of equation (4.22) are now premultiplied by P(t„), the expression for 
P(t„) [=l-h n $oJ(t n )=I-h n ^J(t„) because A)=po] is written out, and the resulting 
equation is simplified to give 




- j,n ±z 0 


n • n ’ n -J> n 


(4.23) 


Note that this formulation does not require the matrix- vector multiplication J (t n )SFj} n 
required by equation (4.17). 

Finally equation (4.17) gives 




s — s [0] 

_ -j,n - j,n 


(4.24) 


which can be used to compute the remaining columns of Zj >n (see eq. (4.17)). 

If the kth column (k = 0,1 ,...,q n ) of Z ; n is defined as the vector Zj >n (k\ that is, 


HnS K) - kl *j,n' 


k 0,1,..., 


(4.25) 


the Nordsieck history matrix formulation of the DDM can be summarized as 
follows: 
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j [ 0] - 7 a 

L j,n ~ L j,n-X A 




- 

f 

A 

“ 

s [0] +/ 0 

, 3f / 

h — — ( t 



-],n 0 

"V' 

n) n—j,n 


_ 


) 

- 


s -s [0] 

P _ zl± -J’ n 
- <„ 




; = 1,...,P (4.26) 


where is the /cth column of Zjp[. 

Because the sensitivity ODE’s are linear and P is updated on every time step, the 
Z j n given by equation (4.26) need not be tested for either convergence or accuracy 
and is accepted as the sensitivity history matrix at the new time t n . Although the 
subscript j has been attached to the quantity H n , only N storage locations are required 
because the sensitivity equations are independent of one another and are (therefore) 
solved sequentially. 

4.3.2 Step Length and Method Order Changes 

At each step [/„_!,/„] the DDM uses exactly the same step length and method 
order as those used for that step by LSODE. As discussed in chapter 3 (section 3.2.5), 
both h n and q n vary as the integration proceeds. Because the sensitivity history array 
Z depends on both h n and q n , it has to be modified whenever there is a change in 
either quantity. 

The sensitivity history array is modified by using exactly the same procedure 
utilized for the history array of the model problem. The two history arrays are, 
however, updated at different times. The history matrix for the model problem at 
t n , z„, is modified after the step [t n _i,f„] in anticipation of using a different step 
length and/or method order on the next step. It may also be altered during a step 
because of a failed convergence or error test. In contrast, Z„_i, the sensitivity 
history array at t n -\ , is updated only after the model problem has been solved over 
the step [tn-btnl The reason is that the step length and method order to be used for 
the sensitivity computations on any step are known only after the model problem has 
been solved over that step. Not updating Z n at t n by using hh + \ and q’ n +u th e st e P 
length and method order, respectively, to be attempted for the model problem on the 
next step (i.e., [t n ,t n+ J), avoids the expense associated with the later modification 
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of Z n in the event of a failed step by LSODE. However, for reasons discussed later, 
for the case q' n +\ = q n + 1, Z n is updated at t n to reflect the new order to be attempted 
on the next step. Any modification to Z n due to h' n + \ being different from h n is, 
however, postponed until after the model problem has been solved over the step 
ltnJn+H m 

The actions taken in advancing the sensitivity history array by one step from 
t n - 1 to t n are now described. At the start, if h n is different from the step length 
h n _ 1 for the previous step, the new sensitivity history matrices Zy >n _i 

(j = 1 ,...,P) are rescaled as follows: 

Z j,n-l ^ Z 7 . n _jC, j = l,..., P (4.27) 


where the LxL diagonal matrix C is given by equation (3.45), with the step length 
ratio r = h n /h n -\. 

The rescaling given by equation (4.27) is performed on all q n + 1 columns of 
Zj n-i (j = 1 ,...,P). If q n = qn-\ ~ 1> the last column of the old Z ;>w _i (j = 1 ,...,P) is 
ignored because it is not needed. After the rescaling new history matrices { Z j n } are 
generated, as described in section 4.3.1. 

After all the Z j tH (j = 1 ,...,P) have been computed, q’ n + \ is examined. If q’ n +\ < q m 
the solution of the model problem over the time step [t n ,t n+ \] is proceeded with. If, 
however, q’ n + \ = q n + 1 , each Zj >n is augmented by a column containing the vector 
h% n+l sfy +l) Kq n + 1)!, the scaled ( q n + 1 )th derivative ofS ;n . By employing exactly 
the same procedure used to calculate ^ +1 Y^« +1) /(^ n + 1)! when there is an order 
increase (see eq. (3.46)), the following expression for h^ +l S^" +1) / 
(q n + 1)! is derived: 


I + ^ 

A! S ^ 


^J,n 


fc+i r j ’ n ~ «» +i 




(4.28) 


This equation is the analog to equation (3.46). 

The column augmentation could also be performed at the start of the next step. 
It would, however, require storing the P vectors E j >n (j = 1,...,P), each of length N. 
Performing the column addition at the end of the step minimizes storage requirement. 
In the event that the order increase is unsuccessful, the new column is simply 
ignored on the next step. 

The method order may also be reduced because of a failed error test. If, on the 
step [t n -.\,t n ] the method order is reduced to q n = q n -\ - k(k> 1), the following 
actions are taken before the {Zj >n } are computed: If q n > 1, any necessary rescaling 
is performed on the first (q n + 1) columns of the old {Z ; n _i }; the last k columns 
are ignored because they are not needed. If, however, q n = 1, new matrices 
{Zj >n -\ } are constructed as described next. 
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After three and more error test failures on any step [t n -bt n ] LSODE assumes that 
the derivatives that have accumulated in the history matrix have errors of the wrong 
order. Therefore the first derivative Y n _j [= f( Xi-l )] is recomputed and the method 
order set equal to 1 (ref. 15). A new history matrix z w _j is then constructed from 
Yfl_i and Y n _ 1 . Analogously new history matrices {Zj n -\ } should be constructed 
from the {S ;>n _i } and { Sj >n -\ }, which are given by equation (4.8): 

hn-l = J = 1 P ( 4 - 29 ) 

This equation requires the evaluation of the Jacobian matrix and one matrix- 

vector multiplication 3(t n -\ )Sj, n ~ i for each parameter. Forratecoefficientparameters 
the {df/dr\j(t n -\)} also need to be computed. However, as pointed out by Dunker 
(ref. 23) and shown here, because the first-order BDF method will be used on the 
step, h n Sj n _ i will cancel with itself during the calculation procedures for both Sj >n 
and h n Sj n , the two columns of Z />n , and so Sj n _\ is obtained trivially. 

Consider a step [t n -\yt n ] on which the first-order BDF method is used. Because 
q n = 1, (1) each Zj >n will consist of the two columns Z y> „(0) (= Sj >n ) and Z y „(l) 
(= h n Sj n ), (2) ^ = £\ = 1 (see table 3.2), and (3) the “predicted” values Sfj} n and 
hnk^jji at t n are 


JO] 


^n=hn-l +h nhn-l 


(4.30) 


hJZ= h nhn-l ( 4 - 31 ) 

For q n = 1, equation (4.23) provides the following expression for Sj >n : 


hn= P_1 h) 


S [°l +h (t ) — h S [0] 

-j,n+ n n Vn) n n^j,n 


(4.32) 


because £q=1. Substituting equations (4.30) and (4.31) into equation (4.32) and 
simplifying the resulting equation produce 


h* =p ''('.) 


A 




which is independent of Sj tn -\. 


(4.33) 
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For the first-order BDF method equation (4.26) gives the following result for 
hn)±j t n : 


• • [0] mi 

Khn=KS\l + Sj'n-Sf n 


(4.34) 


because ^ = t\ (= 1). Substituting equations (4.30) and (4.31) into equation (4.34) 
and simplifying give 


K^j.n ~ —j,n ~^j,n- 


(4.35) 


• i/r 

which is also independent of Sj, n -l- 

Because all columns of Z ; n can be computed without knowledge of Sj, n -U the 
latter can be set equal to any value. The {Z ; ,„_i(l)} are set equal to zero to minimize 
roundoff errors. Now, because Zj „ is independent of S/, B _i, the first two columns 
of the old Z ; „_i could be elected to be used and the remaining columns ignored. Not 
constructing the new history matrix reduces the computational work. However, to 
ensure accuracy in the {Z jn }, all Zy>-t(l) (/' = 1 ,-,P) are set equal to zero. The 
computational work required for this operation is not significant. 

The method order may also be reduced to unity because it is the optimal order for 
the step. In this situation also the {Z ; -„_i} are updated by setting all Z;, n -i(l) 
(j = 1 ,...,/>) equal to zero. Although the reconstruction is not necessary, it will result 
in more accurate [Zj n ]. However, note that it will produce inaccurate {S^} (see 
eq. (4.30)) and hence inaccurate {£,•„} (see eq. (4.24)). Now, if the method order 
is increased (from 1 to 2), each Z ; „ is augmented by a column containing the vector 
hjjsffit. 2 ! , which is computed by using £/,« (see eq. (4.28)). Hence, although the first 
two columns of the { Zj n } may be made more accurate by the above reconstruction, 
the remaining column may be significantly inaccurate. As the calculation proceeds, 
inaccuracies will be introduced into the first two columns as well. For this reason 
the {Z ; -„(l)} are not altered on steps for which a first-order method is used if the 
method order to be attempted on the next step has been increased (to 2). 


4.3.3 Interpolation at Output Stations 

The sensitivity coefficients at the output times t 0 ut,l>W,2>- are computed by 
using the interpolation procedure described in chapter 3 (section 3.2.6) for the 
model problem. For each output station f out the {S/t ou t)) are given by a (q' n+ i)th- 
order Taylor series expansion about t n , the first mesh point at or beyond f out . Here 

16 Equations (4.33) and (4.35) can be derived by an alternative, easier procedure as follows: For 
q n = 1, ct! = Po = 1 (see table 3.1), and so T ;> equation (4.10), reduces to S;, n -i- Substituting this 
expression into equation (4.11) gives equation (4.33). By definition Sy„ satisfies the BDF method 
(see section 3.2.2 and eq. (3.11)), and so the result for h n Sj n , equation (4.35), follows directly from 
equation (4.9). 
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q ’ n + 1 is the order to be attempted by LSODE on the next step (i.e., [t n ,t n+ 1 ]). The 
expression for Sj(t out ), corresponding to equation (3.47), is 


4n + 1 

M'out ) = 5>%"W’ 
k = 0 


j = 


(4.36) 


where r is now defined as 


r = 


f -f 
out n 


(4.37) 


because the {Zy ^ } are based on h n . 

Sensitivity coefficient derivatives of any order (up to q' n +\) can also be obtained 
at *but by a (#' n+ i)th-order Taylor series expansion about t n . The equation for 
Sj^\t out ), the |Hth temporal derivative of Sj at r out , corresponding to equation (3.50), 
is 


s ( ^(, )- 1 y r H k - z 

Moutj jtfS (M^" 


(k), y = l,..., P 


(4.38) 


where r is given by equation (4.37). Because rand are independent of one another, 
Sj W = dY^/d^j. Hence S/% out ) can also be interpreted as the sensitivity 
coefficient of the (ith temporal derivative of Y with respect to r \ \j at t oui . 


4.3.4 Starting Procedure 

The integration of the model problem is started with a single-step, first-order 
method. Hence the history matrix Zj$ (j = 1 ,...,P) at to consists of the two columns 
Z/,o(0) and Zj, o(l): 


Z;,o(0) = S7,o 

Zj,o(V = thkj, 0 


j = 1,...,P 


(4.39) 


where h\ is the step length used by LSODE on the first step, that is, [fo,*i]. The initial 
value Sy o is equal to the jth column of the NxN identity matrix if r\j is the jth element 
of yo; if, however, r\j is a rate coefficient parameter, Sj q is equal to the null vector. 
Because the first-order BDF method is used on the first step, the sensitivity history 
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matrix 7jj \ at t\ is independent of S^o, as shown in section 4.3.2. Also LSODE does 
not attempt to increase the method order after the first step. Hence, for reasons 
presented in section 4.3.2, the {Zjo(\)} are set equal to zero, rather than computing 
Sj q from the ODE, equation (4.8). 


4.4 Pressure Sensitivity Coefficients 

If sensitivity coefficients of the pressure p are required, they have to be computed 
separately from the other variables because a pressure ODE is not solved. In order 
to derive an expression for the first-order sensitivity coefficient dpldrx\j with respect 
to thejth parameter (j = 1,...,P), the ideal-gas equation of state is used: 

NS 

p = pRTo m = pRT o j (4.40) 

i=l 

where p is the mixture mass density; R is the universal gas constant; T is the 
temperature; a m (= inverse of the mixture mean molar mass) is equal to the sum of 
the species mole numbers {a,}; and NS is the total number of (reacting and inert) 
species. Differentiating equation (4.40) with respect to T y and simplifying the 
resulting expression give 


( NS -\ ^ 

dp _ 1 dp | 1 dT [ 1 y 1 do- 


; = i p 


(4.41) 


As discussed in chapter 11 of part II, sensitivity coefficients of the temporal 
derivatives of variables are also computed, if required. In order to derive an 
expression for 3/V9r|y (j = 1,...,P), where p = dpldt , equation (4.40) is first 
differentiated with respect to t to get 


P = P\ 


NRS 


P ^ i- 1 

P To, 




(4.42) 


where NRS is the number of reacting species. (The summation excludes inert 
species mole numbers because their temporal derivatives are equal to zero.) 
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Equation (4.42) is then differentiated with respect to r\j and the resulting equation 
simplified to obtain the following expression for dp/dr[j : 


NRS 


dp _ p dp 
3r| ; . p dr\j 


-p 


- -> T ->T NS 

_p_ip_ + _LiL + i=i y 

p 2 3n y . t 2 a 2 m 


do- 


+ p 


Iip_+IiZl + _Ly s ^L 

p 3n j + T 3r| • + a m 3ti j 


, j = (4.43) 


This result can also be obtained by differentiating equation (4.41) with respect to t 
and then interchanging the order of differentiation with respect to r\ \j and t. 


4.5 Normalization of Sensitivity Coefficients 


The sensitivity coefficients [Sy = 3y,/3r| ; } may display artificial variation 
because of the differences in the magnitudes of the { Y t \ and {r| ; }. In order to remove 
this variation and enable meaningful comparisons with respect to different r\j, the 
{Sjj} are usually presented in normalized form. Asimple way of accomplishing the 
normalization is to use the relation 


T), 3K 

<4 ' 44) 

I V 

where (S(j) is the normalized sensitivity coefficient Sij. This procedure can be used 
only if T]j is nonzero. For example, for isothermal problems the rate coefficients 
{kj}, equations (2.4) and (2.5), are time invariant, and setting r\j = kj presents no 
difficulty with using equation (4.44); (Sy) can then be interpreted as the percent 
change in F; due to a change or uncertainty of 1 percent in kj. In evaluating the partial 
derivative dYi/dkj , all other rate coefficients are assumed to be held constant at their 
nominal values. However, for nonconstant- temperature problems the {kj} vary 
with time, and dYi/dkj is thus undefined. A change in any one rate coefficient will 
produce a change in the temperature, which, in turn, will affect all other rate 
coefficients. Hence for varying-temperature problems sensitivities with respect to 
the individual rate coefficient parameters [Aj], {rij}, { Ej }, and {cj} must be 
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computed. Also the temperature exponents [nj], the activation energies {£)}, the 
rate coefficient parameters {cj}, and the initial conditions { V/.o) can have zero 
values. Therefore equation (4.44) cannot be used to normalize the sensitivity 
coefficients with respect to these quantities. Fort y = 0 equation (4.44) will give the 
correct result (= 0.0), because a change of 1 percent in r\j will indeed have no effect 
on the solution (any percent change in r\j leaves r\j unchanged). This fact is, 
however, without any physical value and (therefore) of little consolation to the 
chemist, who wants to use the sensitivity analysis information to improve (or 
deduce) values for the rate coefficient parameters. Therefore more appropriate 
normalization factors for rate coefficient parameters and initial condition values are 
derived next. 


4.5.1 Rate Coefficient Parameter Sensitivities 

Because the preexponential factors {Aj} are nonzero, equation (4.44) can be used 
to normalize the sensitivity coefficients with respect to Aj. Hence for T)j = Aj, (Sy) 
is given by 


l™L 

Yi 3 Aj 


(4.45) 


The (Sy) is then the percent change in T, due to a change or uncertainty of 1 percent 
in Aj, with all other rate coefficient parameters held constant at their nominal values. 

For constant-temperature problems dY(/dAj can be related to dYj/dkj by using the 
chain rule of differentiation: 


dY i dY ‘ dk J 
~dA~ ~ dkj dAj 


(4.46) 


The rate coefficient expression, equation (2.4) or (2.5), gives for constant temperature 



which implies that for a small change A Aj in Aj 


(4.47) 



(4.48) 
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Hence for a constant-temperature problem the percent change in kj is equal to 
the percent change in Aj. Of course, this result follows directly from the fact that 
kj Aj for constant temperature (see eqs. (2.4) and (2.5)), and so equation (4.48) is 
valid even for finite changes in Aj. 

Substituting equation (4.47) into equation (4.46), rearranging terms, and dividing 
both sides by 7,* give 


A J _dY L= k l dY L 
Yi dAj Y t dkj 


(4.49) 


which shows that for constant-temperature problems the normalized sensitivity 
coefficients with respect to Aj are identically equal to the normalized sensitivity 
coefficients with respect to kj. 

For nonconstant-temperature problems the relationship between Akj/kj and 
A AjlAj is not as straightforward as equation (4.48) because the temperature is 
affected by a change inA y . For kj given by equation (2.4) ( dkjldAj) n . t E. is as follows: 






\ 

dT 

+ 


KJ 

n.„E t 

dT 

V J 

A.,n.,E. 

dA, , 
k J J 


dA j) 


T.n j .E j 


(4.50) 


The first term on the right-hand side accounts for the implicit dependence of kj on 
Aj through T, and the second term takes into account the explicit dependence of 
kj on Aj. From equation (2.4) expressions are derived for dkj/dT and dkj/dAj and 
substituted into equation (4.50). The resulting equation is simplified to get 


k J 


dk .) 


E.) 

J 

— 

n.+ — 

dA. 


J 

RT 

J J 

n.,E. 


J 


1 dT _1_ 

TdA. A . 
J J 


(4.51) 


Hence a small change A Aj in Aj produces the following change Akj(Aj ) in kf. 




(4.52) 


where A T{Aj) (= (dTldAj)AAj) is the temperature change caused by A Aj. In equa- 
tion (4.52) the first term on the right-hand side gives the implicit dependence of A kj 
on A Aj (through 7), and the second term the explicit dependence. This equation 
shows that the explicit dependence of A kj(Aj) on A Aj is linear. While the implicit 
dependence of A kj(Aj) on A Aj varies with time as the solution evolves, the explicit 
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4.5 Normalization of Sensitivity Coefficients 
dependence on A Aj is constant (and this change in kj is equal to 1 percent for a change 
of 1 percent in Aj). 

Normalization factors for nj, Ej, and cj are derived by analogy to the normalization 
procedure for Aj, equation (4.45), which gives the percent change in Y, due to a 
change or uncertainty of 1 percent in Aj. For this change in Aj (i.e., A Aj = 0.01 Ay) 
equation (4.52) gives the following change in kf. 



n , + i 
J RT 


V 


f _ \ 

dT 


V ^7 ) 

\ J 'n ; ,E. 



0.01 Ay 


(4.53) 


This equation shows that 1 percent change in Aj produces 1 percent change in kj at 
the initial time % The normalization factor for rij is obtained simply by requiring 
that it produces the same change in kj at tQ. Consider a rate coefficient expression 
of the form given by equation (2.4). Now the change Akj(nj) in kj produced by the 
change or uncertainty A rij in tij is 


Ak- 


(„.)= 




An - + 

'at/ 

\J) 

dT 


dn- 

J 

dn- 


\ J 


\ J ) 

A ; ,E . 

\ J J 


A rij 


ZA yEj 


(4.54) 


where the first term on the right-hand side takes into account the implicit dependence 
of kj on rij through T and the second term gives the explicit dependence of kj on rij. 
Performing the differentiations dkjdT and dkjdnj, substituting them into equa- 
tion (4.54), and simplifying the result produce 



f 




n j + — 
v' RT J 



+ A rij In T 


(4.55) 


where A T{nj) (= (dT/dn^Anj) is the temperature change produced by A nj. This 
equation gives the following expression for the change 8 nj that produces a change 
of 1 percent in kj at t^. 


8 n, = 


0.01 
In 7; 


(4.56) 


where 7o is the initial temperature. The normalized sensitivity coefficient with 
respect to nj is then given by 


85 



4. Sensitivity Analysis 


i^L 

Y i *"j 


(4.57) 


Equations (4.56) and (4.57) use a different symbol for the change in nj than 
equations (4.54) and (4.55) to emphasize that it is not independent. The normalized 
sensitivities (100 AAj/Y t )(dYi/dAj) and (100 brij/Y^dYi/drij) give the percent changes 
in Yi due to the changes in Aj and nj , respectively, that produce the same fractional 
change (i.e., an increase of 1 percent) in kj at the initial time; therefore comparing 
the two quantities is meaningful. Also for a constant-temperature problem both 
normalized sensitivities are identically equal to the normalized sensitivities with 
respect to the rate constants. 

By using the same procedure the following normalization factors 8 Ej and 8 cj for 
Ej and cp respectively, are derived: 


and 


8 Ej = -OMRT 0 


(4.58) 



(4.59) 


The normalized sensitivity coefficients with respect to Ej and Cj have the same 
meaning as those with respect to Aj and rij. They are also identical to the normalized 
sensitivities with respect to the rate constants for a constant-temperature problem. 

Use of the above normalization procedures has two important advantages. First, 
for a given reaction the relative importance of the three rate coefficient parameters 
can be gauged because all three normalization factors cause the same change in the 
rate coefficient at the initial time, when the rate coefficient parameters are set; that 
is, they are generally time invariant. Second, for a given rate coefficient parameter 
the relative importance of different reactions can be studied because the percent 
change in rate coefficient at to is the same for all reactions. The two facts imply of 
course that one can compare the importance of any two rate coefficient parameters 
for any two reactions. 

Normalization factors for the rate coefficient parameters may also be obtained by 
using other arguments. For example, in the author’s previous work (ref. 22) they 
were derived as follows: Equation (4.53) shows that at any temperature a change 
of 1 percent in Aj produces 1 percent change in kj at that temperature (i.e., the explicit 
dependence of kj on Aj). Hence for a given temperature the normalization factor 8 rij 
was defined as the change in rij which produces a change of 1 percent in kj at that 
temperature. Equation (4.55) shows that the required 8 rij is 
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0.01 

on - = 

J In 7 


(4.60) 


The normalized sensitivity coefficient (100 5 njlYffiYildnj) is then the percent 
change in 7/ due to the change 8 nj that produces the same percent change in the 
explicit dependence of kj as a change of 1 percent in Aj. Equation (4.56) is preferred 
because it requires only one evaluation of the normalization factor, which can be set 
at the beginning of the problem. (On the other hand, equation (4.60) will require that 
the normalization factor be calculated whenever the normalized sensitivity 
coefficients are needed.) More significantly equation (4.60) shows that for a 
nonconstant-temperature problem the normalization factor varies with time; therefore 
normalized sensitivity coefficients with respect to a given rate coefficient parameter 
at different reaction times cannot be compared. Also (except at to) for a given 
reaction j, the relative importance of the rate coefficient parameters cannot be 
studied because their normalization factors will cause different changes in kj at to. 
(However, for a given rate coefficient parameter the relative importance of different 
reactions can be examined.) 

Finally consider finite (i.e., nonzero) [Ej] (or {nj}). In this case the normalization 
factor could be defined as, say, AEj = 0.0\Ej (or Anj = 0.0\nj). Then the normalized 
sensitivity coefficient gives the percent change in the dependent variable due to a 
change or uncertainty of 1 percent in Ej (or nj). There are several difficulties with 
this approach. First, this change in Ej may produce a significantly larger change in 
kj , so that nonlinear effects become important. Second, the relative importance of 
the rate coefficient parameters cannot be studied because, in general, a change of 
1 percent in each parameter will produce different changes in kj at to- Similarly a 
change of 1 percent in different^ (or nj) will, in general, manifest disparate percent 
changes in the {kj}. Therefore the effects of different Ej (or nj), that is, the relative 
importance of different reactions, cannot be compared. 

4.5.2 Initial Condition Sensitivities 

The normalization procedure given by equation (4.44) can be used for the 
sensitivity coefficients with respect to the initial density, temperature, and inert 
species mole numbers because these variables cannot have zero values. The 
procedure also works for species whose initial concentrations are assigned nonzero 
values. Hence, for r\j = Yj t o, the initial value of one of these variables, the normalized 
sensitivity coefficient of the ith variable, is defined as 


<V 


Y i dY j . 0 


(4.61) 


The (Sy) gives the percent change in 7/ due to a change of 1 percent in Yj o with all 
other initial conditions and all rate coefficient parameters held constant. The 
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quantity (po/T;)(9Fj/9po) ls identically equal to the normalized sensitivity with 
respect to the initial pressure, ( Po/Yi)(dYi/dpo ). The effect of changing the initial 
pressure can therefore be studied by generating sensitivities with respect to the 
initial density. 

Caution must be exercised in interpreting and using the sensitivity information 
with respect to the initial temperature. Because of the highly nonlinear dependence 
of the solution on temperature, even modest changes in Tq may have a drastic effect 
on the solution. It is therefore unlikely that a change of 1 percent in Tq will produce 
the normalized sensitivities given by equation (4.61). A more appropriate 
normalization factor could be the change 87 q that produces a change of 1 percent 
in the initial rate coefficient of the most important reaction. But this procedure will 
require that sensitivities be computed with respect to the rate coefficient parameters. 
It is also complicated by the fact that different reactions may be important in 
different regions. Another alternative is to use a fixed temperature change, say ATq 
= 1 K. The effects of different temperature changes have not been examined in 
detail. It is likely that the required value for ATq (which would produce a measurable 
change but not so large that nonlinear effects must be accounted for) will depend on 
both the problem and initial conditions. In any case the quantity given by equa- 
tion (4.61) can be divided by a suitable factor to obtain the effect of the desired 
(small) change in Tq. 

The sensitivities with respect to initial mole numbers must also be interpreted 
with caution for the following reason: Consider, for example, the sensitivity 
coefficient dY i /dOj j o, where G/i o is the initial mole number of species j. By 
definition, 97,790 /. $ is the gradient of Yj with respect to CjjQ with all other variables 
held constant. Now, o^o can be changed while keeping the density and temperature 
constant. However, it is physcially impossible to perturb G ; , 0 without causing a 
change in the initial mole number of other reactants. For example, Gj y o can be 
increased by adding a small amount of species j to the initial mixture. This addition 
will not change the number of moles of any other species. However, the total mass 
of the initial mixture is increased, and so the mole numbers of all other reactants are 
marginally reduced. (The temperature and density can be held constant by 
isothermally increasing the mixture volume by the required amount.) For this 
reason it is preferred to interpret the sensitivity coefficients with respect to initial 
concentration of reactants as the effects of errors in measurements rather than a 
change in these quantities. 

For a species with zero initial concentration the normalization procedure given 
by equation (4.61) cannot be used. Such species usually include intermediate active 
radicals and stable products. Now even trace amounts of radical species can have 
significant effects on the solution. It is therefore important that the normalization 
factor used for such a species be equivalent to changing its initial concentration by 
only a very small amount. The normalization factor used here for the sensitivities 
with respect to the initial concentration of an active intermediate is equivalent to 
adding 1 ppm of the radical to the initial mixture. Hence the normalized sensitivitity 
coefficient is given by 
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<v=- 


io~V 

T 


m, 0 


ii. 

da j.o 


(4.62) 


where o m> o = CJ m at to- The quantity 100 (Sy) is then the percent change in Y, due 
to the introduction of 1 ppm of species j at time tQ. For convenience this procedure 
is used for all species with zero initial concentration. 

For stable products other definitions of the normalization factor can be used. 
However, use of a different factor than equation (4.62) will require lists of species 
for each species type so that the correct factor is used in all cases. Also, for reasons 
given above, the allowed change in stable products must be small. Finally use of 
equation (4.62) minimizes the required input and reduces both the testing for, and 
possibility of introducing, errors. 

4.5.3 Summary 

All of the normalization procedures discussed in sections 4.5.1 and 4.5.2 can be 
generalized by a single equation as follows: 


<v- 


r i M, 


x 100% 


(4.63) 


where the normalization factor %j depends on the sensitivity parameter. Table 4.1 
lists the appropriate normalization factor for each sensitivity parameter type 
considered in the present work. Equation (4.63) can be interpreted as the percent 
change in K, due to a change or uncertainty of %j in i\ 


TABLE 4.1.— NORMALIZATION 
FACTORS FOR SENSITIVITY 
PARAMETERS 


Sensitivity 

parameter, 

4; 

Normalization 

factor, 

b 

Aj 

0.01 Ay 

nj 

0.01/ln Tq 

E j 

-0.01 RT 0 

c j 

0.01 IT 0 

bo 

0.01 Y j0 for Y j0 *0 

io^c mi of or r;',o = ° 
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4.6 Test Problems 


In this section the accuracy and efficiency of the decoupled direct method and, 
in particular, LSENS are examined by applying it to nine test problems. The first 
six problems describe constant-temperature, constant-density chemical reactions. 
They have been studied by several researchers, and so results obtained with other 
methods and codes are available, permitting comparisons with LSENS. The last 
three test problems demonstrate the accuracy and efficiency of the decoupled direct 
method for sensitivity analysis of nonisothermal combustion kinetics problems. 
Except where indicated, all calculations with LSENS were performed on the NASA 
Lewis Research Center’s Amdahl 5870 computer using the UTS operating system, 
the Fujitsu 77 compiler (optimization level, 3), and double-precision arithmetic. 
Also, for reasons given in section 4.6.5, some solutions of the nonisothermal 
problems were generated on the NASA Lewis Research Center’s VAX 8800 and 
94 1 0 computers, using the VAX FORTRAN compiler, double-precision arithmetic, 
and VAX G_floating data type (i.e., the code was compiled with the G_FLOATING 
option); see also sections 4.6.2 and 4.6.4. 


4.6.1 Three Simple Isothermal Problems 

Test problem 1 , taken from Hwang (ref. 93), describes a simple, isothermal, first- 
order reversible reaction 


k \ 

k -i 


k x = 1000, k_ x = 1 


(4.64) 


°AO =1000 > a <B,0 =1 


which describes a rapidly varying system. The solution, given by 
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<^w= 


+a <g,o) + (*i a JM) ^-i a <e,o) g | 1 ^ 


*i+*-i 

W = G ^,0 + a <B,0 ” W 


(4.65) 


is illustrated graphically in figure 4.2. 

The chemical composition and sensitivity coefficients were generated at the same 
five output stations, t = 1 .5X10 -4 , 10' 3 , 10~ 2 , 1 .5xl0" 2 , and 2xl0 -2 s, as in Hwang 
(ref. 93). These reaction times encompassed all regimes of reactedness, including 
when the system had essentially equilibrated (see fig. 4.2). This problem was also 
attempted with the code CHEMDDM (ref. 23) to check the modifications made to 
the routines adapted from it; that is, to ensure that LSENS duplicates the results 
produced by CHEMDDM. All calculations with CHEMDDM for this and two 
subsequent problems on which it was used were also executed on the NASA Lewis 
Research Center’s Amdahl 5870 computer using the UTS operating system, the 
Fujitsu 77 compiler (optimization level, 3), and double-precision arithmetic. 



Figure 4.2.— Variation of species mole fractions with reaction time 
for test problem 1 . 
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Table 4.2 gives the chemical composition predicted by LSENS and CHEMDDM 
and the analytical results. The numerical solutions were generated with the local 
tolerance EMAX = 10” 6 to be consistent with Hwang (ref. 93); ATOLSP was 
set equal to 0.0. Normalized sensitivities with respect to initial mole numbers are 
listed in tables 4.3 and 4.4. The normalization procedure given by equation (4.61) 
was used for both species because both initial concentrations are nonzero (eq. 
(4.64)). Normalized sensitivity coefficients 


i^L 

Y i dk j 


(4.66) 


with respect to the two rate constants are given in tables 4.5 and 4.6, together with 
the results reported for by Hwang (ref. 93), who used a scaled Green’s function 


TABLE 4.2.— VARIATION OF CHEMICAL COMPOSITION WITH TIME 
FOR TEST PROBLEM 1 


Time, 

s 

Species mole numbers, mole species i per gram of mixture 




Exact 

LSENS 

CHEMDDM 

Exact 

LSENS 

CHEMDDM 

1.5XKT 4 

860.7 

860.7 

860.8 

140.3 

140.3 

140.2 

l.OxlO -3 

368.1 

368.1 

368.2 

632.9 

632.9 

632.9 

l.oxicr 2 

1.045 

1.045 

1.045 

1000 

1000 

1000 

1.5xl0 -2 

1.000 

1.000 

1.000 

1000 

1000 

1000 

2.0x1 o -2 

1.000 

1.000 

1.000 

1000 

1000 

1000 


TABLE 4.3.— NORMALIZED SENSITIVITY COEFFICIENTS WITH 
RESPECT TO INITIAL CONDITION o^ 0 FOR TEST PROBLEM 1 


Time, 

s 

Normalized sensitivities with respect to 0 


(dc m /dc A o > 

Exact 

LSENS 

CHEMDDM 

Exact 

LSENS 

CHEMDDM 

1.5x10^ 

1.000 

1.000 

0.9999 

0.9929 

0.9929 

0.9933 

l.OxlO -3 

1.000 

1.000 

0.9998 

0.9984 

0.9984 

0.9985 

l.OxlO -2 

0.9990 

0.9990 

0.9990 

0.9990 

0.9990 

0.9990 

1.5xl0 -2 

0.9990 

0.9990 

0.9990 

0.9990 

0.9990 

0.9990 

2.0x1 0 -2 

0.9990 

0.9990 

0.9990 

0.9990 

0.9990 

0.9990 
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TABLE 4.4.— NORMALIZED SENSITIVITY COEFFICIENTS WITH RESPECT TO 
INITIAL CONDITION o<g 0 FOR TEST PROBLEM 1 


Time, 

Normalized sensitivities with respect to q m 0 a 

s 

(dOj, /3ocb >0 ) 


(dOcg /3<T qj 

,o) 


Exact 

LSENS 

CHEMDDM 

Exact 

LSENS 

CHEMDDM 

1.5X10" 4 

1.618(-7) 

1.618(— 7) 

1.618(-7) 

7.128(-3) 

7.128(— 3) 

7.130(-3) 

l.OxlO -3 

1.716(-6) 

1.716(-6) 

1.71 6(-6) 

1.579(-3) 

1.579(-3) 

1.579(-3) 

l.OxlO -2 

9.560(-4) 

9.560(-4) 

9.559(-4) 

9.990(-4) 

9.990(-4) 

9.990(-4) 

1.5xl0 -2 

9.987(-4) 

9.987(-4) 

9.987(-4) 

9.990(-4) 

9.990(-4) 

9.990(-4) 

2.0x1 0 -2 

9.990(-4) 

9.990<-4) 

9.990(-4) 

9.990(-4) 

9.990(-4) 

9.990(-4) 


a Numbers in parentheses denote powers of 10. 


TABLE 4.5.— NORMALIZED SENSITIVITY COEFFFICIENTS WITH RESPECT TO 
RATE CONSTANT k { FOR TEST PROBLEM 1 


Time, 

s 


Normalized sensitivities with respect to k 

a 




/3i,> 


<3o<8 !dk x > c 

Exact 

LSENS 

CHEMDDM 

SGFM b 

Exact 

LSENS 

CHEMDDM 

1.5X10" 4 

-1.500(-1) 

-1.500(-1) 

-1.500(-1) 

— 1-48(— 1) 

9.203(-l) 

9.203(-l) 

9.203(-l) 

l.OxlO -3 

-9.990(-l) 

-9.990(-l) 

-9.990(-l) 

-1.03 

5.81 1(-1) 

5.81 1(-1) 

5 .811(-1) 

l.OxlO -2 

-1.386 

-1.386 

-1.386 

-1.37 

1.448(-3) 

1.448(-3) 

1.448(-3) 

1.5xl0 -2 

-1.003 

-1.003 

-1.003 

-1.00 

1.004(-3) 

1.004(-3) 

1.004(-3) 

2.0x1 0 -2 

-9.990(-l) 

-9.990(-l) 

-9.990(-l) 

-9.99(-l) 

9.990(-4) 

9.990<-4) 

9.990(-4) 


a Numbers in parentheses denote powers of 10. 
^From reference 93. 

C SGFM results not given. 


TABLE 4.6.— NORMALIZED SENSITIVITY COEFFFICIENTS WITH RESPECT TO 
RATE CONSTANT k_ x FOR TEST PROBLEM 1 


Time, 

s 

Normalized sensitivities with respect to k_ j a 

{dajdk_ t ) 

(dOqldk, ,) c 

Exact 

LSENS 

CHEMDDM 

SGFM b 

Exact 

LSENS 

CHEMDDM 

1.5X10 -4 

1.199(-5) 

1.199(-5) 

1.199(-5) 

1.35(— 5) 

-7.360(-5) 

-7.360(-5) 

- 7360 (- 5 ) 

l.OxlO -3 

7.190(-4) 

7.190(-4) 

7.190(-4) 

8.10(— 4) 

-4.183(-4) 

-4.183(-4) 

- 4 . 183 (- 4 ) 

l.OxlO -2 

9.556(-l) 

9.556(-l) 

9.556(-l) 

9.58(-l) 

-9.986(-4) 

-9.986(-4) 

- 9 . 986 (- 4 ) 

1.5xl0 -2 

9.987(-l) 

9.987(-l) 

9.987(-l) 

9.99(-l) 

-9.990(-4) 

-9.990(-4) 

- 9 . 990 (“ 4 ) 

2.0x1 0 -2 

9.990(-l) 

9.990(-l) 

9.990(-l) 

9.99(-l) 

-9.990(-4) 

-9.990(-4) 

- 9 . 990 (- 4 ) 


a Numbers in parentheses denote powers of 10. 
^rom reference 93. 

C SGFM results not given. 
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method (SGFM). To compute these coefficients with LSENS, the preexponential 
factors {Aj} were specified as sensitivity parameters. As discussed in section 4.5.1, 
for isothermal problems the normalized sensitivity coefficients with respect to kj 
and Ay are identically equal (see eq. (4.49)). 

Tables 4.2 to 4.6 show the excellent agreement between LSENS and CHEMDDM 
at all levels of reactedness. In addition, both codes compared very favorably with 
the exact solutions. In contrast, although the SGFM results agreed well with the 
exact solutions, there were some discrepancies at early times. In particular, the 
sensitivity coefficients with respect to i at t = 1 .5x 1 (T 4 and 1 0 -3 s were noticeably 
inaccurate; however, their magnitudes are not significant. Hwang (ref. 93) attempted 
this problem with the coupled version of the DM also. He states that the DM was 
more accurate than the SGFM. However, because the DM results are not given in 
reference 93, an accuracy comparison with the DDM was precluded. 

To solve for the chemical composition, both LSENS and CHEMDDM required 
135 steps, 153 derivative evaluations, and 15 Jacobian matrix evaluations and LU- 
decompositions. The execution times were, however, different: 0.016 and 0.027 s, 
respectively, for LSENS and CHEMDDM. The sensitivity analysis calculations 
required additional computational work of 135 derivative evaluations and 135 
Jacobian matrix evaluations and LU-decompositions. The execution times for the 
composition and sensitivities with respect to (1) the two initial concentrations, 
(2) the two rate constants, and (3) the two initial conditions and the two rate 
constants were, respectively, 0.049, 0.053, and 0.061 s for LSENS and 0.063, 0.074, 
and 0.090 s for CHEMDDM. These times show that, excluding the cost of forming 
J and LU-decomposing P, LSENS required approximately 4 and 6 ms, respectively, 
to compute sensitivity coefficients for one initial condition and one rate constant. 
These times were confirmed by the execution times required to generate sensitivity 
coefficients with respect to one initial condition and one rate constant: 0.045 and 
0.047 s, respectively. The execution times required by CHEMDDM were 
approximately 8 and 13.5 ms, respectively, for one initial condition and one rate 
constant. The rate constant sensitivities are more expensive to evaluate because of 
the added cost of computing the partial derivatives { dfi/dr\j } . Hwang (ref. 93) states 
that the DM and SGFM required approximately 7 and 8 s, respectively, on a CDC- 
CYBER-172 computer using single precision. The efficiencies of the DM and 
SGFM could not be compared with that of the DDM because the former two 
methods were used to compute both first- and second-order sensitivity coefficients 
of with respect to the rate constants. In any case the test problem is so small that 
it was difficult to draw definitive conclusions regarding computational efficiency. 

Tables 4.3 to 4.6 show that the normalized sensitivity coefficients approached 
constant values with increasing reaction time. This behavior, more apparent for the 
initial condition sensitivities, was to be expected because of the equilibration of the 
chemical system. Indeed, equation (4.65) shows that as t — > «> 
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= 0.9990 


l ^° A \ = / ^ \ = 9.990 x 10- 4 

\° a <B,0 / \® CT <e,0 / 

= -°- 9990 - = 9 "° x 10_4 



= 0.9990, 


(^s\ = -9.990 xKT 4 

\dk_J 


(4.67) 


To verify that the DDM reproduced the correct long-time behavior, LSENS was run 
up to t = 1 s and output generated at the following additional times: 
5xl(T 2 , 0.1, 0.5, and 1 s. For t > 2xl0 -2 s the normalized sensitivities were 
identically equal to the theoretical values at t = °°. Thus the DDM was accurate in 
all regimes of the problem. 

The chemical equilibrium composition is a function of the initial state, as 
discussed in chapter 5. Changing rate constants may affect the rate at which the 
system approaches the equilibrium state, but not the final state. However, the 
sensitivities with respect to the rate constants were not zero at equilibrium. The 
reason for this behavior is now examined. As described in chapter 2, for a reversible 
elementary reaction j the backward rate coefficient k-j is related to the forward rate 
coefficient^ through the concentration equilibrium constantly (see eq. (2.6)). For 
test problem 1, K c \ is given by (see eq. (2.7)) 

K c.l=< W<Ueq < 4 ' 68 ) 

where G; >eq is the mole number of species i at equilibrium. Because k\ and k-\ are 
treated as independent parameters, a change in either one, while keeping the other 
fixed, is equivalent to changing K c i . Now equation (4.68) shows that a perturbation 
in K Cf iv/il\ produce a change in the chemical equilibrium composition. Hence the 
sensitivity coefficients with respect to rate constants were nonzero at equilibrium. 
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If the two rate constants are not independent of one another, ((3a//3£i)y Q ) can be 
related to the two sensitivities ((3aj/3fci)*_ 1# y Q ) and ((dOi/dk-i)k v y Q ) arfollows: 



The results given previously (eq. (4.67)) show that, as expected, ((dcj^/dki) y Q ) and 
((< dC(^/dk\ )y Q ) are both identically equal to zero at equilibrium. 

As discussed in chapter 11 of part II, LSENS can be used to compute the 
sensitivity coefficients of the temporal derivatives of the dependent variables. To 
illustrate this capability, the species derivatives and their normalized sensitivity 
coefficients are listed in tables 4.7 to 4.9. The agreement between the analytical 
results and LSENS was, in general, very good. LSENS predicted a sharper decrease 


TABLE 4.7.— SPECIES 
DERIVATIVES FOR TEST 
PROBLEM 1 


Time, 

s 

Species derivatives 

II 

'w' 

■o' 5 

”3 eg) 

Exact 

LSENS 

1.5xl(T* 

-8.606xl0 5 

-8.606x10 s 

l.OxlO" 3 

-3.675x10 s 

-3.675x10 s 

l.OxlO” 2 

-44.95 

-44.95 

1.5xl0” 2 

-0.3013 

-0.3024 

2.0x1 O' 2 

-2.020X10' 3 

-2.564xl0" 3 


TABLE 4.8.— NORMALIZED SENSITIVITIES OF SPECIES DERIVATIVES 
WITH RESPECT TO INITIAL CONDITIONS FOR TEST PROBLEM 1 


Time, 

s 

Normalized sensitivities of species derivatives with respect to initial 
conditions 21 

o *,/ 



Exact 

LSENS 

Exact 

LSENS 

Exact 

LSENS 

1.5X10 -4 

1.000 

1.000 

-1.000(-6) 

-1.000(-6) 

-1.000(-6) 

-1.000(-6) 

l.OxlO" 3 

1.000 

1.000 

-1.000(-6) 

-1.000(-6) 

-1.000(-6) 

-1.000(-6) 

l.OxlO" 2 

1.000 

1.000 

-1.000(-6) 

-1.000(-6) 

-1.000(-6) 

-1.000(-6) 

1.5xl0" 2 

1.000 

1.000 

-1.000(-6) 

-1.000(-6) 

-1.000(-6) 

-1.000(-6) 

2.0x1 0" 2 

1.000 

9.972(-l) 

-1.000(-6) 

-9.972(-7) 

-1.000(-6) 

-9.970(-7) 


a Numbers in parentheses denote powers of 10. 

0 ) = q) for both analytical results and LSENS. 
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TABLE 4.9. — NORMALIZED SENSITIVITIES OF SPECIES 
DERIVATIVES WITH RESPECT TO RATE 
CONSTANTS FOR TEST PROBLEM 1 


Time, 

s 

Normalized sensitivities of species derivatives with 
respect to rate constants 3 

> b 

0q/9*-i> b 

Exact 

LSENS 

Exact 

LSENS 

l.SxlO" 4 
1.0x1 0' 3 
l.OxlO -2 
1.5xl0‘ 2 
2.0x1 0 -2 

8.500(-l) 

1.000(-6) 

-9.000 

-1.400(1) 

-1.900(1) 

8.500(-l) 

-7.587(-6) 

-9.000 

-1.399(1) 

-1.808(1) 

-1.510(-4) 
-1.001 (-3) 
-1.000(-2) 
-1.500(-2) 
-2.000(-2) 

-1.510(-4) 

-1.001(-3) 

-1.000(-2) 

-1.500(-2) 

-1.908(-2) 


a Numbers in parentheses denote powers of 10. 

hFor each rate constant rj (= k { and fc.j), (d6j /dr)} = (Oo^/dri}. 


with time of the sensitivity coefficients with respect to k\ than the analytical results; 
hence the discrepancy at t = 1 0 -3 s. EMAX < 1 0 -8 produced much better agreement 
with the exact solution. 

Test problem 2, taken from Hwang et al. (ref. 89), is also a simple isothermal 
problem for which the analytical solution is known: 


*1 k 2 
J. 

k-i k -2 


k x = 1, K c l = 0.01, k 2 = 100, K c 2 = 100 


(4.70) 


a <B,0 ~ a C,0 “ 0 


Figure 4.3 shows the variation of species mole fractions with reaction time. This 
figure shows that the chemical system had essentially equilibrated at t — 5 s. 

To solve this problem with LSENS, the code had to be modified because there is 
no provision for supplying the equilibrium constants. For each reaction the forward 
and reverse rate constants were assumed to be independent of each other, and 
sensitivities with respect to both were generated. Equation (4.69) was then used to 
compute the normalized sensitivity coefficients {((90^/3^/)^)}. Finally, to be 
consistent with Hwang et al. (ref. 89), the results were unnormalized by using 
equation (4.66). Because each rate constant kj was expressed as kj = Aj (i.e., nj = 
Ej = 0.0), dCi/dkj = dCi/dAj. 

Sensitivity coefficients with respect to k\ and &2 were generated at the same six 
output stations, t= 0.1, 1.45, 1. 5, 2.5, 3.5, and 4.5 s, as in Hwang etal. (ref. 89). These 
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Figure 4.3.— Variation of species mole fractions with reaction time 
for test problem 2. 


reaction times restricted study of the behavior of the sensitivities during equilibration 
(see fig. 4.3). The results, along with the exact solution and those obtained with the 
GFM by Hwang et al. (ref. 89), are given in table 4.10. The LSENS results were 
generated with EMAX = 10 -6 . Now the molar mass of each species was arbitrarily 
set equal to 1 . In order to ensure relative error control for species with mole fractions 
>0.1 ppm, an ATOLSP value of 10 -13 was assigned (see ref. 19 for rationale). 

Table 4.10 shows the excellent agreement between the analytical solution and the 
numerical results produced by LSENS. The GFM was less accurate than the DDM, 
and significantly so at t = 0.1 s. Although the sensitivities appear to be small in 
magnitude, the normalized sensitivity coefficients, especially for Gcg and G<> were 
significant. Hwang et al. (ref. 89) attribute this inaccuracy in the GFM to an 
insufficient number of grid points. They attempted the problem with the DM, and 
the predicted results were essentially the same as the exact solution. Thus for this 
problem the DM and DDM were both better than the GFM. 

To solve test problem 2, LSENS required 150 steps, 182 derivative evaluations, 
and 23 Jacobian matrix computations and LU-decompositions. The execution 
times for the composition alone and for the composition and rate constant sensitivities 
were 0.034 and 0. 1 1 s, respectively. Comparisons with the DM and GFM were not 
possible because the corresponding execution times are not given in reference 89. 
The authors state that to achieve comparable accuracy both methods required a few 
seconds on an IBM 360/91 computer. 


98 



TABLE 4.10.— SENSITIVITY COEFFICIENTS WITH RESPECT TO 
RATE CONSTANTS FOR TEST PROBLEM 2 


Time, 

s 

Species 

Sensitivities with respect to rate constants 3 

dcftk j 

dGj/dkj 

Exact* 5 

GFM b 

LSENS 

Exact* 5 

GFM** 

LSENS 

0.10 

cA 

-2.49(-2) 

-3.71 (-2) 

-2.488(-2) 

-2.04(-4) 

-8.16(-5) 

-2.036(-4) 



2.26(-3) 

3.38(-3) 

2.262(-3) 

-2.26(-5) 

-3.83(-5) 

-2.262(-5) 


C 

2.26(-2) 

7.63(-3) 

2.262(-2) 

2.26(-4) 

2.77(-4) 

2.262(-4) 

1.45 

eA 

-8.56(-2) 

-8.69(-2) 

-8.562(-2) 

-8.45(-4) 

-8.31 (-4) 

-8.445(—4) 



5.86(-4) 

5.80(-4) 

5.864(-4) 

-5.86(-6) 

-5.80(-6) 

-5.864(-6) 


C 

8.50(-2) 

8.56(-2) 

8.503(-2) 

8.50(-4) 

8.45(-4) 

8.503(-4) 

1.50 

cA 

-8.42(-2) 

-8.61 (-2) 

-8.423(-2) 

-8.31 (-4) 

-8.13(-4) 

-8.312(-4) 



5.58(-4) 

5.63(-4) 

5.578(-4) 

-5.58(-6) 

-5.63(-6) 

-5.578(-6) 


C 

8.37(-2) 

8.36(-2) 

8.367(-2) 

8.37(-4) 

8.38(-4) 

8.367(-4) 

2.50 

<-A 

-5.15(-2) 

-5.22(-2) 

-5.151(-2) 

-5.1 1(-4) 

-5.04(-4) 

-5.110(-4) 



2.05(-4) 

2.07(-4) 

2.052(-4) 

-2.05(-6) 

-2.07(-6) 

-2.05 2(-6) 


c 

5.13(-2) 

5.13(— 2) 

5.130(-2) 

5.13(-4) 

5.14(-4) 

5.130(-4) 

3.50 

cA 

-2.65(-2) 

-2.68(-2) 

-2.650(-2) 

-2.64(-4) 

-2.61 (-4) 

-2.635(—4) 



7.55(-5) 

7.62(-5) 

7.550(-5) 

-7.55(-7) 

-7.62(-7) 

-7.550(-7) 


C 

2.64(-2) 

2.64(-2) 

2.642(-2) 

2.64(-4) 

2.64(-4) 

2.642(-4) 

4.50 

cA 

-1.25(-2) 

-1.26(-2) 

-1.252(-2) 

-1.25(-4) 

-1.24(—4) 

-1.247(-4) 


<8 

2.78(-5) 

2.80(-5) 

2.778(-5) 

-2.78(-7) 

-2.80(-7) 

-2.778(-7) 


C 

1.25(-2) 

1.25(-2) 

1.250(-2) 

1.25(-4) 

1.25(-4) 

1.250(-4) 


a Numbers in parentheses denote powers of 10. 
hFrom reference 89. 
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Test problem 3 was used by Kramer et al. (ref. 92) to illustrate their code, which 
employs the GFM/AIM. It is a simple isothermal problem involving two reversible 
reactions and four species: 


h 

*-1 

h 

® + ® z 8 

k—2 

k x = 100, k_ x =1, k 2 = 10 4 , k_ 2 = 1 
CU, 0 = G®,0 = CcD,0 = Cg o = 0 


(4.71) 


where Q is the molar concentration of species i, that is, moles of species i per unit 
volume. The variation of species mole fractions with reaction time is presented in 
figure 4.4. 

The chemical composition and sensitivity coefficients with respect to all four 
initial conditions and all four rate constants were produced at t = 1 0 -3 , 1 0“ 2 , 0. 1 , 1 , 
and 10 s, after Kramer et al. (ref. 92). However, they give results at only t= 10 s, when 
the system had essentially equilibrated (fig. 4.4). The local error tolerances were 
also taken from reference 92: EM AX = 1(T^ and ATOLSP = 10~ 8 . The composition 
and sensitivity coefficients are listed in tables 4.11 and 4.12. To be consistent with 
Kramer et al. (ref. 92), table 4. 12 gives the unnormalized sensitivity coefficients of 
the molar concentrations. The [dCjfdkj] were computed from the {3 Gj/dkj] by 
means of the relation (see eq. (2.19)) 


3 C- _ 3a. 

dk j ~ p dk j 


(4.72) 


which is valid because the density is constant. For the same reason 3 ct,/9ct ;> o and 
dQ/dCjfi are identically equal. Finally, for reasons given for the previous test 
problem dOi/dkj = 

To check the accuracy of the two methods, results were generated with the brute 
force method (BFM) because the analytical solution is not known. For a rate 
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Figure 4.4. — Variation of species mole fractions with reaction time 
for test problem 3. 


TABLE 4.11.— CHEMICAL COMPOSITION AT 
t = 10 s FOR TEST PROBLEM 3 


Methcxl 

Concentration of species, mol/cm 3 

lA 



£ 

LSENS 

GFM/AIM a 

0.6398 

0.6398 

5.631xl0 -3 

5.631xl0~ 3 

0.3602 

0.3602 

0.3171 

0.3171 


a From reference 92. 


coefficient parameter r|y the sensitivity coefficient Sift) at time t was computed by 
the central-difference formula (e.g., ref. 35) 


ty') 


^K +A VHK- A V) 

2A'n / 


(4.73) 


where Yj(r\j + At|y,r) and - Ar| \j,t) are the numerical solutions for the ith 

component at time t obtained with parameter values of r\j + Ar| ; and r| ; - At| ; -, 
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TABLE 4.12.— SENSITIVITY COEFFICIENTS OF SPECIES CONCENTRATIONS AT / = 10 s FOR TEST PROBLEM 3 
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4.6 Test Problems 

respectively. This method has a leading error of order (At \j) . It requires two 
solutions of the ODE’s describing chemical kinetics (i.e., eq. (4.6)) for a given A r\j. 
Now LSENS was modified to generate BFM results in one computer run. Hence, 
if normalized sensitivities were required, an additional solution of equation (4.6) 
with the rate coefficient parameter value of r| ; had to be generated. 

Equation (4.73) can also be used to compute sensitivities with respect to initial 
condition values of species with nonzero initial concentration, temperature, density, 
and pressure. However, it cannot be used for species with zero initial concentration 
because none of the dependent variables can be less than zero. For such species 
Sjj{t) was computed by the forward-difference formula (ref. 35) 


ty'J 


*/(n; +A vH(y) 

Ati ; 


(4.74) 


which has a leading error of order At),. This formula requires two solutions of 
equation (4.6), irrespective of whether or not the sensitivities are normalized. 

As discussed previously, A r\j has to be chosen carefully to ensure accuracy of the 
{Sij }. The At ) j must be sufficiently small that the finite-difference approximations 
are accurate. However, it must not be so small that roundoff errors become 
significant. 

To gain insight into the selection of Ar| 7 , the BFM was used on test problems 
1 and 2. Because analytical solutions are known for the two problems, an objective 
study of the effects of Ar| ; - on the {5 (y ) could be made. The following procedure 
was adopted for the preexponential factor sensitivities: Starting with a value of 
5x 1 (Y ^Aj, Ar\j was progressively decreased, generating sensitivities with Ar| 7 = 
5x10“% and 10""%- (n = 2, 3,.. .,6). At each print station the sensitivities (or 
normalized sensitivities) were considered to have converged if two or more 
consecutive At | j values produced the same results to a specified number (3 or 4) of 
significant figures. In the rest of this chapter it will be assumed that ( 1 ) results which 
do not agree to three significant figures with the converged solution are incorrect 
and (2) solutions which agree with one another to four significant figures are 
identical. 

The same procedure was used to judge convergence of the sensitivities with 
respect to initial condition values. For species with nonzero initial concentration, 
temperature, density, and pressure, sensitivities were generated with Ar| y = 
5xlO _ ”y 7>0 and 10~ n T 7> o (« = 2,3,..., 6). The Ar\j values attempted for species with 
zero initial concentration were 5 x 10 - ” o OTj o an d 10 n Gm, 0 ( n = 2,3,...). For 
presentational convenience the quantity 8(1) ,) for the three parameter types is 
defined as follows: 
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(4.77) 


Then for all parameter types sensitivities were generated with 8(r| j) = 5x10“" and 
10“” (n = 2,3,...). The 8(r| ; ) values required for convergence of the sensitivity 
coefficients (or normalized ones) to three and four significant figures at all print 
stations will be referred to as 8 c3 (r| ; ) and 8 c4 (r| ; ), respectively. 

For test problem 1 and local error tolerances EMAX = 1CT 6 and ATOLSP = 0.0, 
8(A j ) = 1 0 -2 to 10 -6 produced the same results to three significant figures at all print 
stations. Hence 8 c3 (Ai) = 10“ 2 . The 8(A,) required for convergence to four 
significant figures, that is, 8 c4 (Ai), was 10 -3 . For both A2 and 8 c4 (T|y) 

was equal to 5xl0 -2 . All S(Gj q) values produced identical results. However, 
8(A 2 ) = 10~ 6 gave incorrect sensitivities at 1 = 1 .5x1 CT 4 and 10 -3 s; also at these two 
times results with 8(A 2 ) = 5x1 0~ 5 and 10 -5 were correct to only three significant 
figures. The sensitivities with 8(045,0) = 5xl0 -2 to 1 0“ 4 agreed with one another to 
three significant figures, as did those with 8(0.4 0) = 10 5 and 5x 1 (T 6 . The two 
“converged” solutions showed different (da^/da^o) values at t = 1.5x10 and 
10 -3 s. The results with 8(0440) = 5xl0 -5 and KT 6 were incorrect. Agreement to 
four significant figures was displayed by the results obtained with S(o<$,o) = 
5x1 O' 2 to 5xl0 -3 and with 8(0440) = 10 - ^ to 10" -4 . The two solutions gave different 
(dajdo^o) at t= 10“ 3 s: 1.562xl0 _6 and 1.560xl0“ 6 . Neither result agreed with 
the exact solution (table 4.4). This sensitivity coefficient varied from the analytical 
result at t = 1.5X10 -4 s also. However, the converged results for the other three 
parameters agreed with the exact solutions. 

To examine the effects of EMAX on the BFM results, sensitivities were generated 
with EMAX = 10 -2 to 10 -12 . For all parameters 8(t| j) was held constant at 10 -3 . 
This study was performed on the NASA Lewis Research Center’s Cray-XM/P 
computer using double-precision arithmetic to minimize roundoff errors. The 
EMAX values required for convergence to three and four significant figures, 
respectively, were 10 -5 and 10 - ^ for A\ and A2, 10 5 and 10 5 for (J^o> an( ^ ^ an( ^ 
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10 -9 for (Jc^o- The converged results were identical to the exact solutions for all 
parameters. On the Amdahl 5870 computer, the same EMAX values were needed 
for convergence to three significant figures for all parameters and to four significant 
figures for Ai,A 2, and Gjto- For Gc^o* however, although EMAX = 10 -8 reproduced 
the exact solution, no two consecutive EMAX values gave identical (3a^/3a^o) 
at t = 1.5x1 O' 4 s. In fact, EMAX = 10 -10 and 10 -11 produced incorrect values for 
this sensitivity coefficient. However, the results with EMAX = 10“ 12 agreed with 
the exact solution at all output stations. Finally EMAX = 10 -2 to KT 4 gave many 
significantly inaccurate sensitivity coefficients; in several instances the sign was 
wrong. 

The same study was made with 8(r| \j) = KT 2 on the Cray-XM/P computer using 
double precision. The EMAX values required for convergence to three and four 
significant figures were the same as with = KT 3 . However, EMAX = KT 10 
produced incorrect (doj/da^ q) at t= KT 3 s. Also, as expected, the {(3 g z / 3A])} 
agreed to only three significant figures with the exact solutions. The effects of 
{ S(T1/) } on the sensitivities were studied with EMAX = KT 12 and ATOLSP = 0.0. 
For Aj, A2, and Oj* the § C 3(r| j) and 5 C 4(r[ 7 ) were the same as those obtained on the 
Amdahl 5870 computer with EMAX = 10 -6 and ATOLSP = 0.0; the required 
8 C 4 (Gcb,o) was 5xl0 -2 . The converged results were identical to the exact solutions 
for all parameters. In addition, for each parameter the sensitivities produced with 
S(rjy) in the range [S^Oty), 1 0 -6 ] were identical to one another. 

The preceding discussion indicates that EMAX = 1 0 -9 was required to guarantee 
accuracy of the BFM results. For this EMAX the effects of { 8(r| y ) } on the 
sensitivities were examined on the Amdahl 5870 computer. The 8^3 (r\j) values were 
the same for all parameters as with EMAX = 10“^. The same was true of 8 C 4 (Ai) 
and S C 4(A2). For the other two parameters, 8 C 4 (g^o) = 10 “ 3 and S^Gq^o) = 10 -2 . 
For both A\ and G^o* results with 8(r| ; ) = 8 c4 (r| 7 ) to 10" 6 were identical. The runs 
with 8(A2) = 10~ 5 and 5xl0 -6 produced incorrect solutions at t = 1.5xl0~ 4 s; how- 
ever, 8(A2) = 10 -6 gave the correct sensitivities. At this time StG^o) = 5X10 -4 and 
5xl0" 5 gave incorrect (3 g^/3g^,o)- Also, (3 g^/ 3A 2 ) with 8(A 2 ) = 10~ 3 was correct 
to three significant figures only, as was (doj^/ 3g<b,o) f° r S(Gcb,o) = l^ -6 . However, 
8 (Gcb,o) = 1 ^~ 6 reproduced the exact solution; the same was true of 
the result produced with 8 (Gcb,o) = 5xlCT 2 . In other words, although the results 
with 8 (g<£ 5 o) = 10 “ 2 to 10" ~ 3 > 10" 4 , 10" 5 , and 5X10" 6 agreed with one another to 
four significant figures, (Sg^/Sg^o) was not identical to the exact solution at 
t= 1.5X10 -4 s. 

To examine if roundoff errors were causing the above problems in the sensitivities 
with respect to A2 and G<g o» BFM results were generated on the Cray-XM/P 
computer with EMAX =10“^, ATOLSP = 0.0, and double-precision arithmetic. The 
{ 8^3 (rjy) } and {S^Cty)} values were the same as those obtained with EMAX = 
10“ 12 and ATOLSP = 0.0. For each parameter the results for all S(r| \f) in the range 
[8c4(Tl/),10” 6 ] were identical to both one another and the analytical solutions. 

To verify that roundoff errors were causing the difficulties on the Amdahl com- 
puter, the preceding experiment was repeated on the Cray-XM/P computer using 
single-precision arithmetic. The results were noticeably worse than on the Amdahl 
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computer. Indeed the sensitivities with respect to CTcr,o did not converge at 
t = 1.5x1 O' 4 and 10 -3 s. Now the machine unit roundoff ( U) values for double- 
precision arithmeticare2.2xl0 -16 and 2.5xl0 -29 , respectively, on the Amdahl 5870 
and Cray-XM/P. For single-precision arithmetic, however, U = 7.1xl0 -15 on the 
Cray-XM/P. ( U is the smallest positive number such that (1 + U) > 1 on the 
computer.) 

The final experiment performed to verify that roundoff errors were responsible 
for the difficulties in generating the sensitivities was the study of the effects of 
{8 (r\j)} on the Cray-XM/P using single-precision arithmetic and the local error 
tolerances EMAX = 1CT 12 and ATOLSP = 0.0. Although the exact solutions were 
reproduced for all parameters, the variation of the sensitivities with 8(r| j) was not 
as consistent as when double-precision arithmetic was used. 

The above discussion indicates that care must be exercised in specifying not only 
the value of Aty but also that of EMAX. In addition, it is very important to control 
roundoff errors. 

For test problem 2 the BFM runs on the Amdahl 5870 computer with EMAX = 
10 -6 and ATOLSP = 10 -13 did not converge at t = 3.5 s for A\. Also, 8 C 3(A 2 ) and 
5 c 4 (A2) could not be identified; that is, a single value of 8(A2) that produced con- 
verged results to three significant figures at all print stations could not be obtained. 
When ATOLSP was increased to 10~ 8 , significant improvements were noticed. 
In particular, 8 c 3 (Ai) = 5xlO“ 3 , 8 c 4 (Aj) = 10" 3 , 8 c3 (A 2 ) = 10~ 2 or 10' 3 , and 8 c4 (A 2 ) 
= 10 -3 . The 8(A 2 ) values of 10 -2 and 10~ 3 produced different 3 Gj/0A 2 at 1.45 s, 
with the former agreeing with the exact solution. Because the convergence criterion 
previously given frequently caused difficulty in identifying the 8 c 3(T|y) and 
8 c4(t 1/'), it was modified to require that at least three consecutive 8(T|y) values 
produce the same results before convergence is declared. Using the new criterion 
gave 8 c 3 (A 2 ) = ICT 3 . All sensitivities were in essential (but not exact) agreement 
with the analytical solutions. Also 8(T|y) in the range [10 3 ,10 **] gave identical 
results for both parameters. 

The preceding experiment was repeated with EMAX =10 and ATOLSP 
_ i(p 16 t 0 produce more accurate results. The values 8 C 3(A x) = 10 2 and 8 ( -3(A 2 ) 
= 5xl0 -3 were obtained. Convergence difficulties for both parameters at t = 4.5 s 
prevented identification of the { 8 c4 (r| ; ) }. Also at this time 8(A i ) = 1 0 -5 to 1 0~ and 
8(A2) = 10 -5 and 10 -6 produced inaccurate results. However, the converged values 
agreed with the analytical solutions. The local error tolerance EMAX was varied 
from 10 -2 to 10 -12 to study its effect on accuracy. For this study both 8(r| 7 ) were set 
equal to 10 -3 , and two different ATOLSP, 10 _2 EMAX and 10“ 7 EMAX, were 
attempted. For both ATOLSP and both parameters the EMAX values required for 
convergence to three and four significant figures were ICT 8 and 10 -9 , respectively. 

To examine if the inaccuracies for small { S(r| \j ) } were caused by roundoff errors, 
sensitivities were produced on the Cray-XM/P computer using double-precision 
arithmetic. The local error tolerances EMAX = 10 12 and ATOLSP = 10 were 
used to ensure accuracy. The resulting S(t| j) values for convergence were 8 c 3 (Ai) 
= 10 -2 , S c4 (A i) = 5x1 0 -3 , 8 c 3 (A 2 ) = 5x 1 0 -3 , and 8 c4 (A 2 ) = 1 0 -3 . For both parameters 
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and at all times, 8(r|y) in the range [S^Cq^lO -6 ] produced identical results, which 
agreed with the exact solutions. For S(T| j) = 10“ 3 and ATOLSP = 10 _7 EMAX, an 
EMAX of 10 -8 was required by both parameters for the sensitivities to become 
tolerance independent. Finally the variations of the sensitivities with 5(t| j) were 
examined with EMAX = 10 -9 and ATOLSP = 10 -16 . The results were identical to 
those obtained with EMAX = 10 -12 and ATOLSP = 10 -19 . 

The BFM experiments on test problem 2 also illustrated the importance of 
generating accurate solutions by both using small error tolerances and increasing 
the precision of the arithmetic. Hence, except where indicated, BFM results for all 
isothermal problems were evaluated on the Cray-XM/P computer using double- 
precision arithmetic. 

Table 4.12 gives the BFM results obtained for test problem 3 with EMAX 
= 10 -12 and ATOLSP = 10“ 19 and verified with EMAX = 10 -15 and ATOLSP 
= 10 _22 . The 8 (t ]j) values required for convergence were S^G^o) = 5x1 0“ 2 , 
8 C 4 (<Uo) = 10 2 > 8 C 3(<*e,o) = 10“ 2 , 5 c4 (a<B ; o) = 5xl0 -3 , S^o^o) = 5xl0 -5 , 
8 c4 (<*D,o) = 10“ 5 , 5 c3 (a a o) = KT 4 , 8 c4 (o 8 ,o) = 10~ 5 , 8 c3 (Ti/) = 10“ 2 for all four rate 
constants, 8 c4 (Ai) = 8 c4 (A2) = 5x 1 () \ 8,-4 (A3) = 5X10 -4 , and 8 c4 (A 4 ) = 10 3 . Table 
4.12 shows the excellent agreement between the BFM and LSENS at 
t- 10 s. The same level of agreement was obtained at all other print stations. The 
GFM/AIM also compared well with the BFM. Thus for this problem neither method 
was significantly more accurate than the other at t = 10 s. 

LSENS required 289 steps, 339 derivative evaluations, 44 Jacobian matrix 
evaluations, and 0.077 s of CPU time to solve for the chemical composition. The 
execution time for the chemical composition and sensitivities with respect to all 
eight parameters was 0.36 s. When only one parameter was specified, the CPU time 
was 0.18 s for both initial condition and rate constant sensitivities. Therefore the 
CPU times required for the first parameter and then for each subsequent parameter 
were approximately 0. 1 and 0.026 s. The latter time was significantly less than the 
at least 0.15 s required by the BFM. The computational cost for the second and 
subsequent parameters was verified by generating sensitivities with respect to all 
initial conditions and all rate constants. The two runs took up approximately 0.25 
and 0.26 s, respectively. The GFM/AIM required two steps to generate the 
sensitivities. However, the execution time is not given in reference 92; therefore an 
efficiency comparison with LSENS could not be made. 


4.6.2 Pyrolysis of Ethane 

Test problem 4, taken from Kramer et al. (ref. 91), describes the pyrolysis of 
ethane at a temperature of 923 K. This constant-temperature, constant-density 
problem consists of five irreversible reactions among seven species. The reaction 
mechanism, rate coefficient parameters, and rate constants at 923 K are given in 
table 4.13. The initial concentration of ethane was 3.584xl0 18 molecules/cm 3 
(5.95 lxKT 6 mol/cm 3 ); the initial concentration of all other species was zero. The 
variation of species mole fractions with reaction time is shown in figure 4.5. 
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TABLE 4.13.— REACTION MECHANISM FOR TEST PROBLEM 4 


Reaction 

number, 

j 

Reaction 

Rate coefficient 
parameters 3,5 

Rate 

constant, k-, 
at 923 K a * 


n i 

E J 

1 

C 2 H^ -> CH 3 + CHj 

1.20(12) 

0.0 

5.92(4) 

1.14(-2) 


CH 3 + CjHg -> CH 4 + C 2 H 5 

8.01(8) 

0.0 

1.19(4) 

1.19(6) 


C 2 H 5 -> C 2 H 4 + H 

3.00(11) 

0.0 

3.50(4) 

1.57(3) 


H + CjHg — > H 2 + C 2 H 5 

1.30(11) 

0.0 

8.98(3) 

9.72(8) 

Bfl 

H + H -> H 2 

6.99(13) 

0.0 


6.99(13) 


a Units are moles, centimeters, seconds, and calories. Numbers in parentheses 


denote powers of 10. 
hFrom reference 91. 
c From reference 21. 



Figure 4.5. — Variation of species mole fractions with reaction time 
for test problem 4. 


Although the mechanism is quite small, the problem is very stiff with the ratio of 
the largest to smallest nonzero eigenvalues being ~10 5 (ref. 91). These authors 
attempted the problem with the DM, GFM, and GFM/AIM. The decoupled version 
of the DM was unstable. The coupled version of the DM produced accurate results, 
but sensitivity coefficients with respect to the rate coefficient parameter could not 

be obtained because of numerical difficulty. For this parameter they experienced 
no such difficulty with the decoupled version of the DM; however, the accuracy was 
very poor. 
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Sensitivity coefficients with respect to the { c^o } , Tq, {Aj } , and {Ej} (18 parameters 
in all) were generated with LSENS at the two output stations t = 1 and 20 s. (The 
code had to be modified to generate sensitivities with respect to the activation 
energies because the problem was at constant temperature.) No difficulty was 
experienced and all coefficients were successfully computed. To be consistent with 
Kramer et al. (ref. 9 1 ), the sensitivity coefficients were of the species concentrations 
in molecules per cubic centimeter { n z * } . The {3n z -/3r|y} were obtained from the 
{dCi/dr\j} by multiplying them with appropriate powers of the Avogadro number 
(- 6.023xl0 23 molecules/mol). Of course, because the density is constant, dnj/dn^ o 
= doftOj#. Finally for the activation energies the sensitivities were with respect to 
the activation temperatures, that is, {Ej/R}, where R (= 1.987) is the universal gas 
constant in calories per mole-Kelvin. 

The numerical solutions produced by LSENS at 1 s are given in tables 4.14 to 
4.19 for the parameters hc 2 h 6 ,0> T Ch A b E \/R, and E 4 /R. EMAX was set equal 
to 10 -4 , after Kramer et al. (ref. 91), who used this value with the GFM. In order 
to ensure relative error control for species with mole fractions >0.1 ppm, ATOLSP 
was set equal to 10~ 13 . Also listed in tables 4. 14 to 4. 19 are the results from refer- 
ence 91 for the GFM, GFM/ AIM, and coupled version of DM. The EMAX used 
with the DM and GFM were 10" 3 and 10 -4 , respectively. (EMAX values used to 
generate the kinetics solution for the GFM and GFM/ AIM are not given in 
reference 91.) 

To check the accuracy of the methods, BFM results were generated with 
EMAX = 10~ 12 and ATOLSP = 10 -21 and verified with EMAX = 10 -15 
and ATOLSP = 10“ 24 . For the activation energies {A Ej} were set equal to 
-5xl(T n RT 0 and -lO~ n RT 0 ( n = 2,3,. ..,6), and 5 (Ej) was defined as 


TABLE 4.14. — SENSITIVITY COEFFICIENTS WITH RESPECT 
TO INITIAL CONDITION *c 2 H 6> 0 AT t = 1 s 

FOR TEST PROBLEM 4 


Species 

Sensitivities with respect to 

"c 2 h 6 ,o 81183 


BFM 

LSENS 

DM b 

GFM 1 ’ 

GFM/AIM b 

C 2 H6 

9.253(-l) 

9.253(-l) 

9.25(-l) 

9.25(-l) 

9.25(-l) 

ch 3 

2.223(-5) 

2.201 (-5) 

(c) 

(C) 

(c) 

c 2 h 5 

3.958(-5) 

3.958(-5) 

3.96(-5) 

3.90(-5) 

3.98(-5) 

ch 4 

2.197(-2) 

2.197(-2) 

2.20(-2) 

2.20(-2) 

2.19(-2) 

c 2 h 4 

6.365(-2) 

6.365(-2) 

(c) 

(c) 

(c) 

H 

2.512(-6) 

2.512(-6) 

2.51 (-6) 

2.43(-6) 

2.50(~6) 

H2 

5.269(-2) 

5.269(-2) 

(c) 

(c) 

(c) 


a Sensitivity coefficients are defined here as dn/d«c 2 H 6 0* Numbers in 
parentheses denote powers of 10. 

^From reference 91. 
c Not given. 
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TABLE 4.15.— SENSITIVITY COEFFICIENTS WITH RESPECT TO 
INITIAL TEMPERATURE AT t = 1 s FOR TEST PROBLEM 4 


Species 


Sensitivities with respect to T 0 at 1 s 

a 


BFM 

LSENS 

DM b 

GFM b 

GFM/AIM b 

C 2 H6 

-5.863(15) 

-5.863(15) 

-5.87(15) 

-5.88(15) 

-5.86(15) 

ch 3 

3.227(14) 

3.227(14) 

3.23(14) 

3.23(14) 

3.19(14) 

C 2 H 5 

5.924(11) 

5.924(11) 

5.93(11) 

5.80(11) 

6.02(11) 

ch 4 

2.399(15) 

2.399(15) 

2.40(15) 

2.40(15) 

2.40(15) 

c 2 h 4 

4.502(15) 

4.502(15) 

(c) 

(c) 

(c) 

H 

3.034(11) 

3.034(11) 

3.03(11) 

3.78(11) 

3.05(11) 

h 2 

3.302(15) 

3.302(15) 

(c) 

(c) 

(c) 


Sensitivity coefficients are defined here as dn/dT Q . Numbers in 
parentheses denote powers of 10. 

^rom reference 91. 
c Not given. 


TABLE 4.16.— SENSITIVITY COEFFICIENTS WITH RESPECT TO RATE 
COEFFICIENT PARAMETER A x AT t = 1 s FOR TEST PROBLEM 4 


Species 

Sensitivities with respect to A j at 1 s a 

BFM 

LSENS 

DM b 

GFMh 

GFM/AlM b 

c* 

CHj 

c 2 h 5 

ch 4 

c 2 h 4 

H 

h 2 

-1.248(5) 

9.612(3) 

6.198(1) 

5.542(4) 

9.222(4) 

7.259 

6.455(4) 

-1.248(5) 

9.613(3) 

6.199(1) 

5.542(4) 

9.222(4) 

7.259 

6.453(4) 

-1.25(5) 

9.62(3) 

6.20(1) 

5.54(4) 

(c) 

7.26 

(c) 

-1.25(5) 

9.62(3) 

6.17(1) 

5.54(4) 

(c) 

9.42 

(c) 

-1.27(5) 

9.50(3) 

6.23(1) 

5.50(4) 

(c) 

7.26 

(c) 


Sensitivity coefficients are defined here as 3n/3A x . Numbers in parentheses 
denote powers of 10. 
hFrom reference 91. 
c Not given. 
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TABLE 4.17.— SENSITIVITY COEFFICIENTS WITH 
RESPECT TO RATE COEFFICIENT PARAMETER 
A 2 at t = 1 s FOR TEST PROBLEM 4 


Species 

Sensitivities with respect to A 2 at 1 s a 

BFM 

LSENS 

GFM b 

GFM/AIM b 

c 2 h 6 

-1.474(31) 

-1.474(31) 

-1.49(31) 

-1.65(31) 

CHj 

-8.614(30) 

-8.614(30) 

-8.62(30) 

-8.47(30) 

c 2 h 5 

-2.030(26) 

-2.073(26) 

(c) 

(C) 

ch 4 

8.361(30) 

8.361(30) 

8.34(30) 

8.21(30) 

c 2 h 4 

1.486(31) 

1.486(31) 

(d) 

(d) 

H 

8.224(24) 

7.744(24) 

-1.79(27) 

-4.77(25) 

Ha 

1.068(31) 

1.068(31) 

(d) 

(d) 


a Sensitivity coefficients are defined here as dn A 2 . Numbers in 
parentheses denote powers of 10. 

^rom reference 91. DM results could not be computed for A 2 
because of numerical difficulty. 

c Not given because the scaled sensitivity (3lnn c H /Oln A 2 ) was less 
than 10 -4 . 2 5 

d Not given. 


TABLE 4.18.— SENSITIVITY COEFFICIENTS WITH RESPECT TO 
PARAMETER E { /R AT t= Is FOR TEST PROBLEM 4 


Species 

Sensitivities with respect to E^/R at 1 s a 


BFM 

LSENS 

DM b 

GFM b 

GFM/AIM b 

C 2 He 

1.623(14) 

1.623(14) 

1.62(14) 

1.63(14) 

1.65(14) 

ch 3 

-1.250(13) 

-1.250(13) 

-1.20(13) 

-1.25(13) 

-1.23(13) 

c 2 h 5 

-8.059(10) 

-8.059(10) 

-8.06(10) 

-8.00(10) 

-8.11(10) 

ch 4 

-7.204(13) 

-7.204(13) 

-7.21(13) 

-7.20(13) 

-7.15(13) 

c 2 h 4 

-1.199(14) 

-1.199(14) 

(c) 

(c) 

(c) 

H 

-9.436(9) 

-9.436(9) 

-9.44(9) 

-1.19(10) 

-9.44(9) 

H 2 

-8.391(13) 

-8.391(13) 

(c) 

(c) 

(c) 


a Sensitivity coefficients are defined here as 0n fi(E x !R)). Numbers in parentheses 
denote powers of 10. 
hFrom reference 91. 
c Not given. 
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TABLE 4.19.— SENSITIVITY COEFFICIENTS WITH RESPECT TO 
PARAMETER E 4 /R AT t= Is FOR TEST PROBLEM 4 


Species 

Sensitivities with respect to E 4 /R at 1 s 

a 


BFM 

LSENS 

DM b 

GFM b 

GFM/AIM b 

CzHg 

9.869(13) 

9.869(13) 

9.88(13) 

9.81(13) 

9.84(13) 

ch 3 

1.082(9) 

1.071(9) 

(c) 

(C) 

(C) 

c 2 h 5 

-6.438(10) 

-6.438(10) 

-6.44(10) 

-6.46(10) 

-6.44(10) 

ch 4 

1.069(12) 

1.069(12) 

1.07(12) 

1.05(12) 

1.06(12) 

C2H4 

-9.916(13) 

-9.916(13) 

(d) 

(d) 

(d) 

H 

2.656(8) 

2.656(8) 

2.66(8) 

2.74(8) 

2.63(8) 

h 2 

-9.971(13) 

-9.971(13) 

(d) 

(d) 

(d) 


a Sensitivity coefficients are defined here as (dt\ ^/d(E 4 IR)). Numbers in 


parentheses denote powers of 10. 

^rom reference 91. 

c Not given because the scaled sensitivity (3ln n ^j^^/Oln E 4) was less 
than 10 -4 . 
d Not given. 


A E. 


RT r 


0 


(4.78) 


The 5 C 3(rw) and S c4 (r|j) were as follows: 8 c 3(ac 2 H6,o) = 8 C 3(A l ) - - &c3( E j) 

= 10“ 2 , 8 c3 (r 0 ) = 5x1 0 -4 , 8 c3 (A 2 ) = 5xl0 -3 , 8 c4 (o C2 h 6 ,o) = M^i) = 5x10 - 
8 c4 <T 0 ) = 10- 4 , 8 c4 (A 2 ) = 8 c4 (£i) = 1(T 3 , and 8 c4 (£ 4 ) = 5x10 3 . (However, as 
discussed later, several sensitivity coefficients could not be obtained at t = 20 s.) 

Tables 4. 14 to 4. 19 show the excellent agreement between the BFM and LSENS. 
The DM produced accurate results, confirming Kramer et al.’s observations 
(ref. 91). In contrast, the GFM had difficulty tracking rapidly varying species. In 
particular, the sensitivities of H with respect to Tq, A\, A 2 , and E\IR were all 
significantly incorrect, with 3n H /3A 2 having the wrong sign. The GFM/AIM was 
significantly more accurate than the GFM. However, it too produced the wrong sign 
for 3n H /3A 2 , and 3nc 2 H</^2 was incorrect (table 4.17). Kramer et al. (ref. 91) do 
not give results for 3nc 2 H5/^A 2 and 3 r q i^/c) (£ 4/ R ) because their methods predicted 
scaled sensitivities (3ln n,/3ln r\j) < 10 -4 in magnitude for both quantities. Although 
not explicitly stated in reference 9 1 , it was assumed that the same reason applied to 
9 nch 3 O«c 2 h 6 ,0 also. The BFM results, however, showed that 31n «cH 3 ^ln nc 2 H6.0 
= 6.91X10 -3 , 31n nc 2 H 5 /3ln A 2 = -2.40xl0 -3 , and 31n ncH 3 ^l n E 4 = 4.24x10 . 
Note the excellent agreement between LSENS and the BFM for all three sensitivities 
(tables 4. 14, 4. 17, and 4.19). The results for this problem indicate that the DDM was 
more accurate than the DM, GFM, and GFM/AIM. 

Kramer et al. (ref. 91) state that the GFM experienced difficulty tracking the 
rapidly varying species H and C2H5, as observed previously, and therefore EMAX 
had to be reduced to lO -4 . To illustrate the effect of EMAX, they present the 
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variation of the C 2 H 5 sensitivities with EMAX. Table 4.20 reproduces their results 
together with those obtained with LSENS and the BFM. For the LSENS runs 
ATOLSP was set equal to 10 _ 9 EMAX. Note that in all cases the DDM was superior 
to the GEM, and for several parameters significantly so. Indeed, except for A 2 , even 
with EMAX as large as 10 “ 2 LSENS produced accurate solutions, with errors less 
than 1 percent. 

For completeness the sensitivity coefficients {3n//3r|y} with respect to the six 
parameters wc 2 h 6 ,o» Tq,A\, A 2 , E\/R, and E 4 /R at t = 20 s are presented in table 4.21 . 
The LSENS results were generated with the local error tolerances EMAX = KT 4 
and ATOLSP = 10 -13 . Again the agreement between the BFM and LSENS was 
excellent for all variables and all parameters. The sensitivity coefficients 3 (Jch 3 / 
3gc 2 H6,0 an d 3 gch 3 / 3£4 could not be obtained with the BFM. For several values 
ofS(r|y) sensitivities equal to zero were produced. LSENS predicted the normalized 
sensitivities (ddc^/dc^H^o) = -4.03x1 0 -6 and (dccn^dE^) = 2.05x1 0 -6 , 
indicating that these sensitivities are unimportant. 

Examination of the normalized results showed that (dGj/dEj) = ( dai/dAj ) at both 
times for all seven species and all five reactions. This result is additional evidence 
of the accuracy of the DDM. Numerical solutions at 20 s are not given in refer- 
ence 91, and so accuracy comparisons of the DDM with the DM, GFM, and GFM/ 
AIM at this print station were not possible. 

The computational work requirements for the integration intervals [0,1] s and 
[0,20] s are given in table 4.22. In this table NSTEP is the number of integration 
steps, NFE the number of functional (i.e., derivative) evaluations, NJE the number 
of Jacobian matrix evaluations and LU-decompositions, and CPU the execution 


TABLE 4.20 — EFFECTS OF LOCAL ERROR TOLERANCE ON SENSITIVITY COEFFICIENTS 

OF n r „ AT t = 1 s FOR TEST PROBLEM 4 

C 2 H 5 


Sensitivity 

Sensitivities of «c 2 h 5 at 1 sa 

pdi ameter, 

T V 

BFM 

LSENS b 

GFM 0 



EMAX = 

EMAX = 

EMAX = 

EMAX = 

EMAX = 

EMAX = 



10" 2 

10" 3 

10- 4 

10~ 2 

10" 3 

10 -4 

0 

3.958(-5) 

3.951 (-5) 

3.958(-5) 

3.958(-5) 


3.99(-5) 

3.90(-5) 

Tp. 6 ,u 

1 0 

5.924(11) 

5.912(11) 

5.926(11) 

5.924(11) 


1.20(12) 

5.80(11) 

^1 

6.198(1) 

6.210(1) 

6.197(1) 

6.199(1) 

9.92(1) 

7.92(1) 

6.17(1) 

a 2 

-2.030(26) 

-5.334(26) 

-1.605(26) 

-2.073(26) 

(d) 

(d) 

(d) 

E t /R 

-8.059(10) 

-8.074(10) 

-8.057(10) 

-8.059(10) 

-1.11(11) 

-1.03(11) 

-8.00(10) 

e 4 /r 

-6.438(10) 

-6.444(10) 

-6.436(10) 

-6.438(10) 

-6.18(10) 

-5.93(10) 

-6.46(10) 


a Sensitivity coefficients are defined here as (3 « c H ^H/)* Numbers in parentheses denote powers 
of 10. 2 5 

b ATOLSP = 10" 9 EMAX. 
c From reference 91. 
d Not given. 
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TABLE 4.21 . — SENSITIVITY COEFFICIENTS AT t = 20 s FOR TEST PROBLEM 4 


Species 

Sensitivity coefficients at t - 

20 s with respect to parameter 2 * 



T 0 

A \ 

A 1 

E X IR 

e 4 /r 

C 2 H6 

2.542(-l) 

2.542(-l) 

-3.550(16) 

-3.551(16) 

-7.858(5) 

-7.858(5) 

-4.079(30) 

-4.079(30) 

1.022(15) 

1.022(15) 

5.069(14) 

5.071(14) 

ch 3 

(b) 

-1.297(-8) 

3.225(14) 

3.225(14) 

9.624(3) 

9.624(3) 

-8.685(30) 

-8.685(30) 

-1.251(13) 

-1.251(13) 

(b) 

-2.564(7) 

c 2 h 5 

7.860(-6) 

7.860(-6) 

-8.315(11) 

-8.316(11) 

-5.122 

-5.124 

-1.261(26) 

-1.259(26) 

6.661(9) 

6.663(9) 

2.065(9) 

2.066(9) 

ch 4 

2.41 0(-l) 
2.410(-1) 

2.042(16) 

2.042(16) 

5.086(5) 

5.086(5) 

4.915(30) 

4.915(30) 

-6.611(14) 

-6.611(14) 

1.984(14) 

1.984(14) 

c 2 h 4 

6.253(-l) 

6.253(-l) 

2.513(16) 

2.513(16) 

5.267(5) 

5.267(5) 

5.963(30) 

5.964(30) 

-6.847(14) 

-6.847(14) 

-6.063(14) 

-6.063(14) 

H 

1.175(-6) 

1.175(-6) 

2.190(10) 

2.189(10) 

7.996(-l) 
7.99 4(-l) 

-1.886(25) 

-1.881(25) 

-1.040(9) 

-1.039(9) 

2.343(9) 

2.343(9) 

h 2 

5.048(-l) 

5.048(-l) 

1.493(16) 

1.493(16) 

2.723(5) 

2.723(5) 

3.506(30) 

3.507(30) 

-3.542(14) 

-3.542(14) 

-7.055(14) 

-7.055(14) 


Sensitivity coefficients are defined here as 3n ,/di Ty. For each species the top row 
gives the BFM results and the bottom row the LSENS results. Numbers in 
parentheses denote powers of 10. 
b See text. 


TABLE 4.22.— EFFECTS OF LOCAL ERROR TOLERANCE ON 
COMPUTATIONAL WORK FOR TEST PROBLEM 4 


Local 

Computational work requirements 

relative error 

For the interval [0,11 s 

For the interval [0,20] s 1 











EMAX 

LSENS a 

GFIvf 

LSENS a 


NSTEP 

NFE b 

NJE b 

CPU, 

s 

NSTEP 

NSTEP 

NFE b 

NJE b 

CPU, 

s 

10“ 2 

46 

59 

14 

0.17 

35 

55 

70 

17 

0.20 

10 -3 

67 

81 

15 

0.26 

68 

84 

102 

20 

0.33 

10 -4 

93 

117 

18 

0.38 

83 

117 

149 

22 

0.48 


a ATOLSP = 10" 9 EMAX. 

Sensitivity analysis calculations require additional NSTEP derivative evaluations and 


NSTEP Jacobian matrix evaluations. 
c From reference 91: NSTEP is not given for the interval [0,20] s. 
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time (in seconds) required to compute the dependent variables (i.e., the seven 
species mole numbers and temperature) and sensitivities with respect to the 18 
parameters. Of course, when sensitivity analysis is performed, additional NSTEP 
functional and NSTEP Jacobian matrix evaluations and LU-decompositions are 
required. Now, because this is a constant-temperature problem, temperature was 
not a dependent variable when solving for the composition alone, as described in 
chapter 9 of part n. However, because Tq was a sensitivity parameter, temperature 
had to be included as a dependent variable for the sensitivity computations (see eq. 
(4.8)). (For the BFM calculations, however, T was not a dependent variable.) In 
order to ensure that the correct composition calculation cost incurred during the 
sensitivity run was measured, a kinetics-only run was made with the code modified 
to include the temperature as a dependent variable. For the interval [0,1] s the 
execution times for computing the dependent variables were 0.02, 0.03, and 0.04 s, 
respectively, for EMAX = 1(T 2 , 10” 3 , and 10 -4 For the interval [0,20] s the 
corresponding execution times were 0.03, 0.04, and 0.06 s. 

Table 4.22 also presents the variation of NSTEP with EMAX for the GFM and 
the interval [0,1] s. The GFM/AIM required 28 steps to solve for the sensitivities 
in the same time interval. The execution times required by the GFM to generate 
sensitivities at five output times in the interval [0,20] s were 9.7, 14.3, and 79.2 s, 
respectively, for EMAX = 10“ 2 , 1(T 3 , and KT 4 (ref. 91). The DM and GFM/AIM 
required 12.5 and 1.8 s, respectively, for the same calculations. Efficiency 
comparisons with LSENS were not possible because the authors do not identify the 
computer on which the execution times were measured. 

However, solution to this problem with the DDM and GFM/AIM was attempted 
on an IBM 370 computer by Dunker (ref. 21) using the rate constants listed in 
table 4.13. To enable accuracy and efficiency comparisons with LSENS, the code 
CHEMDDM (ref. 23) was run on the Amdahl 5870 computer, as discussed in 
section 4.6.1. 

Normalized sensitivity coefficients { (S/y) } computed at t = 1 and 20 s with LSENS 
and CHEMDDM are given in tables 4.23 and 4.24. All sensitivity coefficients are 
with respect to the rate constant k\. Both LSENS and CHEMDDM were run with 
the same local error tolerances: the values used by Dunker (ref. 21), EMAX 
= 10 -6 and ATOLSP = 10 -8 . Also presented in tables 4.23 and 4.24 are results 
produced with the BFM (EMAX = 1CT 12 and ATOLSP = 1(T 21 ) and those obtained 
by Dunker (ref. 21) with the DDM and GFM/AIM. 

Tables 4.23 and 4.24 show the excellent agreement between LSENS and 
CHEMDDM at both 1 and 20 s. In addition, both codes agreed well with the DDM 
results of Dunker (ref. 21) and the BFM. The GFM/AIM was accurate at 
1 s. But at t = 20 s it produced inaccurate results, especially for CH 3 . Even by 
decreasing the error tolerances required for the sensitivity calculations by the GFM/ 
AIM, Dunker (ref. 21) was unable to obtain better agreement for sensitivities with 
respect to k \ . Instead the reduction significantly worsened the accuracy of the other 
rate constant sensitivities. Better agreement could be obtained by increasing the 
number of output stations at which sensitivities were computed. The increase in the 
number of output stations had no effect on the DDM results. Both the lack of 
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TABLE 4.23. — NORMALIZED SENSITIVITY COEFFICIENTS 
WITH RESPECT TO RATE CONSTANT k x AT t = 1 s 
FOR TEST PROBLEM 4 


Species 

Normalized sensitivities with respect to k x 

at t = 1 s 


BFM 

LSENS 

CHEMDDM 

DDM a 

GFM/AIM a 

C 2 H 6 

-0.0443 

-0.0443 

-0.0443 

-0.044 

-0.044 

ch 3 

1.000 

1.000 

1.000 

1.000 

0.999 

c 2 h 5 


0.662 

0.662 


0.688 

ch 4 

0.976 

0.976 

0.976 

0.976 

0.977 

C 2 H 4 

0.680 

0.680 

0.680 

0.681 

0.682 

H 

0.478 

0.478 

0.478 

0.478 

0.493 

h 2 

0.602 

0.602 

0.602 

0.602 

0.604 


a From reference 21. 


TABLE 4.24.— NORMALIZED SENSITIVITY COEFFICIENTS 
WITH RESPECT TO RATE CONSTANT k x AT t = 20 s 
FOR TEST PROBLEM 4 


Species 

Normalized sensitivities with respect to k x at t = 20 s 


BFM 

LSENS 

CHEMDDM 

DDM a 

GFM/AIM a 

C 2 H6 

-0.819 

-0.819 

-0.819 

-0.820 

-0.824 

CH 3 

1.000 

1.000 

1.000 

1.000 

0.692 

c 2 h 5 

ch 4 

-0.210 

-0.210 

-0.210 

-0.210 

-0.266 

0.644 

0.644 

0.644 

0.643 

0.652 

c 2 h 4 

0.324 

0.324 

0.324 

0.323 

0.325 

H 

0.0905 

0.0905 

0.0905 

0.090 

0.080 

h 2 

0.221 

0.221 

0.221 

0.221 

0.220 


a From reference 21. 


improvement in the accuracy of the GFM/AIM results with error tolerance reduction 
and the dependence of the solutions on the number of output stations have been 
attributed to difficulties in computing the Green’s function (ref. 21). 

For the two output stations, t = 1 and 20 s, LSENS required 86 steps, 112 
derivative evaluations, and 20 Jacobian matrix evaluations and LU-decompositions 
to complete the problem, whereas CHEMDDM required 140 steps, 193 derivative 
evaluations, and 28 Jacobian matrix evaluations and LU-decompositions. To solve 
for the composition and sensitivity coefficients of all seven species with respect to 
all seven initial species mole numbers and all five rate constants, LSENS required 
approximately 0.22 s of CPU time, whereas CHEMDDM required approximately 
0.51 s. For four output stations between 0 and 20 s Dunker (ref. 21) obtained 
execution times of 1.25 and 1.55 s, respectively, for the DDM and the GFM/AIM 
on an IBM 370 computer. On the NASA Lewis Research Center’s IBM 370/3033 
computer CHEMDDM and a previous version of LSENS required approximately 
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1 .4 and 0.6 s, respectively. These observations indicate that LSENS was significantly 
more efficient than both CHEMDDM and the GFM/AIM. In particular, these 
execution times and the CPU times given by Kramer et al. (ref. 91) for the DM, 
GFM, and GFM/AIM (see above) show that LSENS was faster than CHEMDDM, 
GFM/AIM, GFM, and DM by factors of approximately 2.3, 3, 127, and 20, 
respectively. 

This test problem was also studied by Leis and Kramer (ref. 100) with their code 
ODESSA (ref. 101), which uses the DDM, but implemented differently than in 
CHEMDDM and LSENS. In particular, the estimated local truncation errors in the 
sensitivity coefficients are controlled by requiring that they satisfy an inequality 
similar to equation (3.37) for the model problem: 


N “ 


N f T\ \ ^ 


D; 


ij,n 


EWT; 


< 1, j = 


i=l V l J’ n J 

Here D^ n is the estimated local truncation error in Sij(t n ) and 


EWT ,,n= RT0L fe) | 5 i/( ? n-l)| + AT0L ( S i/) 


(4.79) 


(4.80) 


where RTOL(Sy) and ATOL(Sy) are, respectively, the local relative and absolute 
error tolerances for Sjj. For the BDF method of order q, Djj n is given by (see eqs. 
(3.37) and (4.79) and ref. 15) 


D =-^- 

ij,n 


% 

<q) 


(4.81) 


where and x(q), the local error test coefficient for the method of order q, are 
defined by equations (4.24) and (3.38), respectively. 

Therefore in ODESSA the inequalities given by equations (3.37) and (4.79) 
are satisfied at every step [/„_!,/„]. Leis and Kramer (ref. 100) refer to this 
implementation as “the mutually dependent error control strategy.” If equa- 
tion (4.79) is satisfied, the (S ;> ) are considered to be sufficiently accurate and the 
integration is continued. However, if the error test fails for any parameter, both 
{ & n } and Y„ are rejected. The step size and/or the method order is then reduced and 
the calculation sequence, that is, advance Y and then the {5y} over the step 
[t„-\,t n ], is repeated. 

CHEMDDM and LSENS do not attempt to control the local errors in the {Sj}. 
The argument made is that the formula for Sj, equation (4.9), can be obtained by 
directly differentiating that for Y, equation (3.9), with respect to r y. Therefore the 
sensitivities {dfy/dri/} are the exact sensitivities of {fy} (but not necessarily those 
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of {y,}) with respect to r y. This implementation of the DDM is referred to as “fully- 
dependent error control” because the error in £/ depends on the error control of X 
(ref. 100). Note that the accuracy of X has a direct effect on the accuracy of the 
{Sy} because the ODE for Sj is a function of the Jacobian matrix and, for a rate 
coefficient parameter, of dUdv[j (see eq. (4.8)). 

Leis and Kramer (ref. 100) examined the differences between the two approaches . 
by computing an average error, £(X), in the kinetics solution. Here £QQ is the 
average of the errors in the kinetics solutions at the two print stations t = 1 and 20 s. 
For given values of EMAX and ATOLSP they estimated £( Y) by using the relation 



. N S 

1 y 

Y i (t = l)-Y*(t = l) 

4_ 

Y;(t = 20) - Y*(t = 20) 

\“ 

2NS •“ 
‘=H 

r-H 

II 

* 

i 

© 

<N 

II 

* 

/_ 


xl00% 


(4.82) 


In this equation the bars I I denote absolute value, and Y*(r), the approximation to 
the exact solution at time f, was computed with the local error tolerances EMAX = 
10 -10 and ATOLSP = 10 -12 . For both error control types Leis and Kramer (ref. 100) 
examined the variation of £(Y) with EMAX, using ATOLSP =10 2 EMAX. Their 
results are reproduced in table 4.25. The errors with fully dependent error control 
were measured by performing kinetics-only calculations, that is, without sensitivity 
analysis. For the mutually dependent error control calculations sensitivity coef- 
ficients with respect to the {kj\ were generated. The sensitivity coefficient error 
tolerances were set equal to the error tolerances used for the model problem, that is, 
RTOL(Sy) = EMAX and ATOL(Sy) = ATOLSP for all i and all j. 

In order to compare the accuracy of LSENS and ODESSA, the above procedure 
(i.e., eq. (4.82)) was used to measure the average error incurred by LSENS with 
EMAX = 1(T 2 to 10” 8 (ATOLSP = 10~ 2 EMAX). The rate coefficient parameter 
values given by Kramer et al. (ref. 91) (see table 4. 1 3) were used for this study. The 
resulting average errors are given in table 4.25. 

This table shows that LSENS was significantly more accurate than ODESSA, 
irrespective of the error control used by the latter. Indeed for EMAX < 10 2 the 
average error incurred by LSENS was less than 1 percent. ODESSA, on the other 
hand, required EMAX < 10 -6 for the same accuracy. In addition, LSENS showed 
monotonically decreasing error as EMAX was reduced. In contrast, for the kinetics- 
only calculation ODESSA displayed significant nonmonotonicity in the £(Y)- 
versus-EMAX variation. This difference is surprising inasmuch as for a kinetics- 
only problem both codes use the same solver (LSODE; refs. 13 to 15) and error 
control. 

The effects of the local error tolerances on the accuracy of the sensitivity 
coefficients produced by LSENS were studied as follows: Average errors £(S 1C ) and 
Q(S rp ) for the initial mole number and preexponential factor sensitivities, respectively, 
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TABLE 4.25.— VARIATION OF AVERAGE ERROR IN 
KINETICS SOLUTION WITH LOCAL ERROR 
TOLERANCE FOR TEST PROBLEM 4 


Local relative 

Average error in species mole numbers, 1 

error tolerance. 


£(Y), 


EMAX 4 


percent 5 



ODESSA 04 

ODESSA 0 ’* 

LSENS 

i<r 2 

(f) 

(0 

4.39 

10' 3 

405.6 

154.5 

0.391 

io- 4 

1112.8 

122.6 

5.40xl0 -2 

10 -5 

155.4 

9.5 

1.23xl<T 2 

10 -6 

0.5 

0.1 

6.10X10" 4 

10 -7 

223.4 

<0.1 

1. 85X10 -4 

10~ 8 

0.1 

<0.1 

2.79x1 0 -5 


a ATOLSP = 10" 2 EMAX. 
b See equation (4.82). 
c From reference 100. 

d Independent kinetic solution. The results will be the same 
as with fully dependent error control. 

Mutually dependent error control. Sensitivity analysis 
performed with respect to the {kj} with all 
RTOL-- = EMAX and all ATOl',. = ATOLSP. 

f v y 

Not given. 


defined by 

£(s ic orS t 


rp 


M ic 0r M rp 

1 y 

r 

1 

NS ;,. 

_ v 

S iJ (t = l)-Sl(t = l) 

_*K “ «„) M 

1-, 

2-t 

1 i=i 

s ?= i) 


+ 


1 


NS 


h 20 



Sy (t = 20) - S*j [t = 20) 

'N 


O 

(N 

II 

* 

CO 

) 



x 100% 


(4.83) 


were generated with the same tolerances used for the kinetics-only calculations. 
In equation (4.83) M ic (= 7) and M rp (= 5) are the total number of initial con- 
centrations and preexponential factors, respectively; S^t) is the approximation to 
the exact sensitivity coefficient, (3y//3r|y ), at time t\ and NS^ i and NSy^o are the total 
number of species with \(sjj)\ > 10 -6 at t = 1 and 20 s, respectively. As with the 
kinetics-only computations the {S*j(t)} were generated with EMAX = 10” 10 and 
ATOLSP = 10 -12 . In order to avoid both division by zero (e.g., all Sy ( i *j) are zero 
for Gch 4 , 0 > Oc 2 H4,0> anc * a H 2 ,o) an d measuring errors in sensitivities with very small 
magnitude, each summation in equation (4.83) excluded any species with 
\(S*j)\ < 10 -6 ; the average at that print station was taken over only species with 
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\{S*j)\ > 1 0 -6 . In addition to the (9a, /9a ;> o) (i * 7 ,j = CH 4 , C 2 H 4 , and H 2 ) at both print 
stations, the sensitivities of Och^ with respect to A 3 at 1 s and with respect to all G^o, 
A 3 , A 4 , and A 5 at 20 s were not included in the summations. 

Table 4.26 presents the variations of the average errors for the two parameter 
types. Also given is the average error, S(9Y/9A 1 ), in the sensitivity coefficients with 
respect to A 1 . The error 8(9 Y/9A 1 ) was included because Leis and Kramer (ref. 1 00) 
observed that during the joint calculations of kinetics and sensitivity with respect 
to rate constants the local sensitivity error test failures were always caused by k h 
Table 4.26 shows that all errors displayed monotonic decreases with EMAX. Also 
the average error for A 1 was always less than the average error for all preexponential 
factors, indicating that the coefficients with respect to A 1 were not the least accurate. 
Furthermore, examination of the { 8(9 Y/9 Aj ) } showed that 8(9Y/9 A 1 ) was less than 
all other 8(9Y/9 Aj) for all EMAX. These observations suggest that the local error 
estimate for {S t j} was not reliable, in that it was not a good measure of the global, 
or actual, error, which is the quantity that is usually of interest. Finally table 4.26 
shows that average errors < 5 percent can be achieved with EMAX <10 . For 
EMAX < Ur 4 the rate coefficient parameter sensitivities were significantly more 
accurate than the initial condition results. Thus for this problem if very accurate 
solutions are required, the initial condition sensitivities will require a smaller 
EMAX and therefore more computational effort than the rate coefficient parameter 
sensitivities. Leis and Kramer (ref. 100) reached the same conclusion. 

The variation of the average sensitivity errors with EMAX is not given in 
reference 100, and so detailed comparisons of LSENS with ODESSA were not 
possible. However, the average errors, 8(9Y/9ki), in the sensitivity coefficients 
with respect to k\ are given for several combinations of the local error tolerances. 
Their results, including computational work requirements, are reproduced in 


TABLE 4.26.— EFFECTS OF LOCAL ERROR TOLERANCE ON 
AVERAGE ERRORS IN SENSITIVITY COEFFICIENTS PRODUCED BY 
LSENS FOR TEST PROBLEM 4 


Local relative 
error tolerance, 
EMAX a 

Average error in 
initial condition 
sensitivities, 

etSfc). 

percent* 5 

Average error in 
sensitivities with 
respect to 
Ai, 

80Y tfAj), 
percent 0 

Average error in 
preexponential factor 
sensitivities, 

S(S r p, 

percent 

10' 2 

72.8 

3.42 

131.9 

10" 3 

39.6 

1.69 

63.3 

lO- 4 

14.4 

0.136 

8.41 

10" 5 

4.89 

2.32xl0 -2 

2.26 

10 -6 

1.47 

2.59xl0~ 3 

0.309 

10" 7 

0.264 

l.llxlO" 3 

8.07xl0' 2 

10‘ 8 

2.26x1 0“ 2 

6.26xl0' 5 

3.51xlO“ 3 


a ATOLSP = 10" 2 EMAX. 
b See equation (4.83). 
c See text. 
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table 4.27. Here RTOL(3Y/3fy) and ATOL(3Y/3fy) are the local relative and 
absolute error tolerances, respectively, for the sensitivity coefficients of all variables 
with respect to k j. Comparing table 4.27 with tables 4.25 and 4.26 shows that for 
the same value of EMAX LSENS produced more accurate Y and 3Y/3A] than 
ODESSA, irrespective of the local error tolerances used in the latter code for the 
sensitivity coefficients. 

The computational work required for the interval [0,20] s is given in table 4.28. 
For kinetics-only calculations ODESSA consistently required fewer steps than 
LSENS and, except for EMAX = KT 4 , either comparable or smaller execution 
times when differences between the two computing systems were factored in. When 
sensitivity analysis was included, the number of integration steps used by ODESSA 
increased quite dramatically, and LSENS was significantly faster for all EMAX. In 
general, it was twice as fast; for EMAX = 1 0 -4 , however, the CPU time for ODESSA 
was more than five times that for LSENS. For the rate constant sensitivity runs 
with EMAX = KT 6 and RTOL0Y/3/:, ) = KT 5 and with EMAX = KT 8 and 
RTOL(3Y/3A:i) = KT 6 , ODESSArequired 5.37 and 8.83 s, respectively, on the VAX 
11/750 computer (table 4.27). These times compare favorably with the computational 
cost of LSENS with EMAX = KT 6 and 1(T 8 . For the initial condition sensitivities 
ODESSA required 88 steps and 14.81 sofCPU time to produce solutions with errors 
< 1 percent in [Sy] with magnitude greater than 10 -6 ; when only {Sjj} with absolute 
value greater than 10~ 3 were considered, the computational work requirement for 
the same accuracy was 75 steps and 12.70 s of CPU time 
(ref. 100). Examination of the results given for EMAX = 10 -7 in tables 4.26 and 
4.28 shows that both execution times were considerably larger than that required by 
LSENS for comparable accuracy. Leis and Kramer (ref. 100) also state that with 


TABLE 4.27.— EFFECTS OF LOCAL ERROR TOLERANCE ON AVERAGE ERRORS 
IN KINETICS SOLUTION AND SENSITIVITY COEFFICIENTS WITH RESPECT TO 
RATE CONSTANT *, PRODUCED BY ODESSA AND COMPUTATIONAL 

WORK REQUIREMENT FOR TEST PROBLEM 4° 


Local relative error 
tolerance for model 
problem, 
EMAX b 

Local relative error 
tolerance for sensitivities 
with respect to ft 1( 
RTQL(dY/9^|) c 

Average error in 
kinetic solution, 

e(D 

percent* 

Average error in 
sensitivities with 
respect to 
8OY/01 k,) f 
percent* 

Computational 
work requirement 

NSTEP 

CPU, f 

S 

10" 8 

1(T* 

<0.1 

<0.1 

90 

16.47 

10" 8 

KT 6 

0.1 

0.1 

51 

8.83 

icr 6 

KT 6 

0.1 

0.1 

44 

7.66 

to -6 

nr 5 

0.2 

0.3 

30 

5.37 


“From reference 100: results from joint solution of composition and sensitivities with respect to rate 


constants. 

b ATOLSP = 10 -2 EMAX. 

c RTOLOY/a*,) = EMAX,; « 2 5; ATOL0Y (*kfl = 10 ~ 2 KTOLQY/dkpj = 1 5. 

d See equation (4.82). 
e See text. 

f On a VAX 1 1/750 computer. 
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fully dependent error control the initial condition sensitivity calculation with 
EMAX = KT 6 and ATOLSP = 1 0 -8 required 2.60 s of CPU time and that the average 
error in the normalized sensitivity coefficients with respect to Oc^H^O (ie., 
£((3Y/3 gc 2 h 6 ,o))) was 1-8 percent. Tables 4.26 and 4.28 would seem to indicate 
that for this run ODESSA compared favorably with LSENS in terms of both 
accuracy and computational cost. However, the LSENS results showed that for 
this EMAX, £((3Y/3gc 2 h 6 ,o)) = 0.044 percent. In fact, even for EMAX = KT 5 , 
8((3Y/3 gc 2 H6,o)) ( = 0.082 percent) was less than 1 percent. Thus LSENS was more 
accurate than ODESSA. 

In order to examine if the differences in the results produced by the two codes 
were due to the different computers used, the runs with LSENS were repeated on 
the NASA Lewis Research Center’s VAX 6320 computer. Essentially the same 
results were obtained for the average errors and for NSTEP, NFE, and NJE, thus 
eliminating this possibility. 

The effects of ATOLSP on solution accuracy were studied by generating average 
errors with LSENS, using ATOLSP = 10 _9 EMAX, which value ensures relative 
error control for species with mole fraction >0.1 ppm. For this study Y and {S j } 
were computed with EMAX = KT 10 and ATOLSP = KT 19 . The results for 
EMAX = KT 2 to KT 8 are given in table 4.29; again errors were measured for only 
\(Sjj)\ > KT 6 . Comparing this table with tables 4.25 and 4.26 shows the significant 
accuracy improvements produced by decreasing ATOLSP. In particular, all average 
errors in the ATOLSP = 10 _9 EMAX results were less than 1 percent for 
EMAX < 1(T 3 . In contrast, EMAX had to be reduced to KT 7 to achieve the same 
accuracy in the ATOLSP = 10~ 2 EMAX solutions. These observations give 
credibility to the arguments that accuracy improvements in Y lead to more accurate 
{Sy} and that ATOLSP must be selected with care. For the local tolerances 


TABLE 4.29 — EFFECTS OF LOCAL ERROR TOLERANCE 
(WITH ATOLSP = 10“ 9 EMAX) ON AVERAGE 
ERRORS FOR TEST PROBLEM 4 


Local 

Average error 

Average error in 

Average error in 

relative 

in species 

initial condition 

preexponential 

error 

mole numbers, 

sensitivities, 

factor sensitivities. 

tolerance, 

8(Y), 

S(S ic ). 


EMAX“ 

percent' 3 

percent 0 

percent 

1(T 2 

8.76xl0 -2 

8.57 

20.4 

1(T 3 

3.58xl0 -2 

0.302 

0.569 

KT 4 

2.52xl0 -3 

3.81xl0 -2 

6.22xl0~ 2 

1(T 5 

4.02x1 0 -4 

2.07xl0" 2 

3.14xl0 -2 

KT 6 

5.88xl0 -5 

1.53xlO” 3 

1.62x1 0" 3 

1(T 7 

9.57X10 -6 

3.28X10 -4 

2.93X10 -4 

1(T 8 

5.87xl0~ 7 

4.10xl0" 5 

l.lSxlO -4 


“ATOLSP = 10 _9 EMAX. 
b See equation (4.82). 
c See equation (4.83). 




4. Sensitivity Analysis 

EMAX = 10“ 3 and ATOLSP = 10“ 12 , LSENS required 83 steps, 101 derivative 
evaluations, 18 Jacobian matrix evaluations, and 0.040 s of CPU time to solve for 
the composition. The CPU times for the composition and initial condition 
sensitivities and for the composition and preexponential factor sensitivities were 
0.15 and 0. 14 s, respectively. All execution times were significantly less than those 
with EMAX = 10~ 7 and ATOLSP = 10 -9 (table 4.28). Thus judicious selection of 
ATOLSP is indicated. 

The average errors in tables 4.26 and 4.29 were measured by using solutions 
produced by LSENS. Because such a comparison is not adequate proof of 
accuracy, BFM results were generated. These calculations were attempted with 
EMAX = 10" 12 and ATOLSP = 10 -21 . Even with such small values for the local 
error tolerances 8 c 3(r| ; j could not be identified for (JcifyO. o C2H5,0> °h, 0> and ^ 3 '> 
convergence difficulties were caused by the species C2H6, CH3, C2H5, and H. BFM 
solutions were therefore attempted with progressively smaller tolerances, keeping 
ATOLSP = 10 _9 EMAX. The EMAX values necessary for convergence of the 
results to three significant figures were 10 * 3 , 10 10 and 10 respectively, 

for c C H 3 ,0 tfc 2 H 5 , 0 > Oh, 0> and A 3- This finding further illustrates the difficulty of 
using the BFM to compute sensitivity coefficients. 

The BFM could not produce reliable sensitivity coefficients for several parameters. 
In particular, the { dOj/dOj o } (i / j,j = CH4, C2H4, and H2) could not be obtained 
at either print station. Now the three species do not appear as reactants in the reaction 
mechanism (see table 4. 1 3). Because all reactions are irreversible, the reaction rates 
and hence net species production rates are independent of the concentrations of 
CH 4 , C 2 H 4 , and H 2 . Therefore the ODE’s for the sensitivity coefficients with 
respect to the initial concentrations of these three species are given by dSj/dt = 0 for 
all t (see eq. (4.8)). Hence for all t the {da/Zda^o} O' = CH 4 , C 2 H 4 , and H 2 ) must 
be equal to their initial values (= 0.0 for fcj and 1 .0 for i=j). Now, the BFM produces 
initial concentration sensitivities by perturbing the {Oj,o}- However, perturbation 
of the initial mole numbers of CH4, C2H4, and H2 should affect neither the reaction 
rates nor the Jacobian matrix. Nonetheless for reasons that are not clear the BFM 
could not reproduce Sy = 0.0 for initial condition values. The magnitudes of the 
{(Sjj) } were usually small, but (Sy) of order 10 -4 were sometimes produced. Thus 
\{Sjj)\ less than 10 -3 may be considered insignificant. 

The BFM could not also produce reliable sensitivity coefficients of <Jch3 with 
respect to c^Hg.O- °CH3,0- ()• Oh, 0> ^3> ^4» and A5 at t = 20 s. In order to check 

if the difficulties were caused by essentially zero values, solutions were generated 
with LSENS on the Cray-XM/P computer using EMAX = 10~ 12 , ATOLSP =10 21 , 
and double-precision arithmetic. At t = 20 s the normalized sensitivity coefficients 
of OCH3 w 'th respect to c^Hg.o OctH^.o- cth,o> and A3 to A5 were equal to 

2.8xlO -30 , -6.5x1 0“ 34 , -2.6x1 0 -33 , -2.8xl0 -33 , -8.2xl0 -35 , -1.4xlO“ 30 , and 
7.2xl0“ 31 , respectively. Thus these sensitivities are unimportant and need not be 
considered in judging accuracy. 

The BFM results are given in tables 4.30 to 4.33, along with the solutions 
computed by LSENS with EMAX = 10 -4 and ATOLSP = 10" 13 . The agreement 
between LSENS and BFM was excellent for all parameters at both print stations. 
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TABLE 4.30.— SENSITIVITY COEFFICIENTS WITH RESPECT TO INITIAL 
CONDITION VALUES AT t = 1 s FOR TEST PROBLEM 4 


Species 


Sensitivity coefficients at t = 1 

with respect to a 



%%<> 

°CH 3 ,0 

0^5,0 

°ch 4 ,0 

°c 2 h 4 ,0 

°H,0 

Gh 2*° 

CA 

9.25(-l) 

-2.17 

-8.53 

(b) 

(b) 

-9.26 

(b) 

9.25(-l) 

-2.17 

-8.53 

0.00 

0.00 

-9.26 

0.00 

ch 3 

2.22(-5) 

9.65(— 4) 

-2.04(—4) 

(b) 

(b) 

-2.21 (—4) 

(b) 


2.23(-5) 

9.86(-4) 

-2.04(-4) 

0.00 

0.00 

-2.22(-4) 

0.00 

c 2 H5 

3.96(-5) 

— 8.55(-5) 

-3.65(-4) 

(b) 

(b) 

-3.96(-4) 

(b) 

3.96(-5) 

-8.53(-5) 

-3.65(— 4) 

0.00 

0.00 

-3.96(-4) 

0.00 

ch 4 

2.20(-2) 

9.54(-l) 

-2.02(-l) 

1.00 

(b) 

-2.19(-1) 

(b) 


2.20(-2) 

9.54(-l) 

-2.02(-l) 

1.00 

0.00 

-2.19(-1) 

0.00 

c 2 h 4 

6.37(-2) 

2.19 

9.63 

(b) 

1.00 

9.37 

(b) 


6.37(-2) 

2.19 

9.64 

0.00 

1.00 

9.37 

0.00 

H 

2.51 (-6) 

-5.07(-6) 

-2.32(-5) 

(b) 

(b) 

-2.51 (-5) 

(b) 


2.51 (-6) 

-5. 05 (-6) 

-2.32(-5) 

0.00 

0.00 

-2.51 (-5) 

0.00 

h 2 

5.27 (-2) 

1.71 

9.23 

(b) 

(b) 

9.98 

1.00 


5.27(-2) 

1.71 

9.24 

0.00 

0.00 

9.98 

1.00 


a For each species the top row lists BFM results and the bottom row, LSENS 
results. Numbers in parentheses are powers of 10. 
b See text. 


TABLE 4.31— SENSITIVITY COEFFICIENTS WITH RESPECT TO PREEXPONENTIAL 
FACTORS AT t = 1 s FOR TEST PROBLEM 4 


Species 

Sensitivity coefficients at t = 1 s with respect to a 


A 1 

A 2 

A 3 

a 4 

^5 

C 2 H6 

-1.16(-15) 
— 1.16(— 15) 

— 2.27(— 13) 
-2.27(-13) 

-5.31 (-18) 
— 5.32(— 18) 

-6.50(-15) 

-6.50(-15) 

6.04(-18) 

6.04(-18) 

ch 3 

8.92(-17) 

8.92(-17) 

-1.33(-13) 
— 1.33(— 13) 

-1.21 (-22) 
-1.21 (-22) 

-7.13(-20) 

-7.18(-20) 

6.62(-23) 

6.67(-23) 

c 2 h 5 

5.75(-19) 

5.75(-19) 

-3.13(-18) 
— 3. 12(— 1 8) 

— 3.48(— 18) 
— 3.48(— 1 8) 

4.24(-18) 

4.24(-18) 

-3.94(-21) 

-3.94(-21) 

ch 4 

5.14(-16) 

5.14(-16) 

1.29(-13) 

1.29(-13) 

-1.20(-19) 

-1.20(-19) 

-7.04(-17) 

-7.04(-17) 

6.55(-20) 

6.55(-20) 

c 2 h 4 

8.56(-16) 

8.56(-16) 

2.29(-13) 

2.29(-13) 

8.85(— 1 8) 
8.85(— 1 8) 

6.53(-15) 

6.53(-15) 

-6.07(-18) 

-6.07(-18) 

H 

6.74(-20) 

6.74(-20) 

1 .27(— 19) 
1.28(— 19) 

-4.59(-23) 

-4.59(-23) 

-1.75(-20) 

-1.75(-20) 

— 1.19(— 21) 
— 1.19(— 21) 

h 2 

5.99(-16) 

5.99(-16) 

1.65(— 13) 
1.65(-13) 

7. 17(— 18) 
7.17(-18) 

6.57(-15) 

6.57(-15) 

-6.11 (-18) 
—6.1 1(— 18) 


a For each species the top row lists BFM results and the bottom row, LSENS results. 
Numbers in parentheses are powers of 10. 
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TABLE 4.32.— SENSITIVITY COEFFICIENTS WITH RESPECT TO INITIAL CONDITION 
VALUES AT t = 20 s FOR TEST PROBLEM 4 


Species 

Sensitivity coefficients at t = 20 s with respect to a 


°c 2 h 6 ,° 

°ch 3 ,o 

°C 2 h 5 ,0 

°CH 4 ,0 

°c 2 h 4 ,o 

°H,0 

°h 2 .0 

c 2 h 6 

2.54(-l) 

— 5.96(— 1) 

-2.34 

(b) 

(b) 

-2.54 

(b) 


2.54(-l) 

-5.95(-l) 

-2.34 

0.00 

0.00 

-2.54 

0.00 

ch 3 

(b) 

(b) 

(b) 

(b) 

(b) 

(b) 

(b) 


6.89(-9) 

-2.50(-7) 

-6.38(-8) 

0.00 

0.00 

-6.92(-8) 

0.00 

c 2 h 5 

7.86(-6) 

-1.84(-5) 

-7.25(-5) 

(b) 

(b) 

-7.86(-5) 

(b) 


7.86(-6) 

-1.84(-5) 

-7.25(-5) 

0.00 

0.00 

-7.87(-5) 

0.00 

ch 4 

2.4K-1) 

4.42(-l) 

-2.22 

1.00 

(b) 

-2.41 

(b) 


2.41 (-1) 

4.41 (—1 ) 

-2.22 

1.00 

0.00 

-2.41 

0.00 

c 2 h 4 

6.25(-l) 

8.75(-l) 

4.45 

(b) 

1.00 

3.75 

(b) 


6.25(-l) 

8.75(-l) 

4.46 

0.00 

1.00 

3.75 

0.00 

H 

1.18C — 6) 

-2.75(-6) 

-1.08(-5) 

(b) 

(b) 

— 1.18(— 5) 

(b) 


1.18(-6) 

-2.75(-6) 

-1.08(-5) 

0.00 

0.00 

— 1.18(— 5) 

0.00 

h 2 

5.05(-l) 

6.54(-l) 

5.06 

(b) 

(b) 

5.45 

1.00 


5.05(-l) 

6.54(-l) 

5.07 

0.00 

0.00 

5.45 

1.00 


a For each species the top row lists BFM results and the bottom row, LSENS 


results. Numbers in parentheses are powers of 10. 
b See text. 


TABLE 4.33.— SENSITIVITY COEFFICIENTS WITH RESPECT TO 
PREEXPONENTIAL FACTORS AT t = 20 s FOR TEST PROBLEM 4 


Species 

Sensitivity coefficients at t = 20 s with respect to a 


A \ 

A 2 

a 3 

a 4 

^5 

c 2 h 6 

— 7.29(— 1 5) 
— 7.29(— 15) 

— 6.28(— 14) 
— 6.28(— 14) 

— 8.34(— 19) 
— 8.34(— 19) 

-3.34(-14) 

-3.34(-14) 

3.11 (-17) 
3.1 1(— 17) 

ch 3 

8.93(— 17) 
8.93(-17) 

— 1 .34(— 1 3) 
-1.34(-13) 

(b) 

-9.32(-27) 

(b) 

— 1.74(— 21) 

(b) 

1.62(-24) 

c 2 h 5 

-4.75(-20) 

-4.76(-20) 

— 1 .94(— 1 8) 
— 1 .95(— 1 8) 

-9.06(-19) 

-9.06(-19) 

— 1.36(— 19) 
— 1.36(— 19) 

1.27 (-22) 
1.27 (-22) 

ch 4 

4.72(-15) 

4.72(-15) 

7.57(— 14) 
7.57(— 14) 

-1.13(-18) 
— 1.13(— 18) 

-1.3K-14) 
-1.31 (-14) 

1.22(— 17) 
1 .22(— 17) 

c 2 h 4 

4.89(-15) 

4.89(-15) 

9. 19(— 14) 
9. 19(— 14) 

2.30(-18) 

2.30(-18) 

3.99(-14) 

4.00(-14) 

-3.71 (-17) 
— 3.72(— 17) 

H 

7.42(-21) 
7.41 (-21) 

-2.91 (-19) 
-2.91 (-19) 

— 1-53(— 23) 
-1.53(-23) 

— 1 .54(— 19) 
— 1.55(— 19) 

-5.62(-22) 

-5.62(-22) 

h 2 

2.53(— 1 5) 
2.53(— 1 5) 

5.40(-14) 

5.40(-14) 

2.41 (-18) 
2.41 (-18) 

4.65(-14) 

4.65(-14) 

-4.32(-17) 

-4.32(-17) 


a For each species the top row lists BFM results and the bottom row, LSENS 


results. Numbers in parentheses are powers of 10. 
b See text. 
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4.6 Test Problems 


In addition, for Gch 4 ,0> <*C 2 h 4 ,0> an(i a H 2 ,0 LSENS reproduced the exact sensitivity 
coefficients (= 0.0 or 1.0, as discussed previously), illustrating the accuracy of the 
DDM. At t = 20 s the normalized sensitivity coefficients of Gch 3 with respect to 
ac 2 H 6 ,0> <*ch 3 ,o> ct C 2 H 5 , 0 > ct h ,o> andA 3 to A 5 were equal toZlxHT 6 , -7.7xl0“ 9 , 
-2.0xi(T 9 , -2.1x10, -2.6x10“' 1 , -2. lxl 0 -6 , and 1 . 1x10 . Not surprisingly the 
magnitudes of these quantities were larger than the values obtained on the Cray- 
XM/P computer. These results suggest that normalized sensitivity coefficients with 
absolute values less than, say, 10 -5 , may be ignored. That is, if |(Sy(/))| is less than 
10 -5 , T | j has essentially no effect on y, at time t. 

Comparing the magnitudes of the normalized sensitivities with the results in 
tables 4.30 to 4.33 shows the importance of normalizing the sensitivity coefficients. 
For example, table 4.30 gives = 4 0x10 5 and 3 och 4 /3<Jc2H6,o = 

2.2xl0“ 2 at t = 1 s, indicating that O C2 h 6 ,0 has a much larger effect on CTch 4 than on 
CTc 2 h 5 at this time. However, the normalized sensitivity coefficients of Oc 2 h 5 and 
o C h 4 with respect to Cc 2 h 6 ,0 were 13 and 1.2, respectively. Thus a given change 
in CT(' 2 h () ,o wiO produce about the same percent change in the two species at 1 s. 
Because normalized sensitivity coefficients are more meaningful than the 
unnormalized quantities, if species are to be excluded from the summations in 
equation (4.83) to avoid measuring errors in unimportant sensitivities, the test for 
exclusion should be based on the magnitude of the (Sy) and not that of Sy. For 
example, if errors in initial condition sensitivities were not measured for species 
with \Sy\ < 10 -3 , several species that would show significant changes due to a 
perturbation in O/ o would be excluded from equation (4.83) (e.g., ac 2 H 5 from the 
error calculation for the O C2 h 6 ,0 results— see above.) 

In order to understand why LSENS, which uses indirect error control for the 
sensitivity coefficients, produced more accurate solutions than ODESSA using 
direct error control, the following study was made with LSENS. For each parameter 
rjy the quantity e(q ; ) was computed, where e(y\j) is defined as 


and 


NSTEP 

£ (^) ~ NSTEP ^ ]j 


, NS , 

-Ly (a., f 

N S •“ v ‘J> n J 


i=l 


(4.84) 


A ; ,. „ = 


D ij,n 


V ’ n Rtol(s j )|%„ | + atol(s ; ) 


(4.85) 


In equation (4.85) RTOL(S ; ) and ATOL(S ; ) are, respectively, the local relative and 
absolute error tolerances for the sensitivity coefficients of all species with respect 
to r| j. The quantity e(q ; ) is the average root-mean-square (rms) norm of the weighted 
local truncation errors in the sensitivity coefficients with respect to r\j for the 
complete problem. All results discussed herein were obtained with scalar RTOL(Sj) 
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4. Sensitivity Analysis 

(= RTOL) and ATOL(Sy) (= ATOL). For all runs RTOL was set equal to EM AX and, 
unless otherwise stated, ATOL was equal to ATOLSR 

For the initial conditions (JcH 4 , 0 > a C 2 H 4 , 0 > an d <JH 2,0 { e (n/)} were ec l ua l t0 

zero for all EMAX and both ATOLSP (10“ 2 EMAX and 10“ 9 EMAX). The reason 
is that all sensitivity coefficients with respect to these parameters are constant, as 
discussed previously. Discussion will therefore be restricted to the other initial mole 
numbers, for all of which e(Cj, o) was greater than 1 for all EMAX and both ATOLSP. 
Now a necessary (but not sufficient) condition for equation (4.79), the local error 
test for the sensitivity coefficients in ODESSA, to be satisfied on every step is 

e^j < 1 (4.86) 

Therefore the sensitivity coefficients with respect to Cc 2 h 6 ,0- °ch 3 ,o a c 2 H 5 ,0> and 
G H ,o did not satisfy equation (4.79) at one or more steps. 

In contrast to the (e(o /i0 )} all {e(A ; )} were much less than unity for all EMAX, 
with ATOLSP = 10 _2 EMAX. Indeed, 

max e|A^j = 5.3xlO -10 

Now NSTEP <178 (see table 4.28), which implies that equation (4.79) was satisfied 
at all steps for all Ay. It was also observed that for all EMAX e(A 2 ) > e(A 4 ) > e(A i) 
> e(A 3 ) and e(As). The same two conclusions could be made for the runs with 
ATOLSP = 1 0” 9 EMAX, for which 

max e(a.] = 4.5 xlO -5 

j v 11 

andNSTEP<491. However, the {e(Aj}} were significantly greater than the values 
produced with ATOLSP = 1 0 _2 EMAX. The same was true of the e(G ),o) for almost 
all EMAX. Nevertheless ATOLSP = 10 _9 EMAX produced significantly more 
accurate results than the larger ATOLSP, as observed earlier (see tables 4.25, 4.26, 
and 4.29) . These observations indicate that the estimate for the local truncation error 
(which is proportional to the difference between the “corrected and predicted 
values, see eqs. (4.81) and (4.24)) overestimated the true error. Therefore, equa- 
tion (4.79) is not a reliable local error test. 

To confirm that reducing ATOLSP does indeed improve accuracy, average global 
errors were measured for EMAX =10 2 tol0^ (ATOLSP =10 EMAX) by 
comparing the results with the solution obtained with EMAX = 10 ^ and ATOLSP 
= 10 -12 . They were essentially the same as the values given in table 4.29. 

Both conclusions regarding the (e(A ; )} contradict the findings of Leis and 
Kramer (ref. 100), who observed that the local sensitivity error test failed on several 
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4.6 Test Problems 


steps. Also, as discussed previously, each such failure was caused by k\\ that is, 
£(&l) > E(kj)J = 2,...,5. 

In order to examine if the differences in the local errors incurred by LSENS and 
ODESSA were caused by the different sensitivity parameters ({Ay} and {kj}, 
respectively) specified in the two calculations, the runs with LSENS were repeated 
with the rate constants (given in table 4. 1 3) as sensitivity parameters. That is, each 
Aj was set equal to kj and all nj and Ej were set equal to zero. For both ATOLSP and 
all EMAX (including lO -10 ), e(k\) was greater than unity. It was also significantly 
greater than the other {£(Ay)}, which were all less than unity. Thus for the rate 
constant sensitivities LSENS agreed with ODESSA. However, the average error 
Q(S rp ) displayed a monotonic decrease with EMAX. Also for most values of EMAX 
the average errors were essentially the same as those obtained with the original rate 
coefficient parameters. Finally, &(S rp ) was less than 1 percent for EMAX < 10"" 6 and 
10 -3 , respectively, for ATOLSP = 10 -2 EMAX and 10 9 EMAX. Both EMAX 
values were exactly the same as for the original rate coefficient parameters (see 
tables 4.26 and 4.29). 

Why the local errors increased with a reduction in ATOLSP and displayed 
significant differences when different rate constant parameters were used is now 
examined. Tables 4.30 to 4.33 show that the {Sy} displayed widely varying 
magnitudes. Hence pure relative error control, which is obtained by setting 
ATOL = 0.0, is appropriate. However, it is undefined if any Sy = 0.0 (e.g., 
sensitivities with respect to certain initial conditions, see tables 4.30 and 4.32). 
Therefore the mixed relative/absolute error control given by equation (4.80) was 
used. The ATOL must, however, be selected such that the error control is mostly 
relative, for reasons given previously. Such error control is achieved if RTOL|Sy 
» ATOL for all \Sy\ (greater than some minimum value to avoid incurring excessive 
computational cost in attempting to control errors in insignificant sensitivities). 

Consider now the {Ay}. Tables 4.31 and 4.33 show that for all Ay and both 
ATOL, ATOL » RTOL|S»| for all i. (To obtain relative error control with 
ATOL= 1 0 -2 RTOL and 10 _9 RTOL, \Sy\ must be much greater than 10 -2 and 10~ 9 , 
respectively.) Therefore A,y> equation (4.85), effectively reduces to 

\j,n = D ij.n' ATOL (4.87) 

The average Dy for the complete problem was only approximately two orders of 
magnitude smaller for ATOLSP =10 9 EMAX than for ATOLSP=10 2 EMAX 
hence the significant increase in £(Ay) when ATOL was reduced. 

The rate constant sensitivities {dYi/dkj} are related to the {3f//3Ay} by (see 
eq . (4.49)) 


dY L _^ l dY L 

dkj kj dAj 


(4.88) 
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4. Sensitivity Analysis 

Table 4.13 shows that Aj » kj for j = 1 to 4 (A 5 = k 5 ). Nevertheless only the {|3F,7 
3 A:i|} were sufficiently large to satisfy the requirement for relative error control. 
This fact explains Leis and Kramer’s (ref. 100) observation that the local error test 
failures were always caused byk\. Now the local truncation errors for the { kj } must 
be equal to (Ajlkj) times the local errors for the {Aj}. This relationship was 
confirmed by the results with EMAX = 10 -4 and both ATOLSP. Hence, if the error 
control was indeed mostly absolute for kj,j = 2 to 5, £.(kj) (j & 1) must be equal to 
(Ajlkj)e(Aj). The estimated local errors for both ATOLSP satisfied this requirement. 
Therefore, if equation (4.8 1 ) did indeed give the true error, the {Sy } obtained by Leis 
and Kramer (ref. 100) (and those produced by LSENS) would not be accurate to 
EMAX significant figures. In fact, the errors in the {Sj} could then be guaranteed 
to be only less than ATOL for kj, j = 2 to 5. For each of these kj, ATOL > \Sjj\ for 
almost all i; so the local error may actually be greater than the sensitivity coefficient 
for several variables. 

In contrast to the {Aj} and {kj} the initial condition sensitivities with respect to 
< 5 c 2 h 6 , 0 > Och 3 , 0 > ac 2 H 5 ,o and a H ,0 were sufficiently large to ensure mostly relative 
error control, especially for ATOLSP = 10“ 9 EMAX (see tables 4.30 and 4.32) 
hence the difficulties encountered by Leis and Kramer (ref. 100) in solving for the 
initial condition sensitivities. 

The effects of ATOL on e(r| j) were further examined as follows: For the local 
tolerances EMAX = KT 4 and ATOLSP = 10 -13 , {e(t|y) } were measured for ATOL 
= KT 16 and l(r 19 . The { e(o),o) } showed little change from the values obtained for 
ATOL= KT 13 . However, the {e(A ; )} for ATOL= 10 -13 and 10 “ 16 were essentially 
inversely proportional to ATOL. (The same behavior was observed with ATOL = 
KT 10 .) For ATOL = 10 “ 19 some of the sensitivities with respect to A], A 2 , andA 4 
were large enough for the error control to become relative, and the errors did not 
scale with ATOL. When ATOL was set equal to zero, it was observed that all e(Ay) 
were significantly greater than unity, with e(A 5 ) > e(A 4 ) > e(A 3 ) > e(A 2 ) > e(A 1 )• Also 
e(Aj) and e(kj) were essentially equal to one another for all j. The {e(tf/,o)} 
were essentially unchanged from the values obtained with ATOL =10 . For 

EMAX = KT 4 , ATOLSP = 10 _ 6 ,andATOL=0.0all £(%), except for A 5 and k 5 , were 
significantly greater than those obtained with ATOLSP =10 13 . This fact and the 
fact that the average {Dy} were much less for the smaller ATOLSP indicate that the 
error control of Y does indeed determine the error control of the {Sj} . 

In summary, if local error control of the sensitivity solutions is to be performed, 
it must be purely (or mostly) relative. However, in order to avoid difficulty when 
Sy = 0.0 and in controlling errors in insignificantly small \(Sy)\, the error test must 
be applied only to species with \(Sjj)\ greater than a minimum value (say, 10 or 
10 -4 ) that would indicate an insignificant sensitivity. The results presented for the 
eCHy) and the £(£,) showed that the average global errors were very small (less than 
1 percent) despite the significantly large average local errors. Thus it is not clear that 
local error control, by means of equations (4.79), (4.81), and (4.24), for the 
sensitivities is either meaningful or necessary. Note also that when the local error 
test fails, ODESSA first recomputes the kinetics solution with a reduced step size 
and/or method order before generating new sensitivities. The improvement in the 
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4.6 Test Problems 

sensitivity coefficients may arise simply because of the more accurate Y. The same 
result can be accomplished by simply reducing EMAX and ATOLSP. However the 
improvement is obtained, the only way to judge the accuracy of the results is by 
comparing them with solutions generated using reduced EMAX and ATOLSP. 
Alternatively solutions can be produced with progressively smaller EMAX (and 
ATOLSP) until they show little or no change with a further decrease. Both methods 
require several solutions of the sensitivity coefficients. Not performing the local 
error test on the sensitivities reduces the computational work. It also reduces the 
complexity of the code. Finally, in any case, the implementation of the DDM in 
CHEMDDM, and hence LSENS, did produce sufficiently accurate results. 

4.6.3 Oxidation of Methane 

The fifth test problem was studied by Boni and Penner (ref. 106) with a global 
method, the Fourier amplitude sensitivity test (FAST), and then by Dougherty et al. 
(ref. 90) with the coupled version of the DM and the GFM. The problem describes 
the kinetics of a CH4-02-Ar system at a temperature of 2000 K. The reaction 
mechanism consists of 22 reversible reactions among 14 species (13 reacting 
species and the inert species Ar) and is given in table 4.34, along with the rate 
constants at 2000 K. Boni and Penner (ref. 106) write reaction 19 as two reactions 

H + OH + Ar^ H 2 Q + Ar (4.89) 


and 


H + OH + H 2 0 * H 2 0 + H 2 0 (4.90) 

The mechanism given in their paper therefore consists of 23 reversible reactions. 
The initial concentrations (in moles per cubic centimeter) were [CH4] 
= 3.761X10 -6 , [0 2 ] = 7.52 lx 10 -6 , [H 2 ] = [C0 2 ] = 1.660xl0 -24 , and [Ar] 
= 2.972x1 0 -5 ; all other species had zero initial concentration. The variation of 
species molar concentrations with reaction time is shown in figure 4.6. Comparing 
these concentration profiles with figures 1 and 2 in reference 106 verified that 
LSENS reproduced their results. 

Boni and Penner (ref. 106) tabulate sensitivity coefficients with respect to the rate 
constants at t= 2.5x1 0 -5 s, when the concentrations of the species CH3, CH2O, and 
HCO attain their maximum values (see fig. 4.6). This reaction time corresponds to 
conditions immediately preceding ignition (ref. 90). 

Sensitivity coefficients with respect to the rate constants were generated with 
LSENS at one print station, t = 2.5x1 0 -5 s, using the local error tolerances EMAX 
= 10“ 3 , after Dougherty et al. (ref. 90), and ATOLSP = 10 -12 to ensure relative error 
control for species with mole fraction > 0. 1 ppm. Because the forward and reverse 
rate constants were both specified, the mechanism was actually written as 44 
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TABLE 4.34.— REACTION MECHANISM FOR TEST PROBLEM 5* 


Reaction 

number, 

j 

Reaction 

Forward rate 
constant, 
k P 

J 

Reverse rate 

constant, 

k b 
-j 

1 

CH 4 + M CHj + H + M 

4.337(7) 

1.106(17) 

2 

ch 4 + oh**ch 3 + h 2 o 

2.590(13) 

1.048(11) 

3 

ch 4 + h-*ch 3 + h 2 

1.988(13) 

8.071(11) 

4 

CH 4 + O CH 3 + OH 

2.168(12) 

6.625(10) 

5 

ch 3 + o**ch 2 o + h 

1.000(14) 

5.300(7) 

6 

CH 3 + 0 2 CH 2 0 + OH 

2.000(10) 

4.337(4) 

7 

CH 2 0 + O HCO + OH 

1.584(13) 

9.035(9) 

8 

CH 2 0 + OH ■<- HCO + H 2 0 

1.108(14) 

8.553(9) 

9 

CH 2 0 + H **■ HCO + H 2 

5.240(12) 

4.216(9) 

10 

CH 2 0 + M ** HCO + H + M 

3.843(8) 

1.959(16) 

11 

HCO + O CO + OH 

1.000(14) 

1.144(5) 

12 

HCO + OH ** CO + H 2 0 

1.000(14) 

1.265(4) 

13 

HCO + H »*■ CO + H 2 

2.000(14) 

2.771(5) 

14 

HCO + M CO + H + M 

4.216(10) 

3.628(12) 

15 

CO + OH ^ C0 2 + H 

5.360(11) 

2.289(11) 

16 

h 2 + oh**h + h 2 o 

1.807(13) 

1.807(12) 

17 

H 2 + 0>*H + OH 

7.228(12) 

6.625(12) 

18 

H + 0 2 ** O + OH 

3.216(12) 

1.385(13) 

c 19 

H + OH + M H 2 0 + M 

2.104(15) 

3.096(3) 

20 

H + H0 2 OH + OH 

1.554(14) 

6.023(8) 

21 

H + 0 2 + M ->* H0 2 + M 

1.930(15) 

2.168(10) 

22 

OH + OH **■ H 2 0 + O 

9.456(12) 

1.205(12) 


a From reference 106. 

^Units are moles, centimeters, and seconds and the temperature is 
2000 K. Numbers in parentheses denote powers of 10. 
c Third-body collisional efficiency for H 2 0 = 16.7. 


132 




S-OI. 


O CM CM X 

OOXO 

I O 


//// 

/ / 


/ / 


'// / 

/ / 


// / 

* / • 

/ / 
i •* 

/ / 


/ / 
/ / 

CM 

o / 

f / 

/ / 

x/ 

/ 

/ / 

/ 

/ 

/ / 

/ 

* 

■ / 

/ 

* 

/ 

/ 

/ / 


/ 


X 

/ O 

x 

o o y 

TT CO CM O 

X X X o 
O O O x 


J J ^ 

- , i 


giuo/S0|ouj ‘uo!;Bj;ueouoo jb|0^ 




TABLE 4.35.— REACTION IMPORTANCE LISTS AND NORMALIZED SENSITIVITY COEFFICIENTS 
AT t = 2.5xl0" 5 s FOR TEST PROBLEM 5 
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0.333 0.259 0.186 0.169 - 0.150 0.148 
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4.6 Test Problems 

irreversible reactions. However, the two rate constants were assumed to be related 
to one other through the concentration equilibrium constant. Therefore the 
procedure described for test problem 2 was used to compute the sensitivity 
coefficients with respect to the forward rate constants. That is, normalized 
sensitivities with respect to the 44 rate constants were first generated. The solutions 
for each forward and reverse rate constant were then combined by using equa- 
tion (4.69). 

Table 4.35 lists reaction numbers in order of decreasing importance, that is, 
decreasing normalized sensitivity coefficients, at t - 2.5xl0 -5 s for all reacting 
species. Also given are the normalized sensitivity coefficients produced by LSENS 
and the BFM, which used EMAX = 10 -12 and ATOLSP = 10 -21 . The reaction 
importance lists given in reference 106 for the FAST and reference 90 for the GFM 
and coupled version ofDM are reproduced in table 4.35. The { (Sy ) } are not reported 
by Dougherty et al. (ref. 90). The FAST results are not included in table 4.35 because 
they represent average effects of all uncertainties and are therefore different from 
the coefficients produced by local methods. For each species i either all reactions 
for which |(5 / y)| >0.1 or the same number of reactions as in Boni and Penner 
(ref. 106) have been included. 

Table 4.35 shows that for all species the agreement between LSENS and the BFM 
was excellent for both order of importance and sensitivity coefficients. All methods 
showed that the five most important reactions at t- 2.5xl0 -5 s were 1 , 6, 10, 14, and 
18. Other important reactions were 2, 3, 5, 8, and 13, in agreement with Dougherty 
et al. (ref. 90). However, for several species the actual order of the reaction 
importance lists produced by the DM and GFM were different from the BFM results. 
In several cases the differences were significant. For example, for CH3 the DM 
predicted reaction 1 8 to be the fifth most important reaction, whereas the BFM (and 
LSENS) showed it to be only 17th most important, with (dcTa^^ls) = -0-012. 
Similarly reaction 8 for HCO was ranked 6th by the GFM but only 1 2th by the BFM 
(and LSENS), with (dc HC ^h) = 0.046. Because the {<$/>} are not given in 
reference 90, more detailed accuracy comparisons of the DDM with the DM and 
GFM could not be made. 

In addition to the above inaccuracies in the DM solutions, Dougherty et al. (ref. 
90) experienced a number of numerical problems with this method. In particular, 
at long times near equilibrium they encountered overflow errors while computing 
sensitivities with respect to The computations with LSENS were therefore 
performed up to a reaction time (= 0.1 s) when the system had essentially 
equilibrated. Solutions were successfully generated with no numerical difficulty. 

To solve for the composition in the interval [0,2.5xl0“ 5 ] s, LSENS required 
92 steps, 123 functional evaluations, 21 Jacobian matrix evaluations, and 0.18 s. 
The computational cost for the composition and sensitivities with respect to all rate 
constants was 1.7 s. Dougherty et al. (ref. 90) report execution times of about 
2.8 min and 24 s, respectively, for the DM and GFM on an IBM 360/91 computer. 
They also estimated that the FAST would require approximately an hour of 
computing time. Aprevious version of LSENS (ref. 70) required 4.6 s on the NASA 
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4. Sensitivity Analysis 

Lewis Research Center’s IBM 370/3033 computer. Thus for this problem the DDM 
was both faster and more accurate than the DM and GFM. 


4.6.4 Oxidation of Formaldehyde 

Test problem 6 has also been studied extensively; so detailed comparisons of 
methods and codes are possible. This constant-temperature, constant-density 
problem describes the oxidation of formaldehyde in the presence of carbon 
monoxide. Dougherty et al. (ref. 90) examined the behavior of this system at a 
temperature of 952 K with the DM and GFM. They calculated sensitivity coeffi- 
cients with respect to the rate constants in the interval [0,5x1 0 -3 ] s and report the 
results at t = 5xl0 -3 s. This problem was subsequently studied by Dunker (ref. 21). 

The reaction mechanism and rate constants at 952 K are given in table 4.36. The 
initial concentrations (in moles per cubic centimeter) were [CH 2 O] = 1 . 124x10 , 
[0 2 ] = 2.109X10 -6 , [CO] = 4.699x1 0 -6 , and [N 2 ] = 4.832x1 0 -6 ; all other initial 
concentrations were zero. The variation of species mole fractions with reaction time 
is shown in figure 4.7. 

The reaction mechanism is only of moderate size, involving 25 irreversible 
reactions among 15 species (including the artificial H0 2 and H 2 0 2 wall species and 
the inert species N 2 ). Nonetheless Dougherty et al. (ref. 90) could not compute all 
sensitivities with the DM because of numerical problems (overflow errors) at 
t >10~ 3 s. No such difficulty was experienced by LSENS. For each reacting species 
(except the wall species) table 4.37 lists reaction numbers in order of decreasing 
importance and normalized sensitivity coefficients at t = 5x 1 0 2 s. For each species 
the reaction importance list includes only reactions for which \(Sjj)\ >0.1. Table 4.37 
does not contain CO, 0 2 , and CH 2 0 because all their normalized sensitivity 
coefficients were less than 0. 1 in magnitude. Dougherty et al. (ref. 90) arrived at the 
same conclusion for the DM and GFM results. The LSENS results were generated 
at the four output stations t = lO - ^, 10 -4 , 10 -2 , and 5x10 2 s, with the local error 
tolerances EMAX = 10 -6 and ATOLSP = 10 -8 , after Dunker (ref. 21). For reasons 
discussed later two sets of BFM results are presented in table 4.37. One was 
produced on the Cray-XM/P computer using EMAX= 10 -12 and ATOLSP = 10 21 
and the other on the Amdahl 5870 computer using the UTS operating system and 
tolerances EMAX = 10" 6 and ATOLSP = 10“ 8 . Finally, the GFM solutions of 
Dougherty et al. (ref. 90) are reproduced in table 4.37. (Reference 90 does not list 
the DM results, although the authors state that, with few exceptions, the DM and 
GFM results agreed reasonably well.) 

Table 4.37 shows that all methods predicted reactions 2, 3, 4, 9, 10, and 22 as 
being the most important at t = 5xl0 -2 s. The agreement between the LSENS and 
accurate BFM results (i.e., the calulations with EMAX = 10 * 2 and ATOLSP 
= 10 -21 ) was, in general, good. However, for H0 2 the reaction importance list 
obtained with LSENS showed that reactions 2 and 22 were the second and third most 
important reactions, whereas the accurate BFM results gave the opposite order. 
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TABLE 4.36.— REACTION MECHANISM 
FOR TEST PROBLEM 6 a 


Reaction 

number, 

j 

Reaction 

Rate 

constant, 

* b 

K j 

1 

HCO + 0 2 -> H0 2 + CO 

6.02(10) 

2 

H0 2 + CH 2 0 -> H 2 0 2 + HCO 

3.43(10) 

3 

H 2 0 2 + M OH + OH + M 

4.01(6) 

4 

OH + CH 2 0 -> H 2 0 + HCO 

9.64(13) 

5 

OH + H 2 0 2 -> H 2 0 + H0 2 

3.07(12) 

6 

H 2 0 2 -» H 2 0 2 (wall) 

1.05(2) 

7 

H0 2 -> H0 2 (wall) 

1.05(1) 

8 

ho 2 + ho 2 — > h 2 o 2 + o 2 

1.81(12) 

9 

OH + CO -» C0 2 + H 

1.99(11) 

10 

H0 2 + CO -» C0 2 + OH 

7.23(8) 

11 

H + CH 2 0 -> H 2 + HCO 

1.63(12) 

12 

H + 0 2 -> OH + O 

3.32(10) 

13 

H + 0 2 + M H0 2 + M 

3.63(15) 

14 

ho 2 + m->h + o 2 + m 

2.83(5) 

15 

O + H 2 — > OH + H 

1.82(11) 

16 

O + CH 2 0 OH + HCO 

6.02(13) 

17 

H + H 2 0 2 -> H0 2 + H 2 

7.83(11) 

18 

H + H 2 0 2 -> H 2 0 + OH 

3.55(12) 

19 

O + H 2 0 2 OH + H0 2 

6.02(10) 

20 

HCO -> H + CO 

4.60(-12) 

21 

OH + H 2 -» H 2 0 + H 

6.02(12) 

22 

CH 2 0 + 0 2 -> HCO + H0 2 

1.75(4) 

23 

H + H0 2 ^ OH + OH 

3.01(12) 

24 

H + H0 2 -> H 2 0 + 0 

3.01(13) 

25 

H + H0 2 — > H 2 + 0 2 

2.71(13) 


‘Trom reference 90. 

kUnits are moles, centimeters, and seconds and the 
temperature is 952 K. Numbers in parentheses denote 
powers of 10. 
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Figure 4.7. — Variation of species mole fractions with reaction time for test problem 6. 
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4. Sensitivity Analysis 

Similar remarks apply to reactions 8 and 12 for H 2 O 2 . The solutions with 
CHEMDDM also experienced these problems with HO 2 and H 2 O 2 , and the reaction 
importance lists were identical to those produced by LSENS. In order to examine 
if the inaccuracies in the DDM were caused by an insufficiently accurate kinetic 
solution, BFM results were generated on the Amdahl 5870 computer using the UTS 
operating system and the same error tolerances as for the sensitivity calculations. 
The agreement of the new BFM and LSENS results was much better: both 
calculations gave the same reaction importance lists for all species (table 4.37). 

The GFM did not exhibit the inaccuracies observed in the DDM results for HO 2 
and H 2 O 2 , but reaction 6 was predicted to be more important for H 2 O 2 than the BFM 
indicated (see table 4.37). In fact, reaction importance lists that were different from 
the BFM lists were produced by the GFM for several species. In addition, several 
sensitivity coefficients were substantially inaccurate. For example, the GFM 
predicted reaction 1 to be the sixth most important reaction for OH and (SaoH^i) 
= 0.39. In contrast, the BFM ranked this reaction as the 1 1th most important with 
(3a OH /3^i> = 0.0759. More significantly the GFM results for several important 
sensitivities had the wrong sign, as for example, (dao/dk^. 

Dunker (ref. 21) solved this test problem with the DDM and GFM/AIM and gives 
normalized sensitivity coefficients of magnitude > 0. 10 for the species O and HO 2 
at t = 5xl0 -3 s. His results are reproduced in tables 4.38 and 4.39, together with the 
solutions obtained with the BFM, LSENS, and CHEMDDM. The tables also list the 
GFM results of Dougherty et al. (ref. 90). 

The agreement between LSENS and both CHEMDDM and Dunker’s (ref. 21) 
results was, in general, excellent. All three calculations were in close agreement 
with the BFM. The GFM was, in contrast, significantly incorrect, with several 
sensitivity coefficients having the wrong sign, as already observed. The GFM/AIM 
was much more accurate, and essentially agreed with the DDM. However, the 
GFM/AIM was found to be unstable to variations in the local error tolerances 
required for the sensitivity calculations, and the results were affected by the choice 
of print stations, indicating difficulties in selecting step lengths during the calculation 
of the Green’s function matrix (ref. 21). 

Tables 4.38 and 4.39 show that for some reactions the agreement of CHEMDDM 
with the BFM was slightly better than that of LSEN S with the BFM. However, more 
significantly, both codes produced the wrong reaction importance list for H0 2 (and 
H 2 O 2 , as previously observed). This inaccuracy in the HO 2 results was exhibited 
by the GFM/AIM also (see table 4.39). Now the GFM/AIM computes the 
sensitivity coefficients after the kinetics solution is generated for the entire integration 
interval. The method also uses local error tolerances to test the accuracy of the 
Green’s function matrix. The results given in tables 4.38 and 4.39 were generated 
with very small values for these tolerances (ref. 21). Nevertheless the method 
incurred the error described previously. Therefore it would appear that EMAX = 
1CT 6 and ATOLSP = 10 -8 did not produce a sufficiently accurate kinetics solution: 
ATOLSP was much larger than that required to ensure relative error control, the 
importance of which is discussed in chapter 3 and reference 19. Equations (3.31) 
and (3.37) show that the requirement for relative error control for c, is a,EMAX » 
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TABLE 4.38.— NORMALIZED SENSITIVITY COEFFICIENTS OF SPECIES O 
AT t = 5xl(T 3 s FOR TEST PROBLEM 6 


Reaction 

Normalized sensitivities (3a 0 /dkp at / = 5x10 3 s 

J 

BFM* 

LSENS 

CHEMDDM 

DDM b 

GFM/AIM b 

GFM C 

9 

1.156 

1.159 

1.158 

1.158 

1.150 

4.68 

4 

-1.156 

-1.158 

-1.157 

-1.157 

-1.145 

4.78 

10 

1.031 

1.031 

1.032 

1.031 

1.017 

4.02 

16 

- 1.000 

- 1.000 

- 1.000 

- 1.000 

-0.996 

-1.31 

12 

0.979 

0.981 

0.980 

0.980 

0.978 

0.63 i 

3 

0.834 

0.860 

0.842 

0.843 

0.844 

1.38 

2 

0.826 

0.853 

0.835 

0.836 

0.831 

<0.10 

22 

0.742 

0.730 

0.737 

0.737 

0.726 

0.83 

11 

-0.659 

-0.660 

-0.660 

-0.660 

-0.655 

-2.67 

13 

-0.327 

-0.327 

-0.327 

-0.327 

-0.325 

-1.32 

8 

-0.296 

-0.311 

-0.301 

-0.300 

-0.302 

-0.33 


Generated on the Cray-XM/P computer with the local error tolerances 
EMAX = 10" 12 and ATOLSP = 1(T 21 . 

^rom reference 21. 
c From reference 90. 


TABLE 4.39.— NORMALIZED SENSITIVITY COEFFICIENTS OF SPECIES H0 2 
AT t = 5xlO' 3 s FOR TEST PROBLEM 6 


Reaction 

number, 

j 

Normalized sensitivities (3o 

m Qkj> at t = 5x10 3 

s 

BFM a 

LSENS 

CHEMDDM 

DDM* 5 

GFM/AIM b 

GFM C 

3 

0.699 

0.722 


0.707 


0.73 

22 

0.686 

0.676 


0.682 

0.693 

0.71 

2 

0.682 

0.705 

0.689 

0.690 

0.709 

0.65 

8 

-0.306 


-0.310 

-0.309 

-0.320 

0.33 

9 

0.210 

0.213 

0.211 

0.211 

0.217 

0.21 

4 

-0.209 

-0.212 

-0.210 

-0.210 

-0.217 

0.21 

12 

0.189 

0.192 

0.189 

0.190 

0.195 

0.19 

10 

0.164 

0.166 

0.165 

0.165 

0.170 

0.16 

11 

-0.121 

-0.123 

-0.122 

-0.122 

-0.125 

-0.12 


Generated on the Cray-XM/P computer with the local error tolerances 
EMAX = 10" 12 and ATOLSP = 10" 21 . 

'’From reference 21. 

‘Trom reference 90. 
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4. Sensitivity Analysis 

ATOLSP. For EMAX = 10 -6 and ATOLSP = 10“ 8 this requirement means that a,- 
has to be much greater than 0.01 to achieve relative error control for species i. This 
Gj corresponds to a mole fraction jq of approximately 0.3. Examination of the BFM 
solutions at the four print stations showed that only CO (jcco ~ 0.40), 
O 2 (x o 2 ~ 0.18), and N 2 (jcn 2 -0.41) had mole fractions greater than 0.1. 

To confirm that ATOLSP was indeed too large, the runs with LSENS and 
CHEMDDM were repeated with the local error tolerances EMAX = 10“ 3 and 
ATOLSP = 10“ 12 . The new solutions and the accurate BFM results are given in 
table 4.40. Note the excellent agreement among LSENS, CHEMDDM, and the 
BFM. Note also the significant improvements over the results given in table 4.37, 
despite using a much larger EMAX. 

The above observations support the arguments made earlier that the error control 
in the solution of the sensitivity equations is determined by the error control in the 
solution of the kinetics equations and that inaccuracies in the sensitivity coefficients 
result from insufficiently accurate composition calculations. Further confirmation 
of these hypotheses was provided by the GFM/AIM results, which produced an 
inaccurate reaction importance list despite independent error control of the Green’s 
function matrix and use of very small tolerances for this calculation. Thus the need 
for local truncation error test and control during the sensitivity computations 
remains in doubt. 

For the four output stations t - 10 -6 , 10 -4 , 10 -3 , and 5xl0 -3 s and local error 
tolerances EMAX = KT 6 and ATOLSP = 10“ 8 , LSENS required 13 steps, 15 
derivative evaluations, and 4 Jacobian matrix evaluations and LU-decompositions. 
In contrast, CHEMDDM required 20 steps, 27 derivative evaluations, and 6 
Jacobian matrix evaluations and LU-decompositions. To solve for the composition 
and sensitivity coefficients of all species with respect to all 15 initial concentrations 
and all 25 rate constants, LSENS required 0.22 s, whereas CHEMDDM required 
0.57 s. For the same four output stations and local error tolerances Dunker (ref. 21) 
reports execution times of 1.25 and 8.28 s, respectively, for the DDM and the 
GFM/AIM on an IBM 370 computer. On the NASA Lewis Research Center’s IBM 
370/3033 computer the cost of CHEMMDM and a previous version of LSENS 
(ref. 70) were 1.54 and 0.6 s, respectively. Dougherty et al. (ref. 90) give an 
execution time of about 15s per parameter for the coupled version of the DM on an 
IBM 360/91 computer. Depending on how the integrals that give the Green’s 
function matrix were evaluated, the GFM was about a factor of 2 or 5 faster than the 
DM (ref. 90). Thus LSENS was more efficient than the other methods and codes 
examined. For this problem LSENS was faster than CHEMDDM and the GFM/ 
AIM by factors of 2.6 and 17, respectively. 

For the local error tolerances EMAX = 10 -3 and ATOLSP = 10“ 12 , LSENS 
required 34 steps, 43 derivative evaluations, 10 Jacobian matrix evaluations, and 
0.39 s to solve for the composition and sensitivities with respect to the 25 rate 
constants. The computational cost of CHEMDDM was 46 steps, 55 derivative 
evaluations, 12 Jacobian matrix evaluations, and 1.1 s of CPU time. These runs were 
more expensive than the ones with EMAX = 10 -6 and ATOLSP = 10“ 8 because of 
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4.6 Test Problems 

the smaller ATOLSP, further confirming the dependence, discussed in chapter 3, of 
the computational work on ATOLSP. 

Efficiency differences among the methods and codes were further explored as 
follows: After Dunker (ref. 21), execution times were measured for computing 
(1) the concentrations alone (x conc ), (2) the concentrations and all initial condition 
sensitivities (x lc ), (3) the concentrations and all rate constant sensitivities (x rc ), and 
(4) the concentrations, all initial condition sensitivities, and all rate constant 
sensitivities (Xaii). The execution times required by LSENS and CHEMDDM for 
the four calculations are given in table 4.41 for test problems 4 and 6. For both 
problems the computational costs were measured with EMAX = KT 6 and 
ATOLSP = 10 -8 to be consistent with Dunker (ref.21), who used these error 
tolerances in his work with the DDM and GFM/AIM. The execution times reported 
by this author are also listed in table 4.4 1 . Finally to facilitate efficiency comparisons, 
the costs incurred on the NASALewis Research Center’s IBM 370/3033 computer 
by CHEMDDM and an earlier version of LSENS (ref. 70) are included in this table. 

Table 4.41 shows that all execution times were much smaller for LSENS. More 
specifically, for problem 6 Xau was smaller for LSENS than for CHEMDDM by a 
factor of about 2.6 and CHEMDDM was more efficient than the GFM/AIM by a 
factor of about 6.7. Hence LSENS was more efficient than the GFM/AIM by a factor 
of about 17. One important difference between LSENS and CHEMDDM deserves 
mention. LSENS can be used to generate any number of sensitivity coefficients 
from just one initial condition or one rate coefficient parameter to the full set of all 
initial conditions and all rate coefficient parameters. CHEMDDM does not have 
this feature, and all initial concentration sensitivities and/or all rate constant 
sensitivities are computed. This difference can result in even smaller execution 
times for LSENS if not all sensitivity coefficients are required. For example, for test 
problem 4 LSENS required only about 0.085 s to generate one initial concentration 
sensitivity instead of the 0. 15 s for all initial concentration sensitivities. For one rate 
constant sensitivity the CPU time was about 0.086 s. Thus each additional 
sensitivity costs less than 0.014 s. The BFM requires at least one additional 
calculation of the concentrations for each sensitivity coefficient. Table 4.41 shows 
the cost to be about 0.038 s, which is significantly more. (Of course, as discussed 
previously, if accurate BFMxesults are desired, the concentration profiles have to 
be produced with significantly smaller error tolerances. Therefore the BFM cost 
would be much larger than the estimate given here.) 

As discussed in section 4.3 much of the computational work required by the DDM 
is associated with calculating the first sensitivity coefficient because it requires 
evaluation and LU-decomposition of the matrix P. Subsequent sensitivity coefficient 
computations cost much less. Similarly calculating the Green’s function matrix, 
which is related to the initial condition sensitivities, takes up much of the 
computational work required by the GFM and GFM/AIM (refs. 20, 21, and 89 to 
91). The rate constant sensitivities require much less work. A useful measure for 
comparing efficiencies of the DDM and GFM/AIM is therefore the difference 
Tail - x /c , the additional time needed to calculate the rate constant sensitivities 
(ref. 21). 
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TABLE 4.40— REACTION IMPORTANCE LISTS AND NORMALIZED SENSITIVITY COEFFICIENTS 

AT t = 5xl0 -3 s FOR TEST PROBLEM 6 

[LSENS and CHEMDDM solutions generated with EMAX = 10 -3 and ATOLSP = 10' 12 .] 
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BFM 6 1.12 0.829 0.487 0.463 0.251 -0.250 -0.167 0.153 -0.0997 

LSENS 1.12 0.829 0.486 0.462 0.250 -0.250 -0.167 0.153 -0.0995 

CHEMDDM 1.12 0.829 0.486 0.462 0.250 -0.250 -0.167 0.153 -0.0995 



149 































4. Sensitivity Analysis 


TABLE 4.41.— EXECUTION TIMES FOR TEST PROBLEMS 4 AND 6 


Test 

problem 

Method/code 

Execution time, s 

Concentrations 

alone 

Initial condition 
sensitivities 3 

Rate constant 
sensitivities 3 

Initial condition 
and rate constant 
sensitivities 3 

4 

LSENS b 


0.15 

0.14 



CHEMDDM 6 

0.088 

0.37 




LSENS c,d 

0.13 

0.44 

0.41 

0.62 


CHEMDDM 0 

0.26 

1.01 

1.02 

1.38 


DDM e 

0.21 

0.90 

(0 

1.25 


GFM/AIM* 

0.21 

1.10 

(0 

1.55 

6 

LSENS 6 

■ 

0.11 

■■ 

0.22 


CHEMDDM 6 

1 

0.38 


0.57 


LSENS c,d 

H 

0.32 

0.42 

0.60 


CHEMDDM* 

0.24 

1.05 

1.27 

1.54 


DDM e 

0.18 

0.82 

(o 

1.25 


GFM/AIM e 

0.18 

4.18 

(0 

8.28 


includes execution time for concentrations. 

Execution times on the Amdahl 5870 computer using the UTS operating system. 
Execution times on the IBM 370/3033 computer. 

Execution times for a previous version of LSENS (ref. 70). 

‘Trom reference 21: execution times on an IBM 370 computer. 
f Not given. 


Table 4.41 shows that by this measure also the decoupled direct method is more 
efficient than the GFM/AIM and LSENS is the most efficient code. For both 
problems T a u - T; c was smaller for LSENS than for CHEMDDM by a factor of about 
2. For problem 6 T a p - X/ c was smaller for CHEMDDM than for the GFM/AIM by 
a factor of 9.5. Hence it was smaller for LSENS than for the GFM/AIM by a factor 
of almost 17. In addition, if only rate constant sensitivities are required, the 
decoupled direct method is even more efficient than the GFM and GFM/AIM 
because it does not then have to calculate the initial condition sensitivities and its 
execution time is only \ rc . The GFM and GFM/AIM, however, still require 
approximately x a n because they must compute the Green’s function matrix before 
they can calculate the rate constant sensitivities. 

Efficiency comparisons of local sensitivity analysis methods have also been 
made by Kramer et al. (ref. 81), who studied the dependence of the execution time 
on the number of sensitivity parameters. They present the execution times required 
by the BFM, GFM, GFM/AIM, and decoupled version of DM for a constant- 
density, constant-temperature problem describing the oxidation of CO in the 
presence of H 2 O. These results were adapted by Leis and Kramer (ref. 100), who 
solved the problem with their code ODESSA (ref. 101), described in section 4.6.2. 
To provide a convenient measure for comparing efficiency, Leis and Kramer 
(ref. 100) express the computational cost in terms of the execution time required for 
the kinetics-only calculation. This execution time is termed “simulation time equiv- 
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4.6 Test Problems 

alent” (STE), and all computational costs are given in units of STE’s. Leis and 
Kramer’s (ref. 100) results are reproduced in figure 4.8, which gives the variation of 
relative execution time with number of rate constants. The integration interval is not 
given in reference 100 but was presumably the same as in reference 81: [0,0.1] s. 

The different methods included in figure 4.8 use different error control strategies. 
To ensure that efficiency comparisons were made for comparably accurate solutions, 
the local error tolerances for each method were selected such that an average error 
of about 2 percent in normalized sensitivity coefficients {(3F//3£ 7 )} withmagnitude 
greater than 10 -3 was incurred at t = 0. 1 s (ref. 100). 

Sensitivity coefficients with respect to different numbers of rate constants were 
generated with LSENS at the one print station, t = 0.1 s, using the same reaction 
mechanism as used by Leis and Kramer (ref. 100). The mechanism consisted of 52 
irreversible reactions among 1 1 reacting species and the inert species N 2 . The initial 
temperature and pressure were 1 100 K and 1 atm, respectively, and the initial mole 
fractions were x C o = 0.002, *h 2 0 = 0.01 , x^ = 0.028, and jc N 2 = 0.96. The relative 
execution times required by LSENS on the NASA Lewis Research Center’s 
VAX 6320 computer (using VAX G_floating data type) are shown in figure 4.8. This 
study used the local error tolerances EMAX= 10 _3 andATOLSP= 10 -12 , for which 
an average global errorof0.69 percent in {(dYi/dkj)} was obtained at t= 0.1 s. Errors 
were measured only for species i and rate constants kj for which > 1 0~ 3 , where 

S*p the approximation to dyfokj, was generated with EMAX = 10 _1) and ATOLSP 



Figure 4.8. — Relative execution times for rate constant sens- 
itivities versus number of rate constants for problem des- 
cribing constant-density, constant-temperature oxidation 
of CO in presence of H 2 0 (adapted from ref. 100). 
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4. Sensitivity Analysis 

= 10" 19 . When the cutoff value of \(S*j)\ for measuring global error was decreased 
to 10 -6 , the average error in {(dYi/dkj)} atf=0.1 s was 1.3 percent. Thus the relative 
execution times reported for LSENS in figure 4.8 were for results that were more 
accurate than those produced by the other methods and codes. In this figure, 1 STE 
equals 0.28 s of CPU time on the VAX 6320 for LSENS and 22.6 s of CPU time on 
the VAX 11/750 for ODESSA (ref. 100). 

Figure 4.8 shows that by this measure of efficiency comparison also the DDM is 
the most efficient method and LSENS the most efficient code. For P (= number of 
sensitivity parameters) > 1 the relative execution time required by LSENS varies 
linearly with P, and the slope of this line is significantly smaller than that of the line 
that would connect the relative execution times for P = 0 and P = 1. These 
observations indicate that the computational cost of each rate constant after the first 
is the same, and that this cost is much less than that of the first rate constant. 

As discussed previously, if sensitivities with respect to only rate constants are 
needed, the GFM and GFM/AIM incur an overhead related to calculating the initial 
condition sensitivities, whereas the DDM does not, as is clear from figure 4.8. This 
overhead can be significant. For example, the execution time required by the GFM 
to construct the Green’s function matrix was more than twice that required by the 
DDM to calculate sensitivity coefficients with respect to all 52 rate constants 
(see fig. 4.8). 


4.6.5 Simple Nonisothermal Problem 

Test problem 7 describes a simple, nonisothermal problem for which the 
analytical solution is known. It involves a first-order irreversible reaction 




k x - A X T *exp 


r zEi 

v RT ; 


Aj = 1.0, n { = 1.0, = 0.0 


q — 1, Gcp Q — 0, Tq — 1000 K 


(4.91) 


In order to solve this problem analytically, the following simplifying assumptions 
were made: (1) constant-pressure, adiabatic reaction and (2) constant and equal 
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specific heats C p for species ^ and C P. The solution is 


4.6 Test Problems 


Oqj(/) = - 




C-Xo, 


(. —A.Ct ^ 

- 12,0 e J 


Oq )(0 — ^^0 ^< p ,0 “ 

T(t) = T 0 + x(o cll 0 -o qi (t)) 


( 4 . 92 ) 


where 

C = T 0 + Xo q}0 (4.93) 

and 

X = — j ^ r (4.94) 

c p( c q5,o +Ct P,o) 

where Q c is the heat of combustion, which dictates the temperature rise due to the 
reaction. The variations of species mole fractions and temperature with reaction 
time are shown in figure 4.9. The solution was generated with Q c = 5000 cal/mol 
and a p = 5 cal/mol-K, which together give a 1000 K temperature rise when reactant 
is completely converted to product 9. 

The solution to the model problem and sensitivity coefficients with respect to the 
initial conditions {Ojfl} and To and the three rate coefficient parameters A 1 , n\, and 
E\ were computed at the five output stations t = 10 -6 , 10 -5 , 10" 4 , 10 -3 , and 
10 -2 s. The analytical results for the composition and temperature are given in 
table 4.42, together with the numerical solutions generated with LSENS using the 
local error tolerances EMAX = KT 6 and ATOLSP= 10 -13 . The agreement between 
the analytical and numerical results was excellent at all levels of reactedness. 

Since publication of a preliminary version of LSENS, called GCKP86 (ref. 70), 
the first code that could be used for sensitivity analysis of nonisothermal combustion 
kinetics problems, Lutz et al. (ref. 102) developed the code SENKIN, which also 
works for such problems. The chemical kinetics and sensitivity analysis solutions 
are executed with the code DAS AC developed by Caracotsios and Stewart (ref. 99), 
who, in turn, modified the differential/algebraic system solver DASSL (ref. 107). 
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TABLE 4.42.— VARIATION OF CHEMICAL COMPOSITION AND TEMPERATURE 
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4. Sensitivity Analysis 

Both the chemical kinetics and sensitivity analysis ODE’s are solved by using the 
BDF method. 

SENKIN solves a variety of problem types, but it calculates sensitivities for the 
preexponential factors { Aj } only. That is, sensitivity coefficients with respect to the 
other two rate coefficient parameters or initial condition values cannot be computed. 
When the sensitivity analysis option is selected, sensitivity coefficients with respect 
to all (NR) reactions are generated; there is no provision to specify a subset of the 
reaction list. Another difference between LSENS and SENKIN concerns the 
number (N) of chemical kinetics ODE’s solved. The number of species ODE’s is 
equal to the number of reacting species (NRS) in LSENS, whereas it is equal to the 
total number of species (NS) in SENKIN. Also for a nonconstant-density problem 
LSENS includes a density ODE, whereas SENKIN does not. Thus, while the 
number of ODE’s solved by LSENS depends on the problem (and the sensitivity 
parameters), it is always equal to NS + 1 in SENKIN for a nonconstant-temperature 
problem. Finally SENKIN uses finite-difference approximations, generated within 
DASSL, for the elements { dfi/dyj] of the Jacobian matrix and the partial derivatives 
{dfi/dr\j}, whereas LSENS uses analytical expressions for these quantities. 

DASAC also uses the mutually dependent error control described for ODESSA 
(ref. 101) in section 4.6.2. However, unlike ODESSA, which performs the local 
error tests on the model problem and sensitivity coefficients separately, DASAC 
executes the two tests simultaneously. Thus at each step [t n -\,t n ] the solutions to the 
model problem and sensitivity ODE’s must satisfy the inequality 


1 

I N(NR + 1) I 


N 


i = 1 


d; 


i,n 


V EWT «>y 


\ 2 NR N 

+SS 

7 = 1 <=1 


Djj,n 

EWT //.n; 


\ 2 


<1 


(4.95) 


where the {d ltl } and {Dy„} are the local truncation errors in the model and 
sensitivity solutions, respectively, and the error weights EWT,-„ and EWTy >n are 
given by equations (3.31) and (4.80), except that SENKIN uses scalar RTOL 
(= EMAX), ATOL (= ATOLSP), RTOL(Sy) (= RTLS), and ATOL (Sy) (= ATLS). 

In order to compare the accuracy and efficiency of SENKIN and LSENS, the 
former code had to be modified. SENKIN produces the kinetics solution at the times 
t>to+iAl,i= 1,2,... in the interval [to, fend- where At and t end are both set by the 
user. Also the kinetics solution and unnormalized sensitivity coefficients are written 
in binary form after every successful integration step. The program was changed to 
produce output at the user-specified times fout,l-fout,2>— • Subprograms to measure 
computational work and normalize and print the sensitivity coefficients were also 
added. The required coding was taken from LSENS to ensure that both programs 
used the same procedures. Finally the user-set variable MAXSTP 
(= maximum number of integration steps allowed for the problem) was included. 

Solution to test problem 7 was attempted with SENKIN (version 1.8, dated 
December 1991) on the Amdahl 5870 computer using the UTS operating system, 
the Fujitsu 77 compiler (optimization level, 3), and double precision. However, 
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compilation errors prevented its use on this computer. Execution on the NASA 
Lewis Research Center’s VAX 9410 computer, using the VAX/VMS operating 
system (version 5.5-2), the VAX FORTRAN compiler (version 6. 1-6.8), double 
precision, and VAX G_floating arithmetic, was therefore attempted. No difficulty 
was encountered and the kinetics-only solution generated with EMAX = KT 6 and 
ATOLSP = 1(T 13 is given in table 4.42. The thermodynamic properties, species 
formation rates, and temporal derivatives of the dependent variables were computed 
with the chemical kinetics library CKLEB (version 3.9, dated April 1992) supplied 
with the chemical kinetics package CHEMKIN-II (ref. 108). The agreement 
between LSENS and SENKIN was excellent. (LSENS gave exactly the same 
results on both computers.) 

To solve for the composition and temperature, SENKIN required 23 1 steps, 438 
derivative evaluations, 43 Jacobian matrix evaluations, and 0.14 s of CPU time. 
(Here and in all subsequent computational costs reported for SENKIN the number 
of derivative evaluations does not include that required for either the numerical 
Jacobian or, when sensitivity analysis was performed, the numerical {dfj/dr\j}). In 
contrast, the computational cost of LSENS was 176 steps, 196 derivative evaluations, 
16 Jacobian matrix evaluations, and about 0.04 s of CPU time. In order to examine 
whether the difference in execution times was due to the different solvers (DASSL 
and LSODE) or the different calculation procedures for the Jacobian matrix used in 
SENKIN and LSENS, the kinetics-only calculation with LSENS was repeated with 
the method flag MF = 22, which tells LSODE to use the internally generated finite- 
difference approximations for the elements of the Jacobian matrix (see chapter 3). 
The computational cost was the same as with MF = 21 (i.e., analytical Jacobian). 
Thus LSODE is more efficient than DASSL. Because the execution times were 
quite small, the calculations were repeated on the NASA Lewis Research Center’s 
VAX 8800 computer, which is much slower than the VAX 9410 computer. The 
execution times for SENKIN, LSENS with MF = 21, and LSENS with 
MF = 22 were 0.77, 0.20, and 0.21 s, respectively. For this calculation LSENS was 
therefore faster than SENKIN by a factor of about 4. 

Normalized sensitivity coefficients with respect to the initial conditions are given 
in tables 4.43 to 4.45. The agreement between the analytical and numerical 
solutions was in general excellent. For very small and therefore unimportant 
normalized sensitivities, LSENS produced inaccurate values. The BFM also had 
difficulties with these sensitivities: for example, for EMAX = KT 6 and ATOLSP 
= 1(T 13 convergence could not be ascertained on the Amdahl 5870 computer using 
the UTS operating system. Thus the DDM was more accurate than the BFM. On 
the Cray-XM/P computer using double-precision arithmetic EMAX had to be 
reduced to 10“ 10 before the BFM results agreed with the exact solution to three 
significant figures. To achieve agreement to four significant figures required an 
EMAX value of 10 -1 1 . For this EMAX, LSENS also reproduced the exact results. 

The temperature did not display any sensitivity to a<R t o (table 4.43). The reason 
is that the initial mixture was composed of only the reactant. However, because of 
roundoff errors (dT/daq^)(dG^/da<^ y o) and (df/docp)(docp/doc$ y o) did not sum to 
zero at some time t > 0, producing a finite d/dt(dT/dac^ o). Hence LSENS produced 
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TABLE 4.43.— NORMALIZED SENSITIVITY COEFFICIENTS WITH 
RESPECT TO INITIAL CONDITION 0* 0 FOR TEST PROBLEM 7 


Time, 

s 

Normalized sensitivities with respect to Oqj 0 

(ao^/ao^o) 

(3a 9 /3o Q0 ) 

@7730^0) 

Exact 

LSENS 

Exact 

LSENS 

Exact 

LSENS 

ict 6 

1.000 

1.000 

1.000 

1.000 

0.0 

-4.512xl0~ 20 

10" 5 

1.000 

1.000 

1.000 

1.000 

0.0 

-3.083xl0 -16 

10- 4 

1.000 

1.000 

1.000 

1.000 

0.0 

1.663xlO _u 

10' 3 

1.000 

1.000 

1.000 

1.000 

0.0 

-4.740xl0' 8 

1(T 2 

1.000 

1.000 

1.000 

1.000 

0.0 

2.120xl0“ 7 


TABLE 4.44.— NORMALIZED SENSITIVITY COEFFICIENTS WITH RESPECT TO 
INITIAL CONDITION Og, 0 FOR TEST PROBLEM 7 


Time, 

s 

Normalized sensitivities with respect to 

(do^/acr, o) 


(dT/da^f) 

Exact 

LSENS 

Exact 

LSENS 

Exact 

LSENS 

10" 6 

5.002(-ll) 

8.842(-l 1) 

1.000(-1) 

1.000(-1) 

-9.995(-8) 

-9.999(-8) 

10~ 5 

5.01 6(-9) 

5.101(-9) 

1.000(-2) 

1.000(-2) 

-9.950(-7) 

-9.951 (-7) 

lO -4 

5. 149(— 7) 

5.150(-7) 

9.987(-4) 

9.987(-4) 

-9.485(-6) 

-9.485(-6) 

10' 3 

5.000(-5) 

5.000(-5) 

1 .157( — 4) 

1 .157( — 4) 

-5.000(-5) 

-5.000(-5) 

10~ 2 

9.500(-4) 

9.499(-4) 

1.000(-4) 

1.000(-4) 

-5.000(-5) 

-5.000(-5) 


a Numbers in parentheses are powers of 10. 


TABLE 4.45.— NORMALIZED SENSITIVITY COEFFICIENTS WITH RESPECT TO INITIAL 
CONDITION T 0 FOR TEST PROBLEM 7 


Time, 

Normalized sensitivities with respect to T 0 

s 

(30qj/37o) 

(da v /dT 0 ) 

(dTIdT o) 


Exact 

LSENS 

Exact 

LSENS 

Exact 

LSENS 

m 

-l.OOOxlO" 3 

■BB 

0.9995 

0.9991 

1.000 

1.000 


-1.005xl(T 2 

IBB 

0.9950 

0.9949 

1.000 


Ki| 

-0.1048 

SBl 

0.9468 

wmm 

1 


Bm 

-1.262 


0.3949 

■ 



■a 

-10.50 

WBEM 

4.328xl0 -8 


0.5000 

0.5000 
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4.6 Test Problems 

a nonzero dT/doc$ y0 . The values given in table 4.43 show that {|(^)|} less than 
10 -6 can be discarded as unimportant. Again the BFM could not reproduce zero 
sensitivities with respect to initial mole numbers. Indeed, no two EMAX values 
(between 10" 2 and 10“ 15 ) produced the same (dT/do^ 0 ) at any output station. 
Adding some product to the initial mixture should, however, produce a nonzero 
(dT/da^ o)* To verify that the DDM produces the correct (dT/da^o), the calculation 
was repeated with Oq^o = 0.9, Oq> y0 = 0.1, and Q c =7500 cal/mol. The analytical and 
LSENS results for (dT/do^o) and (df/do^o) are given in table 4.46. The agree- 
ment between the two calculations was excellent for both quantities. 

The chemical reaction, equation (4.91), is irreversible and therefore the reaction 
rate is independent of Oq>. Nonetheless the sensitivity coefficients of G<$ with respect 
to Ocp o were nonzero (see table 4.44). The reason is that increasing Ocpo causes a 
decrease in the temperature, which, in turn, results in a slower reaction rate. Thus 
Gcp o has an indirect effect on Oc$ through T, and (doc^/doc p () was greater than 0. 

The analytical and computed sensitivity coefficients with respect to the rate 
coefficient parameter A\ are given in table 4.47. The solution with SENKIN was 
obtained with default values for the local tolerances RTLS (= 10~ 5 ) and ATLS 
(= 10 -5 ). For these sensitivity tolerances EMAX had to be reduced to KT 6 
(ATOLSP = 10 _7 EMAX) to achieve agreement to four significant figures with the 
exact solution for the larger sensitivities. The same was true of the LSENS results. 
Table 4.47 shows that the agreement among the LSENS, SENKIN, and analytical 
results was in general excellent. The computational cost of SENKIN was 215 steps, 
618 derivative evaluations, 216 Jacobian matrix evaluations, 0.29 s on the VAX 
9410, and 1 .7 s on the VAX 8800. LSENS required about 0.07 and 0.40 s on the two 
computers and was therefore faster than SENKIN by a factor of about 4. 


TABLE 4.46.— NORMALIZED SENSITIVITY 
COEFFICIENTS OF TEMPERATURE AND ITS 
TEMPORAL DERIVATIVE WITH RESPECT 
TO INITIAL CONDITION 0 FOR 
TEST PROBLEM 7 WITH MODIFIED 
INITIAL CONDITIONS AND HEAT 
OF COMBUSTION 


Time, 

s 

Normalized sensitivity coefficients of T and f 
with respect to 0 a 


(3770Oqj q) 



Exact 

LSENS 

Exact 

LSENS 

10" 6 

1.349(-4) 

1.349(-4) 

1.001(-1) 

1.001(-1) 

10" 5 

1.343(-3) 

1.343(-3) 

1.013(— 1) 

1.013(-1) 

10^ 

1.279(-2) 

1.279(-2) 

1.12K-1) 

1.121(-1) 

10" 3 

6.144(-2) 

6.144(-2) 

8.788(-2) 

8.788(-2) 

10" 2 

5.745(-2) 

5.745(-2) 

-1.135 

-1.135 


a Numbers in parentheses are powers of 10. 
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4.6 Test Problems 

Table 4.47 shows that at t = 10” 2 s the normalized sensitivities and 

(dT/dA\) computed by SENKIN were somewhat inaccurate. LSENS, on the other 
hand, essentially reproduced the exact solutions. Of course, these sensitivities are 
very small in magnitude and therefore unimportant. Nevertheless, the results 
provide an opportunity to explore the effects of RTLS and ATLS on solution 
accuracy and computational cost and to acquire an understanding of the relationship 
between these tolerances and the error tolerances for the kinetics solution. Such 
experimentation may help identify the optimal combination of error tolerances for 
the two calculations. In any case, it is fairly inexpensive and not very time 
consuming because of the (small) size of the problem. 

Now SENKIN required fewer integration steps for the sensitivity analysis 
computation than for the kinetics-only calculation. The number of failed steps due 
to local truncation error test failure was also less. Therefore smaller weighted errors 
were incurred by the sensitivity coefficients than by the dependent variables for the 
model problem. This result may of course be due to the smaller error tolerances 
specified for the kinetics solution than for the sensitivity coefficients. This 
hypothesis was verified by repeating the sensitivity calculation with RTLS = 
EMAX(= 10 -6 ) and ATLS =ATOLSP(= 1(T 13 ). The computational cost increased 
to 287 steps, 822 derivative evaluations, 287 Jacobian matrix evaluations, and 
2.3 s of CPU time on the VAX 8800 computer, but the accuracy was worse: 
(<kfcp/3Ai) = 8.1 32x1 0 -8 and <3773/1 ,) = 4.718xl0“ 8 at t = 1(T 2 s. Because 

i o 

ATLS = 10 was not small enough to guarantee relative error control for these 
sensitivity coefficients, it was decreased to 10“ 15 . The computational cost was 
essentially the same as with ATLS = 10 -13 , but the accuracy improvement was mixed: 
<3cV^i> = 8.376X10 -8 and <1 dT/dA 2 > = 3.954xl0" 8 at t = 10“ 2 s. When RTLS and 
ATLS were both increased to 10 -2 , the computational cost was 220 steps, 654 
functional evaluations, 226 Jacobian matrix evaluations, 1.8 s of CPU time on the 
VAX 8800 computer, and (docp/dA i) = 8.153xlO -8 and ( dT/dA\ ) = 3.884xl0“ 8 at 
t = 10“ 2 s. Surprisingly, this run was marginally more expensive than the one with RTLS = 
10“ 5 and AILS = 10 -5 but not as accurate. It was, however, more accurate than 
the RTLS = 10 -6 and ATLS = 10 -13 run and about as accurate as that with 
RTLS = 10" 6 and AILS = 10 -15 , despite using much larger tolerances. Therefore the 
selection procedure for the optimal values of RTLS and ATLS is not clear. 

The effects of all error tolerances on solution accuracy and computational cost 
were further examined as follows: (To minimize execution time, all calculations 
were performed on the VAX 9410 computer.) RTLS was varied from 10 -2 to 
10 -12 , with ATLS = 10 _9 RTLS. For each RTLS, starting with a value of 
10 -2 , EMAX was progressively decreased, with ATOLSP = 10 _7 EMAX, until the 
larger normalized sensitivity coefficients agreed with the exact solutions to four 
significant figures. The computational work required for each such combination of 
RTLS and EMAX is given in table 4.48, together with the error tolerances and the 
computed solutions for (3a<p/3Ai) and (dT/dA\) at / = 10 “ 2 s. In this table NEF is 
the number of steps on which the local error test failed (and so had to be repeated). 
Several conclusions are apparent from table 4.48. Decreasing RTLS generally 
increases computational cost, without an attendant improvement in accuracy. 
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l ATLS = 10" y RTLS. 

’ATOLSP = 10" 7 EMAX. 

: Does not include number of derivatives required for numerical {3 ffiyj} and {df/dr\j}. 




4.6 Test Problems 

In fact, no RTLS reproduced the exact solution. In addition, the solutions did not 
converge as RTLS was decreased; that is, the solutions did not become tolerance 
independent. For RTLS < 10~ 5 even EMAX = 10 -2 satisfied the accuracy 
requirement. Contrast this value to the 10 -6 needed with RTLS = 10 -5 and ATLS 
= 10“ 5 . The accuracy improvement gained by using relative error control is obvious. 
The run with EMAX = 1CT 6 and RTLS = 10 -2 was a little faster and somewhat more 
accurate and experienced fewer failed steps than that with EMAX = 10 -2 and RTLS 
= 1CT 6 . Also for EMAX = 10 -6 the number of failed steps decreased as RTLS was 
reduced, but not so for EMAX = 10“ 2 . However, for the former EMAX the RTLS 
values were much larger than for the latter and not varied as extensively 
(table 4.48). Therefore, to better understand the relationship between EMAX and 
RTLS, the effects of RTLS on the EMAX = 10“ 6 and ATOLSP= 10 -13 results were 
studied: RTLS was varied between 1CT 2 and 10~ 12 , with ATLS = 10 _9 RTLS. RTLS 
values less than 10 were not attempted because of excessive computational 
work. For example, the run with RTLS = 10“ 13 exceeded 1 million steps at 
t ~ 8.6xl0 -11 s and required an execution time of well over 1000 s to advance the 
solution to this reaction time. The computational work requirement and normalized 
sensitivities (3aq)/3Aj) and (3773A j) at t- 10 -2 s are given in table 4.49. Again the 
exact solutions were not reproduced although in general these results were more 
accurate than those produced with EMAX = 10 -2 . Also, except for RTLS = 10 -12 , 
the number of error test failures with EMAX = 10 -6 was either comparable to, or 
less than, that with EMAX = 10“ 2 . These factors indicate that the accuracy of the 
kinetics solution controls the accuracy of the sensitivity coefficients. The 
computational cost of the smaller EMAX was not significantly different from that 
required by EMAX = 10“ 2 . Thus the general conclusion is to generate an accurate 
kinetics solution and use somewhat loose error tolerances for the sensitivity 
coefficients, as recommended by Lutz et al. (ref. 102). 

The next experiment examined the effects of local error tolerance for the kinetics 
solution. For RTLS = 10 -6 and ATLS = 10 -15 , EMAX was varied from 
10~ 2 to the smallest value, 10“ 14 , allowed by the code, keeping ATOLSP 
= 10” 7 EMAX. The computational work requirement and normalized sensitivities 
(3a<p/3Ai) and (dTfdA\) at t- 10 -2 s are given in table 4.50. This table shows that 
while the computational cost generally increased with a reduction in EMAX, the 
results did not get progressively more accurate. Indeed no EMAX value reproduced 
the exact solution. What is more disconcerting is that the numerical solutions did 
not converge as EMAX was reduced. The reason for failure to reproduce the exact 
solutions may be the use of finite-difference approximations for J and {dfj/df\j}. As 
observed with the BFM, Ar|y must be selected with care to ensure accurate results. 
Comparing tables 4.49 and 4.50 shows that the computational cost increased much 
more rapidly with decreasing RTLS than with decreasing EMAX. This behavior 
was much more pronounced for RTLS < EMAX. Thus the need to exercise caution 
in selecting RTLS is clear. If accuracy improvement is desired, it is accomplished 
much more economically by reducing EMAX than by reducing RTLS. 

Finally solution was attempted with EMAX = 10“ 12 , ATOLSP = 10“ 19 , RTLS 
= 10 -12 , and ATLS = 10 -21 . The computational cost was 782 770 steps, 1 931 409 
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TABLE 4.49— EFFECTS OF LOCAL ERROR TOLERANCE FOR SENSITIVITY COEFFICIENTS ON 
COMPUTATIONAL WORK REQUIRED BY SENKIN FOR TEST PROBLEM 7 AND SELECTED 
NORMALIZED SENSITIVITY COEFFICIENTS AT t = 10 -2 s (EMAX = KT 6 , ATOLSP = 10 -13 ) 
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4. Sensitivity Analysis 

derivative evaluations, 817 289 Jacobian matrix evaluations, 973 s of CPU time, 
and (Soep/cM!) = 8.242xl0~ 8 and (dT/dA { ) = 4.133xl0~ 8 at t = 10" 2 s. Despite 
such stringent accuracy requirements (34 519 steps failed because the local error 
test was not satisfied) SENKIN did not reproduce the exact solution. These results 
reinforce the doubts raised previously about the need for local error test and control 
during the sensitivity computations. Note that LSENS essentially reproduced the 
exact solution, despite using fully dependent error control: EM AX = 10 7 gave the 
exact solution and the execution times were 0.10 and 0.59 s on the VAX 9410 and 
8800 computers. The results presented here also show that reducing the local error 
tolerances for sensitivity coefficients does not necessarily effect better accuracy, 
and more significantly that specifying very small values for these tolerances can 
result in prohibitive computational cost. 

Sensitivities with respect to n\ and E\ could not be obtained analytically. 
Therefore BFM results were generated for these quantities on the Cray-XM/P 
computer using EMAX = 10~* 2 ,ATOLSP= 10 and double-precision arithmetic. 

The normalized sensitivities with respect to n\ and E\ obtained with the BFM and 
LSENS are listed in tables 4.51 and 4.52. These tables show that the accuracy of 
the DDM for this nonisothermal problem was excellent at all reaction conditions. 

In tables 4.53 and 4.54 the sensitivity coefficients of the temporal derivatives of 
the dependent variables are presented to illustrate the capability of LSENS to 
compute these quantities. The analytical solutions were evaluated by differentiating 
the ODE’s with respect to the appropriate parameter. The solutions with respect to 
all initial conditions and A\ are exact, but those with respect to n\ and E\ were 
computed by using the BFM results for {dYi/dn\} and {dYi/dE\}. Again the 
agreement between the analytical and LSENS results was excellent for the important 
sensitivities, illustrating the accuracy of the DDM for nonisothermal problems. For 
reasons given previously the code had difficulty tracking sensitivities that are zero 
in magnitude. 

On the Amdahl 5870 computer LSENS required 176 steps, 196 derivative 
evaluations, 16 Jacobian matrix evaluations and LU-decompositions, and 
0.048 s of execution time to solve for the dependent variables (species mole 
numbers, temperature, and density). The computational cost for the dependent 
variables and sensitivities with respect to all four initial conditions and all three rate 
coefficient parameters was 0.21 s. The BFM would require at least 0.38 s. Thus the 
DDM was more efficient and, as discussed previously, also more accurate than the 
BFM for this nonisothermal problem. 

This test problem was selected because the analytical solution is known, thereby 
permitting an objective evaluation of the accuracy of the DDM in general and 
LSENS in particular for nonisothermal problems. However, it is recognized that the 
(small) size of the problem precludes drawing definitive conclusions regarding 
efficiency. Two additional, and more realistic, nonisothermal problems were 
therefore studied. 


166 



TABLE 4.51.— NORMALIZED SENSITIVITY COEFFICIENTS WITH RESPECT TO 
RATE COEFFICIENT PARAMETER n , FOR TEST PROBLEM 7 


































TABLE 4.53.— NORMALIZED SENSITIVITY COEFFICIENTS OF TEMPORAL DERIVATIVES OF DEPENDENT VARIABLES WITH RESPECT 

TO INITIAL CONDITION VALUES FOR TEST PROBLEM 7 
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4.6 Test Problems 

4.6.6 Combustion of Hydrogen-Oxygen-Nitrogen 

The constant-pressure, adiabatic reaction of a stoichiometric hydrogen-oxygen- 
nitrogen mixture at 2 atm and 1500 K initial temperature was considered. The 
nitrogen-to-oxy gen molar ratio was the standard value (3.72735) built into the code 
(see chapter 8 of part II). The fuel-air stoichiometry and air composition correspond 
to the following initial mixture composition: 29.73 percent hydrogen, 14.86 percent 
oxygen, and 55.41 percent nitrogen. 

The reaction mechanism for test problem 8 consisted of 30 reversible reactions 
among 13 reacting species (H2, 02, N2, 0, H, OH, HO2, H2O2, N, NO, NO2, N2O, 
and H2O). The kinetic mechanism and forward rate coefficient parameters are listed 
in table 4.55. The hydrogen-oxygen mechanism is the most recent version of the 
scheme developed by Brabbs and Musiak (ref. 109) and is given by Bittker (ref. 
110). The nitrogen-oxygen reactions were taken from Brabbs et al. (ref. 111). For 
each reaction the backward rate coefficient was computed by using the law of 
microscopic reversibility, equation (2.6), and the concentration equilibrium constant. 
In using this procedure Brabbs and Musiak (ref. 109) discovered that the heat of 
formation of HO2 was an important factor when calculating 4 for the initiation 
reaction (-4). Following their recommendation a heat of formation of 500 cal/mole 
was used for this species. 

The variations of the species mole fractions and temperature with reaction time 
are illustrated in figure 4. 10. The three regimes described in the previous chapter, 
induction, heat release, and equilibration, are apparent. In order to check the 
accuracy of the DDM in all combustion regimes, sensitivity coefficients were 
generated at the output stations t = 10 -6 , 3X10 -6 , 5X10 -6 , 7.5X10 -6 , 1.5xl0 -5 , 
10” 4 , 10“ 3 , 10“ 2 , 0. 1 , and 1 s. The mixture temperatures obtained with LSENS and 
SENKIN at these reaction times are given in table 4.56, which shows that these 
times encompassed all reaction conditions from preignition to when the system had 
essentially equilibrated. In order to confirm that a reaction time of 1 s was indeed 
long enough for the system to equilibrate, the composition and temperature at 
chemical equilibrium were computed by using the procedure described in 
chapter 5. These results were essentially identical to the kinetics solution at 1 s, 
indicating that the system had equilibrated at this reaction time and the reaction 
mechanism gave the correct final state. 

To ensure that comparison of codes was meaningful, the numerical results with 
both LSENS and SENKIN were generated with the same thermodynamic data and 
local error tolerances: EMAX = 10" 7 and ATOLSP = 10" 16 , for reasons given later. 
Table 4.56 shows that at each reaction time the two codes gave essentially the same 
temperature. For the kinetics-only calculation SENKIN required 707 steps, 1441 
derivative evaluations, 62 Jacobian matrix evaluations, and 3 . 1 s of CPU time on the 
VAX 9410 computer. The computational cost of LSENS was 735 steps, 996 
derivative evaluations, 94 Jacobian matrix evaluations, and 1.2 s of CPU time. 
When the method given by MF = 22 was used, LSENS required 711 steps, 2188 
derivative evaluations, 83 Jacobian matrix evaluations, and 1.5 s of CPU time. 
Therefore for this problem LSENS was faster than SENKIN by a factor of between 
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TABLE 4.55.— REACTION MECHANISM AND FORWARD 
RATE COEFFICIENT PARAMETERS FOR TEST PROBLEM 8 


Reaction 

Reaction 

Forward rate coefficient 

number. 


parameters 3 

j 



n j 

E J 

1 

O + H 2 0 ** OH + OH 

6.80(13) 

0.0 

18 365 

2 

H + 0 2 OH + O 

1.89(14) 

0.0 

16 400 

3 j 

O + H 2 **• OH + H 

4.20(14) 

0.0 

13 750 

4 

H + H0 2 **■ H 2 + 0 2 

7.28(13) 

0.0 

2 126 

5 

O + ho 2 **■ oh + o 2 

5.00(13) 

0.0 

1 000 

6 

ho 2 + oh ** h 2 o + o 2 

8.00(12) 

0.0 

0 

7 

H + H0 2 ^ OH + OH 

1.34(14) 

0.0 

1 070 

8 

H 2 + H0 2 ** H 2 0 2 + H 

7.91(13) 

0.0 

25 000 

9 

OH + H 2 0 2 H 2 0 + H0 2 

6.10(12) 

0.0 

1 430 

10 

ho 2 + ho 2 ■«- h 2 o 2 + o 2 

1.80(12) 

0.0 

0 

11 

H + H 2 0 2 >■* OH + H 2 0 

7.80(11) 

0.0 

0 

b 12 

H 2 0 2 + M ** OH + OH + M 

1.44(17) 

0.0 

45 510 

13 

H 2 + OH ** H 2 0 + H 

4.74(13) 

0.0 

6 098 

b 14 

H + 0 2 + M **■ HO z + M 

1.46(15) 

0.0 

-1 000 

b 15 

h 2 o + M^H + OH + M 

1.30(15) 

0.0 

105 140 

16 

H + 0 + M--OH+M 

7.10(18) 

-1.0 

0 

b 17 

H 2 + M-*H + H + M 

2.20(14) 

0.0 

96 000 

18 

o 2 + m**o + o + m 

1.80(18) 

-1.0 

118 020 

19 

H0 2 + NO ** N0 2 + OH 

2.09(12) 

0.0 

-477 

20 

O + N0 2 ** NO + 0 2 

1.00(13) 

0.0 

596 

21 

NO + O + M ** N0 2 + M 

5.62(15) 

0.0 

-1 160 

22 

N0 2 + H ^ NO + OH 

3.47(14) 

0.0 

1 470 

23 

NO + O ** N + 0 2 

3.80(9) 

1.0 

41 370 

24 

O + N 2 NO + N 

1.80(14) 

0.0 

76 250 

25 

NO + H N + OH 

2.63(14) 

0.0 

50 410 

26 

n 2 o + m^n 2 + o + m 

6.92(23) 

-2.5 

65 000 

27 

O + n 2 o ■-* n 2 + 0 2 

1.00(14) 

0.0 

28 020 

28 

O + N 2 0 ^ NO + NO 

6.92(13) 

0.0 

26 630 

29 

N + N0 2 ** NO + NO 

4.00(12) 

0.0 

0 

30 

N 2 0 + H ■** N 2 + OH 

7.59(13) 

0.0 

15 100 


“Rate coefficient kj = AjT n jexp(-Ej/RT); units are moles, centimeters, 
seconds, and calories; numbers in parentheses are powers of 10. 

^Third-body collisional efficiencies: 

Reaction 12: H 2 = 2.3, 0 2 = 0.78, H 2 0 = 6.0, H 2 0 2 = 6.6 

Reaction 14: H 2 = 3.0, 0 2 = 1.3, H 2 0 = 21.3, N 2 = 1.3 

Reaction 15: H 2 = 4.0, 0 2 = 1.5, H 2 0 = 20.0, N 2 = 1.5 

Reaction 17: H 2 = 4.1, 0 2 = 2.0, H 2 0 = 15.0, N 2 = 2.0. 
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4. Sensitivity Analysis 


TABLE 4.56.— VARIATION OF 
TEMPERATURE WITH 
REACTION TIME FOR 
TEST PROBLEM 8 


Reaction 

time, 

s 

Temperature, 

K 

LSENS 

SENKIN 

lcr 6 

1500.0 

1500.0 

3x10“® 

1502.5 

1502.5 

SxlO -6 

1829.4 

1828.8 

7.5x1 0 -6 

2203.9 

2203.5 

1.5xl0 -5 

2562.3 

2562.0 

KT 4 

2920.4 

2920.4 

1(T 3 

2911.6 

2911.6 

10" 2 

2911.4 

2911.4 

0.1 

2911.4 

2911.4 

1.0 

2911.4 

2911.4 


about 2 and 2.5. Note also that the average number of derivative evaluations per step 
was less for LSENS than for SENKIN. This fact means that on average LSODE 
required fewer corrector iterations per step than DASSL to achieve solution 
convergence. 

Normalized sensitivity coefficients of the dependent variables (species mole 
numbers, temperature, and density) with respect to all initial conditions at the eight 
output stations, t = 1CT 6 , 3x1 0“ 6 , 5XKT 6 , 7.5XKT 6 , L5xlO~ 5 , 1CT 4 , 1(T 3 , and 1 s, 
are given in tables 4.57 to 4.64. (The results at 0.01 and 0. 1 s were identical to those 
at 1 s and are therefore not reported.) Also given in these tables are the BFM results, 
which were generated on the NASA Lewis Research Center’s Cray-XM/P and 
Cray- YM/P computers and NAS A Ames Research Center’s Cray-2 computer; in all 
cases, double-precision arithmetic was used. The BFM solutions were generated 
with EMAX < KT 12 (ATOLSP = 10 _9 EMAX). For EMAX = KT 12 and ATOLSP 
= 10~ 21 , 5 c 3(a ;> o) could not be determined at t= KT 4 and 10 -3 s for several initial 
conditions, especially those of the active intermediates such as H and O. For 
example, for Oh,q, EMAX had to be reduced to KT 16 to produce reliable results. 
Even by using such small EMAX values, 8 c4 (o /> o) could not be determined for 
several species. The results are therefore given to three significant figures only. 
With LSENS, EMAX had to be decreased to 1(T 7 (ATOLSP 
= 10 -9 EMAX) to obtain essentially tolerance-independent sensitivities during 
equilibration. (To achieve the same result for the kinetics solution during heat 
release required an EMAX value of KT 5 . The same was true of the kinetics-only 
calculation with SENKIN.) Therefore, if accurate sensitivity coefficients are 
required, especially during equilibration when they are small in magnitude, the 
EMAX needed to produce accurate kinetics solutions must first be determined, and 
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4.6 Test Problems 

then sensitivity analysis performed with a somewhat smaller EMAX. Tables 4.57 
to 4.64 show the excellent agreement between the BFM and LSENS solutions in all 
regimes of the combustion problem. This agreement is especially noteworthy 
because the results given in these tables span over 30 orders of magnitude. 

Normalized sensitivity coefficients with respect to the preexponential factors 
{A/} at reaction times t = 10 -6 , 3X10 -6 , 5X10 -6 , 7.5X10” 6 , 1.5xl0“ 5 , 10 -4 , and 
10 s are listed in tables 4.65 to 4.71. For each dependent variable i the 10 most 
important reactions in order of decreasing |(3F;/5Ay)| are listed. All methods 
produced the same reaction importance lists for all variables at all output times. 
Therefore, for clarity in presentation, only one reaction importance list appears for 
each dependent variable in tables 4.65 to 4.7 1 . These tables also give the normalized 
sensitivity coefficients {( dYi/dAj )} produced by LSENS, SENKIN, and the BFM, 
which used EMAX = 10 -12 and ATOLSP = 10“ 21 , except for A 3 , which required 
EMAX = 10 -14 and ATOLSP = 10 -23 . The magnitudes of the {(£*/)} were not 
considered in constructing the tables. The reason is that it is just as important to 
verify that reactions predicted to be unimportant are indeed so, as it is to validate the 
accuracy of sensitivity coefficients with large magnitude. 

It was difficult to judge convergence of the BFM results at t = 10 “ 3 s for several 
Aj (none of which appears in table 4.71). At longer times virtually none of the 
sensitivity coefficients converged. The reason is that at long reaction time, when the 
system is equilibrating, the sensitivity coefficients become very small in magnitude. 
Indeed at equilibrium they must vanish, for reasons discussed in section 4.6.1. 
However, because of roundoff errors, the BFM did not reproduce this result. For the 
same reason LSENS predicted nonzero sensitivities at long times. Note, however, 
that a requirement for the code to be accurate is that the sensitivity coefficients at 
long times must reach steady-state values, which must be small in magnitude. The 
LSENS results at 1 s showed that all { |(5/ / )| } < l.lxlO -8 . In addition, for H 2 O, 
sensitivities with respect to A 2 and A 29 (the two reactions were ranked first and 
thirtieth, respectively, at r = Is) were generated at various times up to t = 10 s. For 
t > 0.15 s the normalized sensitivities agreed with one another to three significant 
figures at all print stations. The same level of agreement was displayed at all 
t > 0.1 s by the results generated on the VAX 9410 computer. In fact, for t > 0.1 s 
the reaction importance lists were identical for all dependent variables at all print 
stations. All {(S//)} were also identical, except (da^/dA^), which was constant for 
t > 0.25 s. This sensitivity coefficient was, however, essentially the same at the two 
times: 2.234xl0 -12 and 2.235xl0 -12 , respectively, at t = 0.1 and 0.25 s. Finally the 
complete reaction importance lists containing all 30 preexponential factors were 
identical for all dependent variables at all t > 0.3 s. 

To check further the consistency of the preexponential factor sensitivities 
computed by LSENS, the following tests, after Dougherty et al. (ref. 90), were 
made. Mass conservation provided the basis for the first test. Because mass is 
conserved during the chemical reaction, the composition must satisfy the following 
constraint: 
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TABLE 4.57.— NORMALIZED SENSITIVITY COEFFICIENTS WITH RESPECT 


Sensitivity 

Nonnalized sensitivity 

paiameter 

<*6 

°h 2 o 

°OH 

°H ' 

wm 

1 

^H° 2 


6.31(-1) 
6 31(-1) 

1.57 

1.57 

6.55(-l) 

6.55(-l) 

1.52 
1-52 . 

-5.04(-5) 

-5.04(-5) 

1.00 

LOO 

1.11 

1.11 

°b 2 ,o 

3.36 

3.36 

2.91 

2.91 

3.34 

3.34 

2.44 

2.44 

100 

1.00 

-1. 00(^4) 
-1.00(-4) 

1.35 

1.35 

°n 2 ,o 

-2.84(-2) 

-2.84(-2) 

-i.87(-2) 

-1.87(-2) 

-2 67 (-2) 
-2.67(-2) 

-3.00(-2) 

-3.00(-2) 

— 1.91(— 7) 
-1.9K-7) 

6.21 (-7) 
6.21 (-7) 

6.30(-2) 

6.30(-2) 

a O,Q ; 

3.24(2) 

3.24(2) 

3,87(2) 

3.87(2) 

3.24(2) 

3.24(2) 

3.21(2) 

3.21(2) 

-LQ2(-2) 

-1.02(-2) 

-1.28(-2) 

-1.28(-2) 

6.00(1) 

6.00(1) 

?H,0 

1.93(2) 

1.93(2) 

2.25(2) 

2,25(2) 

.1.93(2) 

1.93(2) 

1.92(2) 

1.92(2) 

-6.13(-3) 
-6 13(-3) 

-7.31 (-3) 
-7.31 (-3) 

3.62(1) 

3.62(1) 

n OH,0 

1.77(2) 

>1.77(2) 

2.19(2) 

2.19(2) 

1.76(2) 

1.76(2) 

1.75(2) 

1.75(2) 

-5.56(-?3) 

r*5.56(r3) 

— 6.96(— 3) 
-6.97(-3) 

3.28(1) 

3.28(1) 

a HO 2 ,0 

7.36 

7.36 

7.93 

7.93 

7.79 

7.79 

7.39 

7.39 

-1.98(-4) 

-1.98(-4) 

-2.77(-4) 

-2.77(-4) 

5.36(1) 

5.36(1) 

°h 2 o 2 ,o 

7.07(1) 

7.07(1) 

8.80(1) 

8.80(1) 

7.38(1) 

7.38(1) 

7.05(1) 

7.05(1) 

-2.01 (-3) 
-2.01 (-3) 

-2.69(-3) 
-2 69(-3) 

1.19(1) 

1.19(1) 

%,0 

166(2) 

1.56(2) 

1.77(2) 

1.77(2) 

1.55(2) 

1.55(2) 

1,53(2) 

1.53(2) 

-5.14(-3) 

-5.14(-3) 

-5.92(-3) 
— 5.92(— 3) 

2.67(1) 

2.67(1) 

°NO,0 

1.07(-3) 
1.07 (-3) 

1.37(-3) 

1.37(-3) 

1.36(-3) 

1.36(-3) 

l.KX-3) 

1.10(-3) 

-2.66(-8) 

>2.66(-8) 

-3.92(-8) 

-3.92(-8) 

-1.63(-3) 

-1.63(-3) 

a NO 2 ,0 

1.68(-2) 

1.68(-2) 

1.22(-1) 

1 22(-l) 1 

1.13(-1) 

i.i3(-i) 

1.33(-2) 

1.33(-2) 

-4.77(-7) 

-4.77(-7) 

-2.95(-6) 

-2.95(-6) 

3.41 (-3) 
3.41 (-3) 

a N 2 O,0 

4.94(-3) 

4.94(-3) 

5 30(-3) 
5 30(-3) , 

4.97 (-3) 
4.97(-3) 

; 4 ?7( t 3) 
4.57(-3) 

-1.25 (-7) 
-1.25(-7) 

-i.77(-7) 

-1.77(-7) 

7.49(-4) 

7.49(-4) 

a H 2 O,0 

-1.15(-4) 

-L15(-4) 

1.56(1) 

1.56(1) 

-1.22(-5) 

t|.22(-5) 

-UK-4) 
-1.1 1(^4) 

rL12(-10) 

-1.12(-10) 

2.60(-9) 

2.60(-9) 

1.85(-4) 

l,85(-4) 

• ■■■ 

3.02(1) 

3.02(1) 

3.17(1) 

3.17(1) 

3.26(1) 

3.26(1) 

2.93(1) 

2.93(1) 

-1.06(-3) 

-1.06(r3) 

-1.14(-3) 

-1.14C-3) 

1.94(1) 

1.94(1) 

,pp 

2.96 

2.96 

3.47 

3.47 

2.97 

2.97 

2.93 

2.93 

-1.06(-4) 

-1.06(-4) 

— 1.18(— 4) 
-1.18(-4) 

1.52 

1.52 


a pQr each sensitivity parameter tjie top row gives the BFM results and the bottom row gives the 
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TO INITIAL CONDITION VALUES FOR TEST PROBLEM 8 AT r = KT 6 s 
coefficients at t = KT 6 s of® 


a *h 0 2 

a NO 

a NC> 2 

°N 

% 

° n 2° 

T 

1.94 

5.34(-l) 

1.54 

5.69(-l) 

-6.24(-13) 

8.23(-l) 

9.37(-7) 

1.94 

5.34(-l) 

1.54 

5.69(-l) 

-6.24(-13) 

8.23(-l) 

9.37(-7) 

1.16 

3.05 

4.10 

2.64 

-2.30(-12) 

3.03 

4.17(-6) 

1.16 

3.05 

4.10 

2.64 

-2.30(-12) 

3.03 

4.17(-6) 

-5.00(-2) 

9.81(-1) 

1.04 

9.77(-l) 

1.00 

1.52 

2.18(-6) 

-5.00(-2) 

9.81(-1) 

1.04 

9.77(-l) 

1.00 

1.52 

2.18(-6) 

3.92(1) 

4.24(2) 

5.76(2) 

3.52(2) 

-2.99(-10) 

3.93(2) 

1.48(-3) 

3.92(1) 

4.24(2) 

5.76(2) 

3.52(2) 

-2.99(-10) 

3.93(2) 

1.48(-3) 

2.41(1) 

2.32(2) 

2.94(2) 

2.08(2) 

— 1.67(— 10) 

2.20(2) 

8.31 (-4) 

2.41(1) 

2.32(2) 

2.94(2) 

2.08(2) 

-1.67(-10) 

2.20(2) 

8.31 (-4) 

2.17(1) 

2.10(2) 

2.64(2) 

1.89(2) 

— 1.51(— 10) 

1.99(2) 

8.75(-4) 

2.17(1) 

2.10(2) 

2.64(2) 

1.89(2) 

—1.51 (— 1 0) 

1.99(2) 

8.75(-4) 

1.05(2) 

7.11 

7.51(1) 

7.23 

-5.31 (-12) 

6.99 

8.20(-6) 

1.05(2) 

7.11 

7.51(1) 

7.23 

— 5.3 1(— 12) 

6.99 

8.20(-6) 

8.57(2) 

7.24(1) 

8.24(1) 

7.18(1) 

-5.36(-ll) 

7.06(1) 

1.65(-4) 

8.57(2) 

7.24(1) 

8.24(1) 

7.18(1) 

— 5.36(— 1 1) 

7.06(1) 

1.65(-4) 

1.59(1) 

3.23(10) 

7.18(10) 

6.05(9) 

-1.42(-10) 

1.87(2) 

9.30(-4) 

1.59(1) 

3.23(10) 

7.18(10) 

6.05(9) 

-1.42(-10) 

1.87(2) 

9.30(-4) 

— 1.27(— 3) 

3.49(10) 

9.14(10) 

2.00(1) 

-7.27(-16) 

9.96(-4) 

8.36(-9) 

— 1.27(— 3) 

3.49(10) 

9.14(10) 

2.00(1) 

-7.27(-16) 

9.96(-4) 

8.36(-9) 

2. 14(— 3) 

2.61(8) 

2.73(15) 

U7(-l) 

— 2. 12(— 14) 

2.80(-2) 

2.45(-6) 

2. 14(— 3) 

2.61(8) 

2.73(15) 

1*17(— 1) 

— 2. 12(— 14) 

2.80(-2) 

2. 45 (-6) 

4.04(-4) 

1.68(3) 

1.72(3) 

5.31 (-3) 

1.08(-8) 

2.39(8) 

1.69(-8) 

4.04(-4) 

1.68(3) 

1.72(3) 

5.3 1(— 3) 

1.08(-8) 

2.39(8) 

1.69(-8) 

1.64(-5) 

-8.31(-5) 

6.48(-5) 

-9.57(-5) 

— 9.37(— 1 8) 

1.28(-5) 

1.60(-9) 

1.64(-5) 

— 8.3 1(— 5) 

6.48(-5) 

-9.58(-5) 

-9.37(-18) 

1.28(-5) 

1.60(-9) 

2.39(1) 

5.33(1) 

7.07(1) 

5.20(1) 

— 2.60(— 1 1) 

3.42(1) 

1.00 

2.39(1) 

5.33(1) 

7.07(1) 

5.20(1) 

-2.60(-ll) 

3.42(1) 

1.00 

2.05 

3.57 

5.68 

3.19 

— 3.32(— 12) 

4.38 

7.28(-6) 

2.05 

3.57 

5.68 

3.19 

— 3.32(— 12) 

4.38 

7.28(-6) 


LSENS results; numbers in parentheses are powers of 10. 


P 


-4.91 (-7) 
-4.91 (-7) 

-3.30(-6) 

-3.30(-6) 

-2.23(-6) 

-2.23(-6) 

-1.37(-3) 

-1.37(-3) 

-7.66(-4) 

-7.66(-4) 

-8.16(-4) 

-8.16(-4) 

-8.78(-6) 

-8.78(-6) 

-1.96(-4) 

-1.96(-4) 

-8.82(-4) 

-8.82(-4) 

-8.04(-9) 

-8.04(-9) 

-2.49(-6) 

-2.49(-6) 

— 1.99(— 8) 
-1.99(-8) 

-1.31 (-9) 
-1.31 (-9) 

2.30(-5) 

2.30(-5) 

1.00 

1.00 
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TABLE 4.58.— NORMALIZED SENSITIVITY COEFFICIENTS WITH RESPECT 


Sensitivity 

Normalized sensitivity 

parameter 

<*o 

<*1^0 

°0H 

<*H 

°o 2 

% 

a H0 2 


1.59 

2.47 

1.67 

2.48 

-2.38(-2) 

9.82(-l) 

1.38 


1.59 

2.47 

1.67 

2.48 

-2.38(-2) 

9.82(-l) 

1.38 

Oq^ 

7.76 

6.98 

7.83 

6.79 

9.39(-l) 

-8.78(-2) 

3.40 


7.76 

6.98 

7.83 

6.79 

9.39(-l) 

-8.78(-2) 

3.40 

^n 2 ,o 

-U4(-l) 

-8.78(-2) 

-9.87(-2) 

— 1 . 1 4(— 1 ) 

7.62(-4) 

1.17(-3) 

3.48(-l) 


— 1.14(— 1) 

-8.78(-2) 

-9.87(-2) 

-1.14(-1) 

7.62(-4) 

1. 17(— 3) 

3.48(-l) 

<*0,0 

3.02(2) 

3.04(2) 

3.06(2) 

2.99(2) 

-3.05 

-3.82 

1.14(2) 

3.02(2) 

3.04(2) 

3.06(2) 

2.99(2) 

-3.05 

-3.82 

1.14(2) 

<*H0 

1.80(2) 

1.81(2) 

1.83(2) 

1.78(2) 

-1.82 

-2.28 

6.82(1) 


1.80(2) 

1.81(2) 

1.83(2) 

1.78(2) 

-1.82 

-2.28 

6.82(1) 

<*OH,0 

1.64(2) 

1.66(2) 

1.67(2) 

1.63(2) 

-1.66 

-2.08 

6.23(1) 


1.64(2) 

1.66(2) 

1.67(2) 

1.63(2) 

-1.66 

-2.08 

6.23(1) 

<*ho 2 o 

7.64 

7.73 

7.78 

7.58 

-7.70(-2) 

-9.68(-2) 

3.18 


7.64 

7.73 

7.78 

7.58 

-7.70{-2) 

-9.68(-2) 

3.18 

<*h 2 o 2 ,o 

6.82(1) 

6.88(1) 

6.93(1) 

6.76(1) 

-6.90(-l) 

-8.63(-l) 

2.59(1) 


6.82(1) 

6.88(1) 

6.93(1) 

6.76(1) 

-6.90(-l) 

— 8.63(— 1) 

2.59(1) 

<*N,0 

1.45(2) 

1.46(2) 

1.47(2) 

1.43(2) 

-1.47 

-1.83 

5.48(1) 


1.45(2) 

1.46(2) 

1.47(2) 

1.43(2) 

-1.47 

-1.83 

5.48(1) 

<*NO,0 

1.41 (-3) 

1.45(-3) 

1.47(-3) 

1.41 (-3) 

-1.44(-5) 

-1.81(-5) 

-3.54(-4) 


1.41 (-3) 

1.45(-3) 

1.47(-3) 

1.41 (-3) 

-1.44(-5) 

-1.81(-5) 

-3.54(-4) 

<*no 2 ,o 

-1.31 (-2) 

2.36(-2) 

-3.95(-3) 

-1.34(-2) 

1.28(-4) 

-1.49(-4) 

-4.86(-3) 


-1.31 (-2) 

2.36(-2) 

-3.95(-3) 

-1.34(-2) 

1.28(-4) 

-1.49(-4) 

-4.86(-3) 

g n 2 o,o 

4.50(-3) 

4.77(-3) 

4.79(-3) 

4.45(-3) 

-4.56(-5) 

-5.90(-5) 

1.76(-3) 


4.50(-3) 

4.77(-3) 

4.79(-3) 

4.45 (-3) 

-4.56(-5) 

-5.90(-5) 

1.76(-3) 

<*^0,0 

-3.95(-4) 

3.98(-2) 

-2.50(-4) 

-3. 87 (-4) 

2.71 (-6) 

4.08(-6) 

1.01 (-3) 


-3.95(-4) 

3.98(-2) 

-2.50(-4) 

-3. 87 (-4) 

2.71 (-6) 

4.08(-6) 

1.0K-3) 

To 

5.96(1) 

5.89(1) 

6.25(1) 

5.83(1) 

-5.94(-l) 

— 7.41(— 1) 

1.99(1) 

5.96(1) 

5.89(1) 

6.25(1) 

5.83(1) 

-5.94(-l) 

-7.4K-1) 

1.99(1) 

Po 

8.23 

8.36 

8.40 

8.16 

-8.43(-2) 

— 1.05(— 1) 

4.12 

8.23 

8.36 

8.40 

8.16 

-8.43(-2) 

— 1.05(— 1) 

4.12 


a For each sensitivity parameter the top row gives the BFM results and the bottom row gives the 
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TO INITIAL CONDITION VALUES FOR TEST PROBLEM 8 AT / = 3x10“* s 
coefficients at t = 3x10“* s of* 


a H 2 ° 2 

a NO 

ct no 2 

% 

% 

a N 2 0 

2.14 

1.44 

1.44 

1.54 

-4.84(-10) 

1.71 

2.14 

1.44 

1.44 

1.54 

-4.84(-10) 

1.71 

2.91 

7.16 

7.04 

6.93 

-2.01 (-9) 

7.11 

2.91 

7.16 

7.04 

6.93 

-2.01 (-9) 

7.11 

2.29(-l) 

8.96(-l) 

1.32 

8.84(-l) 

1.00 

1.46 

2.29(-l) 

8.96(-l) 

1.32 

8.84(-l) 

1.00 

1.46 

1.17(2) 

3.10(2) 

2.84(2) 

3.05(2) 

-8.56(-8) 

3.02(2) 

1.17(2) 

3.10(2) 

2.84(2) 

3.05(2) 

-8.56(-8) 

3.02(2) 

6.97(1) 

1.85(2) 

1.69(2) 

1.82(2) 

-5.10(-8) 

1.80(2) 

6.97(1) 

1.85(2) 

1.69(2) 

1.82(2) 

-5.10(-8) 

1.80(2) 

6.36(1) 

1.69(2) 

1.54(2) 

1.66(2) 

-4. 65 (-8) 

1.64(2) 

6.36(1) 

1.69(2) 

1.54(2) 

1.66(2) 

-4.65(-8) 

1.64(2) 

5.82 

7.81 

7.67 

7.73 

-2.16(-9) 

7.62 

5.82 

7.81 

7.67 

7.73 

-2.16(-9) 

7.62 

3.08(1) 

6.99(1) 

6.40(1) 

6.90(1) 

— 1.93(— 8) 

6.82(1) 

3.08(1) 

6.99(1) 

6.40(1) 

6.90(1) 

-1.93(-8) 

6.82(1) 

5.59(1) 

8.46(7) 

1.33(8) 

9.51(4) 

-4.10(-8) 

1.45(2) 

5.59(1) 

8.46(7) 

1.33(8) 

9.51(4) 

-4.10(-8) 

1.45(2) 

-7. 83 (-4) 

8.46(7) 

1.34(8) 

1.93(1) 

-4.10(-13) 

1.49(-3) 

-7.83(-4) 

8.46(7) 

1.34(8) 

1.93(1) 

-4.10(-13) 

1.49(-3) 

-1.65(-3) 

7.86(7) 

2.42(10) 

1.51(1) 

3.35(— 12) 

— 1.18(— 2) 

-1.65(-3) 

7.86(7) 

2.42(10) 

1.51(1) 

3.35(— 12) 

— 1.18(— 2) 

1.78(-3) 

1.56(3) 

1.57(3) 

4.84(-3) 

1.10( — 6) 

6.37(5) 

1.78(-3) 

1.56(3) 

1.57(3) 

4.84(-3) 

1 . 1 0( — 6) 

6.37(5) 

8.57(-4) 

-3.41 (-4) 

7.17(-4) 

-3.67(-4) 

6.97(-14) 

-2.46(-4) 

8.57(-4) 

-3.41 (-4) 

7.17(-4) 

-3.67(-4) 

6.97(-14) 

-2.46(-4) 

2.22(1) 

8.11(1) 

7.14(1) 

8.09(1) 

-1.73(-8) 

6.11(1) 

2.22(1) 

8.11(1) 

7.14(1) 

8.09(1) 

-1.73(-8) 

6.11(1) 

4.28 

8.50 

8.81 

8.35 

-2.63(-9) 

9.27 

4.28 

8.50 

8.81 

8.35 

-2.63(-9) 

9.27 


4.50(-3) 

4.50(-3) 

-4.22(-3) 

-4.22(-3) 

1.23(-2) 

1.23(-2) 

-1.16(-2) 
— 1.16(— 2) 

-8.20(-4) 

-8.20(-4) 

7.91(-4) 
7.91 (-4) 

5.57(— 1) 
5.57(-l) 

— 5.23( — 1) 
-5.23C-1) 

3.32(-l) 

3.32(-l) 

— 3.12(— 1) 
— 3. 12(— 1) 

3.03(-l) 

3.03(-l) 

-2.85(-l) 

-2.85(-l) 

1.43(-2) 

1.43(-2) 

-1.35(-2) 

-1.35(-2) 

KlgoBra 

— 1-18( — 1) 
— 1.18(— 1) 

2.67(-l) 

2.67(-l) 

-2.51(-1) 

-2.5K-1) 

2.73(-6) 

2.73(-6) 

-2.56(-6) 

-2.56(-6) 

3.20(-4) 

3.20(-4) 

-3.22(-4) 

-3.22(-4) 



-1.14(-5) 

-U4(-5) 

6.78(-8) 

6.78(-8) 

-9.45(-2) 

-9.45(-2) 

9.85(-l) 

9.85(-l) 


LSENS results; numbers in parentheses are powers of 10. 
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TABLE 4.59.— NORMALIZED SENSITIVITY COEFFICIENTS WITH RESPECT 


Sensitivity 






Normalized sensitivity 

parameter 

o 0 

° h 2° 

°OH 


a °2 

°h 2 

a H0 2 

^.o 

2.02(-l) 

1.08 

7.68(-l) 

9.39(-l) 

-2.33 

9.02(-l) 

-1.68 

2.02(-l) 

1.08 

7.68(— 1) 

9.39(-l) 

-2.33 

9.02(-l) 

-1.68 

a o 2 ,o 

3.69 

1.38 

2.70 

-4.59(-l) 

-9.47(-l) 

-3.32 

-9.05(-l) 

3.69 

1.38 

2.70 

-4.59(-l) 

-9.47(-l) 

-3.32 

-9.05(-l) 


-2.24(-l) 

-1.36(-2) 

-2.01(-1) 

-4.88(-2) 

1.42(-1) 

9.72(-2) 

3.83(-l) 


-2.24(-l) 

-1.36(-2) 

-2.01(-1) 

-4.88(-2) 

1.42(-1) 

9.72(-2) 

3.83(— 1) 

°o,o 

5.82(1) 

3.00(1) 

4.48(1) 

-8.54 

-8.61(1) 

-7.09(1) 

-8.57(1) 

5.82(1) 

3.00(1) 

4.48(1) 

-8.54 

-8.61(1) 

-7.09(1) 

-8.57(1) 

a H,0 

3.47(1) 

1.79(1) 

2.67(1) 

-5.09 

-5.14(1) 

-4.23(1) 

-5.11(1) 

3.47(1) 

1.79(1) 

2.67(1) 

-5.09 

-5.14(1) 

-4.23(1) 

-5.11(1) 

a OH,0 

3.17(1) 

1.63(1) 

2.44(1) 

-4.65 

-4.69(1) 

-3.86(1) 

-4.67(1) 

3.17(1) 

1.63(1) 

2.44(1) 

-4.65 

-4.69(1) 

-3.86(1) 

-4.67(1) 

ct ho 2 o 

1.48 

7.61(-1) 

1.14 

— 2. 17(— 1) 

-2.18 

-1.80 

-2.17 


1.48 

7.61( — 1) 

1.14 

— 2. 17(— 1) 

-2.18 

-1.80 

-2.17 

a H2O 2 ,0 

1.32(1) 

6.78 

1.01(1) 

-1.93 

-1.95(1) 

-1.60(1) 

-1.94(1) 

1.32(1) 

6.78 

1.01(1) 

-1.93 

-1.95(1) 

-1.60(1) 

-1.94(1) 

a N,0 

2.79(1) 

1.44(1) 

2.15(1) 

-4.10 

-4.13(1) 

-3.40(1) 

-4.11(1) 

2.79(1) 

1.44(1) 

2.15(1) 

-4.10 

-4.13(1) 

-3.40(1) 

-4.11(1) 

a NO,0 

2.28(-4) 

1 .46(-4) 

2.02(-4) 

-6.91 (-5) 

-4.00(-4) 

-3.24(-4) 

-3.84(-4) 

2.28(-4) 

1.46(-4) 

2.02(-4) 

-6.91 (-5) 

-4.00(-4) 

-3.24(-4) 

-3.84(-4) 

g no 2 ,o 

-9.38(-4) 

-4.54(-4) 

-5. 11 (-4) 

-1.50(-4) 

2.45(-3) 

1.25(-3) 

2.39(-3) 


-9.38(-4) 

-4.54(-4) 

-5.11 (-4) 

-1.50(-4) 

2.45(-3) 

1.25(-3) 

2.39(-3) 

°n 2 o,o 

1.45(-3) 

6.74(-4) 

1.53(-3) 

-4.44(-4) 

— 1.34(— 3) 

-1.49(-3) 

— 1 .53(— 3) 


1.45(-3) 

6.74(-4) 

1.53(-3) 

-4.44(-4) 

— 1.34(— 3) 

-1.49(-3) 

-1.53(-3) 

G H 2 O,0 

-2.20(-4) 

5.35(-4) 

1.46(-4) 

-1.52(-4) 

1.62(-4) 

2.50(-4) 

5.80(-4) 

-2.20(-4) 

5.35(-4) 

1.46(-4) 

— 1.52(— 4) 

1.62(-4) 

2.50(-4) 

5.80(-4) 


1.69(1) 

7.91 

1.34(1) 

-1.97 

-2.36(1) 

-1.92(1) 

-2.33(1) 

1.69(1) 

7.91 

1.34(1) 

-1.97 

-2.36(1) 

-1.92(1) 

-2.33(1) 

Po 

2.67 

1.44 

2.27 

— 5.68(— 1) 

-4.14 

-3.32 

-3.21 

2.67 

1.44 

2.27 

-5.68(-l) 

-4.14 

-3.32 

-3.21 


a For each sensitivity parameter the top row gives the BFM results and the bottom row gives the 
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TO INITIAL CONDITION VALUES FOR TEST PROBLEM 8 AT I = 5x10"* s 
coefficients at t = 5X10 -6 s of* 


Ch 2°2 


-4.61 (-2) 
-4.62(-2) 

3.09 

3.09 

2.04(-l) 

2.04(-l) 

2.55(1) 

2.55(1) 

1.52(1) 

1.52(1) 

1.39(1) 

1.39(1) 

6.49(-l) 

6.49(-l) 

5.77 

5.77 

1 . 22 ( 1 ) 

1 . 22 ( 1 ) 

1.71 (-4) 
1.71 (-4) 

2.53(-4) 

2.53(-4) 

1.20(-3) 

1.20(-3) 

6.31 (-4) 
6.31 (-4) 

8.00 

8.00 

2.25 

2.25 


a NO 


6.77 

6.77 

2.07(1) 

2.07(1) 

-5.57(-l) 
— 5.57(— 1) 

5.22(2) 

5.22(2) 

3.11(2) 

3.11(2) 

2.84(2) 

2.84(2) 

1.32(1) 

1.32(1) 

1.18(2) 

1.18(2) 

1.04(4) 

1.04(4) 

1.01(4) 

1.01(4) 

1.01(4) 

1.01(4) 

6 . 12 ( 1 ) 

6 . 12 ( 1 ) 

-2.65(-4) 

-2.65(-4) 

1.51(2) 

1.51(2) 

2.59(1) 

2.59(1) 


a N0 2 

5.86 

5.86 

2.38(1) 

2.38(1) 

-7.45(-2) 

-7.45(-2) 

5.60(2) 

5.60(2) 

3.34(2) 

3.34(2) 

3.05(2) 

3.05(2) 

1.42(1) 

1.42(1) 

1.27(2) 

1.27(2) 

1.05(4) 

1.05(4) 

1.03(4) 

1.03(4) 

1.03(4) 

1.03(4) 

6.18(1) 

6.18(1) 

-2.18(-4) 

-2.18(-4) 

1.62(2) 

1.62(2) 

2 . 86 ( 1 ) 

2 . 86 ( 1 ) 




5.69 

5.69 

1.54(1) 

1.54(1) 

-4.35(-l) 

-4.35(-l) 

3.87(2) 

3.87(2) 

2.31(2) 

2.31(2) 

2 . 11 ( 2 ) 

2 . 11 ( 2 ) 

9.83 

9.83 

8.76(1) 

8.76(1) 

1.87(2) 

1.87(2) 

1.57 

1.57 

1.56 

1.56 

1.93(-2) 

1.93(-2) 

-2.79(-4) 

-2.79(-4) 

U4(2) 

U4(2) 

1.97(1) 

1.97(1) 


% 


— 1.87(— 7) 
-1.87(-7) 

-8.19(-7) 

-8.19(-7) 

1.00 

1.00 

-1.93(-5) 

-1.93(-5) 

— 1.15(— 5) 
— 1.15(— 5) 

-1.05(-5) 

-1.05(-5) 

-4.89(-7) 

-4.89(-7) 

-4.36(-6) 

-4.36(-6) 

-9.24(-6) 

-9.24(-6) 

-6.90(-ll) 

-6.90(-ll) 

3.75(-10) 
3.75(— 10) 

1.19(-4) 

1 . 19(— 4) 

1.31(-11) 

1.31(-11) 

-5.51 (-6) 
-5.51 (-6) 

- 1 . 00 (- 6 ) 

- 1 . 00 (- 6 ) 


a N 2 0 

1.57 

1.57 

8.08 

8.08 

1.16 

1.16 

1 . 86 ( 2 ) 

1 . 86 ( 2 ) 

Ul(2) 

1 . 11 ( 2 ) 

1 . 01 ( 2 ) 

1 . 01 ( 2 ) 

4.71 

4.71 

4.19(1) 

4.19(1) 

8.89(1) 

8.89(1) 

9.33(-4) 

9.33(-4) 

-3.44(-3) 

-3.44(-3) 

8.05(2) 

8.05(2) 

-1.36(-4) 

-1.36(-4) 

5.27(1) 

5.27(1) 

9.81 

9.81 


T 


2.79(-l) 

2.79(-l) 

6.25(-l) 

6.25(-l) 

-6.65(-2) 

-6.65(-2) 

1.60(1) 

1.60(1) 

9.54 

9.54 

8.71 

8.71 

4.06(-l) 

4.06(-l) 

3.62 

3.62 

7.67 

7.67 

7.53(-5) 

7.53(-5) 

-2.56(-4) 

-2.56(-4) 

4.87(-4) 

4.87(-4) 

4.05(-6) 

4.05(-6) 

4.75 

4.75 

8.37(-l) 

8.37(-l) 


P 


-2.46(-l) 

-2.46(-l) 

-5.35(-l) 

-5.35(-l) 

5.97(-2) 

5.97(-2) 

-1.38(1) 

-1.38(1) 

- 8.21 

- 8.21 

-7.50 

-7.50 

-3.50(-l) 

-3.50(-l) 

-3.12 

-3.12 

-6.61 

-6.61 

-6.42(-5) 

-6.42(-5) 

1.84(-4) 

1.84(-4) 

-4.62(-4) 

-4.62(-4) 

-1.28(-6) 

-1.28(-6) 

-3.19 

-3.19 

2.80(-l) 

2.80(-l) 


LSENS results; numbers in parentheses are powers of 10. 
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TABLE 4.60.— NORMALIZED SENSITIVITY COEFFICIENTS WITH RESPECT 


Sensitivity 






Normalized sensitivity 

parameter 








°0 

° h 2 ° 

°OH 

o H 

°o 2 

oh, 

G H0 2 


°h 2 ,o 

-8.24(-l) 

-8.24(-l) 

7.23(-l) 

7.23(-l) 

3.33(-l) 

3.33(-l) 

9.67(-l) 

9.67(-l) 

-2.18 

-2.18 

2.02 

2.02 

-1.55 

-1.55 

G o 0 ,o 

1.19 

4.26(-l) 

1.40 

-1.09 

2.57 

-1.03 

2.10 

2* 

1.19 

4.26(-l) 

1.40 

-1.09 

2.57 

-1.03 

2.10 


-2.28(-l) 

7.43(-2) 

— 2.37(— 1) 

— 1.30(— 1) 

-3.02(-2) 

-9.70(-2) 

2.76(-l) 

2’ 

-2.28(-l) 

7.43(-2) 

— 2.37(— 1) 

-1.30(-1) 

-3.02(-2) 

-9.70(-2) 

2.76(-l) 

°o,o 

-8.64 

2.25 

4.98 

-1.26(1) 

-6.44 

-1.09 

-1.16(1) 

-8.64 

2.25 

4.98 

-1.26(1) 

-6.44 

-1.09 

-1.16(1) 

a H,0 

-5.15 

1.34 

2.97 

-7.52 

-3.84 

-6.47(-l) 

-6.94 

-5.15 

1.34 

2.97 

-7.52 

-3.84 

-6.47(-l) 

-6.94 

a OH,0 

-4.70 

1.23 

2.71 

-6.87 

-3.51 

-5.91(-1) 

-6.33 

-4.70 

1.23 

2.71 

-6.87 

-3.51 

-5.91(-1) 

-6.33 

a HO 2 ,0 

— 2. 18(— 1) 

5.74(-2) 

1.27(-1) 

— 3.21(— 1) 

— 1.62(— 1) 

— 2.79(— 2) 

— 2.94(— 1 ) 


— 2. 18(— 1 ) 

5.74(-2) 

1.27(— 1) 

— 3.21(— 1) 

— 1.62(— 1) 

— 2.79(— 2) 

-2.94(-l) 

0h 2°2* 0 

-1.95 

5.09(-l) 

1.13 

-2.85 

-1.46 

-2.46(-l) 

-2.63 

-1.95 

5.09(-l) 

1.13 

-2.85 

-1.46 

-2.46(-l) 

-2.63 

a N,0 

-4.14 

1.08 

2.39 

-6.05 

-3.09 

-5.20(-l) 

-5.58 

-4.14 

1.08 

2.39 

-6.05 

-3.09 

— 5.20(— 1) 

-5.58 

a NO,0 

— 1 -42(— 4) 

3.83(-5) 

1.27(-5) 

— 1 .65(— 4) 

-7.46(-5) 

-2.83(-5) 

-9.66(-5) 

— 1.42(— 4) 

3.83(-5) 

1.27(-5) 

-1.65(-4) 

-7.46(-5) 

-2.83(-5) 

-9.66(-5) 

a NO~,0 

4.40(-4) 

1.41 (-4) 

2.27(-4) 

-1.85(-4) 

9.82(-4) 

-3.81(-4) 

9.99(-4) 

z 

4.40(-4) 

1.41 (-4) 

2.27(-4) 

— 1 .85(— 4) 

9.82(-4) 

-3.81(-4) 

9.99(-4) 

°N~O,0 

2.93(-4) 

1.60(-4) 

6.78(-4) 

-5.95(-4) 

7.15(— 4) 

-3.24(-4) 

3.25(-4) 

2 * 

2.93(-4) 

1.60(-4) 

6.78(-4) 

-5.95(-4) 

7.15(— 4) 

-3.24(-4) 

3.25(-4) 

^O.O 

-2.71 (-4) 

5. 17( — 4) 

1.45(— 4) 

— 2.53(— 4) 

8.80(-5) 

1.59(-4) 

4.63(-4) 

-2.71 (-4) 

5.17(— 4) 

1.45(-4) 

-2.53(-4) 

8.80(— 5) 

1.59(— 4) 

4.63(-4) 

To 

-1.78 

4.06(-l) 

2.40 

-3.36 

-1.84 

3.71 (-2) 

-3.19 

-1.78 

4.06(-l) 

2.40 

-3.36 

-1.84 

3.71 (-2) 

-3.19 

Po 

-8.60(-l) 

2.23(-l) 

4.94(-l) 

-1.26 

-6.37(-l) 

— 1.04(— 1) 

— 1.75(— 1) 


— 8.60(— 1) 

2.23(-l) 

4.94(-l) 

-1.26 

-6.37(-l) 

— 1.04( — 1) 

— 1-75(— 1) 


a For each sensitivity parameter the top row gives the BFM results and the bottom row gives 
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TO INITIAL CONDITION VALUES FOR TEST PROBLEM 8 AT t = 7.5xl(T* s 


coefficients at f = 7.5X10" 6 s of 5 


0 h 2°2 

-1.28 

-1.28 

4.21(-1) 

4.21(-1) 

4.16(-1) 

4.16(-1) 

-2.46(1) 

-2.46(1) 

-1.46(1) 

-1.46(1) 

-1.34(1) 

-1.34(1) 

-6.230-1) 

-6.23(-l) 

-5.55 

-5.55 

-1.18(1) 

-1.18(1) 

-1.96(-4) 

-1.96(-4) 

8.22(-4) 

8.22(-4) 

-6.12(-4) 

-6.12(-4) 

3.48(-4) 

3.48(-4) 

-7.79 

-7.79 

-1.44 

-1.44 


a NO 


3.05 i 
3.05 

7.52 

7.52 

-5.72(-l) 

-5.72(-l) 

1 . 01 ( 2 ) 

1 . 01 ( 2 ) 

6 . 02 ( 1 ) 

6 . 02 ( 1 ) 

5.49(1) 

5.49(1) 

2.56 

2.56 

2.28(1) 

2.28(1) 

1.16(2) 

1.16(2) 

6.71(1) 

6.71(1) 

6.71(1) 

6.71(1) 

9.86(-l) 

9.86(-l) 

-3.03(-5) 

-3.03(-5) 

3.67(1) 

3.67(1) 

9.00 

9.00 


a N ° 2 

1.46 

1.46 

9.67 

9.67 

-8.99(-2) 

-8.99(-2) 

1 . 02 ( 2 ) 

1 . 02 ( 2 ) 

6.09(1) 

6.09(1) 

5.56(1) 

5.56(1) 

2.60 

2.60 

2.31(1) 

2.31(1) 

1.16(2) 

1.16(2) 

6.74(1) 

6.74(1) 

6.74(1) 

6.74(1) 

9.92(-l) 

9.92(-l) 

7.98(-5) 

7.98(-5) 

3.81(1) 

3.81(1) 

1 . 00 ( 1 ) 

1 . 00 ( 1 ) 


% 


2.49 

2.49 

4.91 

4.91 

-4.35(-l) 

-4.35(-l) 

6.04(1) 

6.04(1) 

3.60(1) 

3.60(1) 

3.29(1) 

3.29(1) 

1.54 

1.54 

1.37(1) 

1.37(1) 

2.93(1) 

2.93(1) 

3.17(-1) 

3.17(-1) 

3. 16(— 1) 
3. 16(— 1) 

8.41 (-3) 
8.41(— 3) 

-2.1K-4) 
-2.1 1(-4) 

2.37(1) 

2.37(1) 

5.97 

5.97 


% 

-3.93(-6) 

-3.93(-6) 

-1.08(-5) 

-1.08(-5) 

1.00 

1.00 

-1.39(-4) 

-1.39(-4) 

-8.29(-5) 

-8.30(-5) 

-7. 57 (-5) 
-7.57(-5) 

-3.53(-6) 

-3.53(-6) 

-3.15(-5) 

-3.15(-5) 

-6. 67 (-5) 
-6.67(-5) 

2.06(-9) 

2.06(-9) 

3.90(-9) 

3.90(-9) 

1.79(-4) 

1.79(-4) 

3.13(— 1 1) 
3.13(— 1 1) 

-5.09(-5) 

-5.09(-5) 

— 1.26(— 5) 
-1.26(-5) 


a N 2 ° 

-1.23 

-1.23 

2.39 

2.39 

1.42 

1.42 

6.58 

6.58 

3.92 

3.92 

3.58 

3.58 

1.68(-1) 

1.68(-1) 

1.49 

1.49 

3.15 

3.15 

1.31(-4) 
1.31 (-4) 

6.19(-4) 

6.19(-4) 

2.38 

2.38 

7.94(-5) 

7.94(-5) 

3.43 
3.43 

1.58 
1.58 


T 


2.07(-l) 

2.07(-l) 

3.10(-1) 

3.10(-1) 

-8.61 (-2) 
-8.61(-2) 

4.33 

4.33 

2.58 

2.58 

2.36 

2.36 

UO(-l) 

1.10(-1) 

9.80(-l) 

9.80(-l) 

2.08 

2.08 

3.25(-5) 

3.25(-5) 

-3.6H-5) 

-3.61(-5) 

2.38(-4) 

2.38(-4) 

1 * 1 8 (— 5 ) 

1 . 1 8 (— 5 ) 

1.63 

1.63 

4.30(-l) 

4.30(-l) 


P 


— 1.76(— 1) 
-1-76C-1) 

-2.5K-1) 

-2.5K-1) 

7.25(-2) 

7.25(-2) 

-3.56 

-3.56 

- 2.12 

- 2.12 

-1.94 

-1.94 

-9.05(-2) 

-9.05(-2) 

-8.05(-l) 

-8.05(-l) 

-1.71 

-1.71 

-2.63(-5) 

-2.63(-5) 

-6.32(-6) 

-6.32(-6) 

-2.62(-4) 

-2.62(-4) 

-6.40(-6) 

-6.40(-6) 

-4.54(-l) 

-4.54(-l) 

6.46(-l) 

6.46(-l) 


the LSENS results; numbers in parentheses are powers of 10. 
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TABLE 4.61.— NORMALIZED SENSITIVITY COEFFICIENTS WITH RESPECT 


Sensitivity 






Normalized sensitivity 

parameter 

Oo 

Gup 

°OH 


°o 2 

a «2 

°ho 2 

° h 2 ,° 

-1.06 

6.68(-l) 

7.40(-2) 

1.32 

-2.80 


-1.74 

-1.06 

6.68(-l) 

7.40(-2) 

1.32 

-2.80 


-1.74 

°o 2 ,° 

1.41 

4.30(-l) 

1.28 

-1.29 

3.29 

-1.50 

3.16 

1.41 

4.30(-l) 

1.28 

-1.29 

3.29 

-1.50 

3.16 


-4.04(-l) 

1.04(-1) 

-3.41(-1) 

-2.92(-l) 

-9.52(-2) 

— 1.80(— 1) 

1.49(-2) 


-4.04(-l) 

1.04(— 1) 

-3.4K-1) 

— 2.92(— 1) 

— 9.52(— 2) 

-1.WX-1) 

1.49(-2) 

Q 

O 

© 

-4.38 

8.40(— 1) 

4.45(-2) 

-5.23 

-2.49 

-1.27 

-1.53 

-4.38 

8.40(-l) 

4.45(-2) 

-5.23 

-2.49 

-1.27 

-1.53 

a H,0 

-2.61 

5.01(-1) 

2.64(-2) 

-3.12 

-1.49 

— 7.55(— 1) 

—9. 14(— 1) 

-2.61 

5.0K-1) 

2.64(-2) 

-3.12 

-1.49 

-7.55(-l) 

-9.14(-1) 

°OH,0 

-2.38 

4.57(-l) 

2.43(-2) 

-2.84 

-1.35 

-6.89(-l) 

— 8.33(— 1) 

-2.38 

4.57(-l) 

2.43(-2) 

-2.84 

-1.35 

-6.90(-l) 

— 8.33(— 1 ) 

^ho 2 o 

-1.10(-1) 

mm 

1.98(-3) 

— 1.33(— 1) 

-6.14(-2) 

mm 

-3.70(-2) 


-1.10(-1) 

mm 

1.98(-3) 

— 1.33(— 1) 

— 6. 14(— 2) 

mm 

-3.70(-2) 

aH 2°2’ 0 

-9.89(-l) 

1.90(-1) 

1.05(-2) 

-1.18 

— 5.62(— 1) 

-2.87(-l) 

— 3.45(— 1) 

-9.89(-l) 

1.90(-1) 

1.05(-2) 

-1.18 

— 5.62(— 1) 

-2.87(-l) 

— 3.45(— 1) 

a N,0 

-2.10 

4.02(-l) 

2.11 (-2) 

-2.51 

-1.20 

-6.07(-l) 

— 7.36(— 1) 

-2.10 

4.02(-l) 

2. 11 (-2) 

-2.51 

-1.20 

-6.07(-l) 

-7.36(~1) 

a NO,0 

-2.45(-4) 

5.13(— 5) 

-6.03(-5) 

-2.56(-4) 

-1.10(-4) 

— 8.13(— 5) 

-7.01 (-5) 

-2.45(-4) 

5.13(-5) 

— 6.03(— 5) 

-2.56(-4) 

-1.10(-4) 

-8.13(-5) 

-7.01 (-5) 

g no 2 ,o 

2.76(-4) 

1 .94( — 4) 

2.76(-4) 

-5.80(-4) 

1.06(-3) 

-5.90(-4) 

9.95(-4) 


2.76(-4) 

1.94(-4) 

2.76(-4) 

-5.80(-4) 

1.06(-3) 

-5.90(-4) 

9.95(-4) 

^n 2 o,o 

5.02(-4) 

1.30(-4) 

4.98(-4) 

-4.24(-4) 

1.08(-3) 

-4.74(-4) 

1.01 (-3) 


5.02(-4) 

1.30(— 4) 

4.98(-4) 

-4.24(-4) 

1.08(-3) 

-4.74(-4) 

1.01 (-3) 

^O.O 

— 3.81( — 4) 

4.97(-4) 

5.20(-5) 

-3.60(-4) 

4.31 (-5) 

7.53(-5) 

3.81 (-4) 

—3 . 8 1 (—4) 

4.97(-4) 

5.20(— 5) 

-3.60(-4) 

4.31 (-5) 

7.53(-5) 

3.81 (-4) 

T 0 

— 8.44(— 1) 

9.69(-2) 

8.47(-l) 

-1.47 

-8.07(-l) 

-8.87(-2) 

2.62(-l) 


-8.44(-l) 

9.69(-2) 

8.47(-l) 

-1.47 

— 8.07(— 1) 

— 8.87(— 2) 

2.62(-l) 

Po 

-1.05 

2.02(-l) 

1.06(-2) 

-1.26 

— 5.98(— 1) 

-3.04(-l) 

4.33(-l) 

-1.05 

2.02(-l) 

1.06(-2) 

-1.26 

-5.98(-l) 

— 3.04(— 1) 

4.33(-l) 


a For each sensitivity parameter the top row gives the BFM results and the bottom row gives the 
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TO INITIAL CONDITION VALUES FOR TEST PROBLEM 8 AT t = 1.5xl0" 5 s 


coefficients at t = 1.5x10 5 s of* 


Gh 2°2 

-1.48 

-1.48 

5.40(-l) 
5.40(— 1) 

4.76(-l) 

4.76(-l) 

- 1 . 02 ( 1 ) 

- 1 . 02 ( 1 ) 

- 6.10 

- 6.10 

-5.57 

-5.57 

— 2.59(— 1) 
— 2.59(— 1) 

-2.31 

-2.31 

-4.91 

-4.91 

-3.05(-4) 

-3.05(-4) 

3.28(-4) 

3.28(-4) 

-1.06(-4) 

-1.06(-4) 

1.80(-4) 

1.80(-4) 

-4.50 

-4.50 

-1.47 

-1.47 


a NO 


1.71 

1.71 

5.04 

5.04 

-9.49(-l) 

-9.49(-l) 

2.41(1) 

2.41(1) 

1.44(1) 

1.44(1) 

1.31(1) 

1.31(1) 

6.15(-1) 
6. 15(— 1) 

5.46 

5.46 

1.40(1) 

1.40(1) 

2.40 

2.40 

2.41 
2.41 

3.82(-2) 

3.82(-2) 

-3.05(-4) 

-3.05(-4) 

1.47(1) 

1.47(1) 

4.80 

4.80 


a N ° 2 

1.32(— 1) 
1.32(-1) 

7.94 

7.94 

-8.22(-l) 

-8.22(-l) 

2.75(1) 

2.75(1) 

1.64(1) 

1.64(1) 

1.50(1) 

1.50(1) 

7.01(-1) 

7.01(-1) 

6.21 

6.21 

1.56(1) 

1.56(1) 

2.41 

2.41 

2.41 

2.41 

3.93(-2) 

3.93(-2) 

-1.16(-4) 
— 1.16( — 4) 

1.72(1) 

1.72(1) 

6.24 

6.24 




1.63 

1.63 

3.23 

3.23 

— 8.38(— 1) 
— 8.38(— 1) 

1.28(1) 

1.28(1) 

7.62 

7.62 

6.95 

6.95 

3.26(-l) 

3.26(-l) 

2.89 

2.89 

6.24 
6.24 

1.15( — 1) 
1.15(-1) 

1.15(-1) 
1.15(— 1) 

3.49(-3) 

3.49(-3) 

-4.94(-4) 

-4.94(-4) 

9.79 

9.79 

3.02 

3.02 


% 

-6.40(-5) 

-6.40(-5) 

-1.91 (-4) 
-1.91 (-4) 

1.00 

1.00 

-9.10(-4) 

-9.10(-4) 

-5.42(-4) 

-5.42(-4) 

-4.95(-4) 

-4.95(-4) 

-2.32(-5) 

-2.32(-5) 

-2.06(-4) 

-2.06(-4) 

-4.36(-4) 

-4.36(-4) 

6.31 (-8) 

6.31 (-8) 

5.31(-8) 

5.31 (-8) 

1.79(-4) 

1.79(-4) 

1.15(-8) 

1.15(-8) 

-5.55(-4) 

-5.55(-4) 

— 1.81(— 4) 
— 1.81( — 4) 


a N 2 ° 

-9.43(-l) 

-9.43(-l) 

3.36 

3.36 

8.13(— 1) 
8.13(-1) 

6.56 

6.56 

3.91 

3.91 

3.57 
3.57 

1.68(-1) 

1 . 68 (- 1 ) 

1.48 

1.48 

3.14 

3.14 

2.03(-4) 

2.03(-4) 

9.16(-4) 

9.16(-4) 

1.53(-3) 
1.53(— 3) 

1.51 (-4) 
1.51 (-4) 

4.74 

4.74 

2.23 

2.23 


T 


1.69(-1) 

1.69(-1) 

2.24(-l) 

2.24(-l) 

- 1 . 20 (- 1 ) 

- 1 . 20 (- 1 ) 

1.14 

1.14 

6.77(-l) 

6.77(-l) 

6.1 8(— 1) 
6.1 8(— 1) 

2.90(-2) 

2.90(-2) 

2.57(-l) 

2.57(-l) 

5.45(-l) 

5.45(-l) 

2.17(-5) 

2.17(-5) 

2.44(-5) 

2.44(-5) 

1.14(— 4) 
1.14(-4) 

-3.58(-6) 

-3.58(-6) 

7.65(-l) 

7.65(-l) 

2.74(-l) 

2.74(-l) 


P 


— 1.39(— 1) 
— 1.39(— 1) 

— 1.72(— 1) 
— 1.72( — 1) 

9.52(-2) 

9.52(-2) 

-8.97(-l) 

-8.97(-l) 

— 5.35(— 1) 
— 5.35(— 1) 

-4.88(-l) 

-4.88(-l) 

-2.29(-2) 

-2.29(-2) 

-2.03(-l) 

-2.03(-l) 

-4.30(-l) 

-4.30(-l) 

-1.69(-5) 

-1.69(-5) 

-5.50(-5) 

-5.50(-5) 

-1.56(-4) 

-1.56(-4) 

7.09(-6) 

7.09(-6) 

2.84(-l) 

2.84(-l) 

7.84(-l) 

7.84(-l) 


LSENS results; numbers in parentheses are powers of 10. 
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TABLE 4.62.— NORMALIZED SENSITIVITY COEFFICIENTS WITH RESPECT 


Sensitivity 

parameter 






Normalized sensitivity 

GO 

aH 2° 

°OH 


°o 2 

0 H* 

°ho 2 

° H 2*° 

-1.10 

5.54(-l) 

-1.47(-1) 


-3.97 

3.42 

-2.25 


-1.10 

5.54(-l) 

-1.47(-1) 


-3.97 

3.42 

-2.25 


2.94 

2.98(— 1) 

1.68 

-6.96(-l) 

5.21 

-1.98 

4.26 

2’ 

2.94 

2.98(-l) 

1.68 

-6.96(-l) 

5.2i ; 

-1.98 

4.26 

<*n 2 ,0 

-1.18 

1.83(-1) 

-6.30(-l) 

-1.11 

-4.47(-l) 

-5.3K-1) 

-7.34(-l) 


-1.18 

1.83(-1) 

-6.30(-l) 

-1.11 

-4.47 (-1) 

-5.3K-1) 

-7.34(-l) 

a o,o 

-6.45(-2) 

n 

-2.76(-2) 

-3.53(-2) 

-6.28(-2) 

6.38(-4) 

-4.38(-2) 

-6.45(-2) 

mi 

-2.76(-2) 

— 3.53(— 2) 

-6.28(-2) 

6.39(-4) 

-4.38(-2) 

°H,0 

11 

1.74(-3) 

-1.67(-2) 

BPfgfl 

-3.90(-2) 

1.49(-3) 

-2.71 (-2) 

IB 

1.74(-3) 

-1.67(-2) 

mm 

-3.90(-2) 

1.49(-3) 

-2.71 (-2) 

°OH,0 

-3.52(-2) 

1.81 (-3) 

—1 .50(— 2) 

-1.93(-2) 

-3.42(-2) 

4.27(— 4) 

-2.38(-2) 

-3.52(-2) 

1.81(— 3) 

-1.50(-2) 

-1.93(-2) 

-3.42(-2) 

4.28(-4) 

-2.38(-2) 

a HO 2 ,0 

1.19( — 4) 

3.70(-4) 

3.77(-4) 

-9.56(-4) 

1.20(-3) 

-7.34(-4) 

1.31 (-3) 


1.19(— 4) 

3.70(-4) 

3.77(-4) 

-9.56(-4) 

1.20(-3) 

-7.34(-4) 

1.31 (-3) 

a H 2 O 2 ,0 

-1.40(-2) 

1.16(-3) 

-5.71C-3) 

-8.32(-3) 

-1.27(-2) 

-2.61 (-4) 

-8.62(-3) 


-1.40(-2) 

1.16(-3) 

-5.71 (-3) 

-8.32(-3) 

-1.27(-2) 

-2.61 (-4) 

-8.62(-3) 

a N,0 

-3.14(-2) 

1.13(— 3) 

-1.36(-2) 

-1.58(-2) 

-3.23(-2) 

1.66(-3) 

— 2.25(— 2) 

-3.14(-2) 

1.13(-3) 

-1.36(-2) 

-1.58(-2) 

-3.23(-2) 

1.66(-3) 

-2.25(-2) 

°NO,0 

s 

3.77(— 5) 

— 5.78(— 5) 

-2.06(-4) 

5.47(-5) 

— 1 .38(— 4) 

-5.46(-6) 

BE SB 

3.77(— 5) 

-5.78(-5) 

-2.06(-4) 

5.47(-5) 

-1.38(-4) 

-5.46(-6) 

a NO o ,0 

6.53(-4) 

1.73(-4) 

3.88(-4) 

-6.49(-4) 

1.74(-3) 

-9.07(-4) 

1.28(-3) 

2’ 

6.53(-4) 

1.73(-4) 

3.88(— 4) 

-6.49(-4) 

1.74(-3) 

-9.07(-4) 

1.28(-3) 

a N 2 O,0 

1.12(-3) 

7.53(-5) 

6.30(-4) 

-8.34(-5) 

1.78(-3) 

-5.85(-4) 

1.47(-3) 


1.12(— 3) 

7.53(-5) 

6.30(-4) 

-8.34(-5) 

1.78(-3) 

-5.85(-4) 

1.47 (-3) 

a H 2 O,0 

-3.89(-4) 

4.49(-4) 

-2.44(-5) 

-3.71 (-4) 

5.78(-5) 

7.61 (-6) 

6.51 (-5) 


-3.89(-4) 

4.49(-4) 

— 2.44(— 5) 

-3.71 (-4) 

5.78(-5) 

7.61(-6) 

6.51 (-5) 

^0 

1.77 

— 3.00(— 1) 

1.02 

1.72 

5.43(-l) 

8.97(-l) 

1.50 


1.77 

— 3.00(— 1) 

1.02 

1.72 

5.43(-l) 

8.97(-l) 

1.50 

Po 

— 3.28(— 1) 

3.56(-2) 

— 9.89(— 2) 

— 3. 10(— 1) 

-2.05(-l) 

-9.25(-2) 

2.80(-l) 


— 3.28(— 1) 

3.56(-2) 

— 9.89(— 2) 

— 3. 10(— 1) 

-2.05(-l) 

-9.25(-2) 

2.80(-l) 


a For each sensitivity parameter the top row gives the BFM results and the bottom row gives the 
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TO INITIAL CONDITION VALUES FOR TEST PROBLEM 8 AT t = 10 -4 s 
coefficients at t = 10 4 s of“ 


0h 2°2 

°NO 

aN °2 


% 

a N 2 0 

T 

-1.07 

2.12(-1) 

-1.94 

2.13 

-3.73(-4) 

-1.48 

8.97(-2) 

-1.07 

2.12(-1) 

-1.94 

2.13 

—3.73(—4) 

-1.48 

8.97(-2) 

3.01 

3.65 

6.22 

1.51 

-6.410-3) 

2.71 

4.10(-2) 

3.01 

3.65 

6.22 

1.51 

-6.41 (-3) 

2.71 

4.10(-2) 

-4.36(-l) 

-1.34 

-1.39 

-1.73 

1.00 

3.670-1) 

-9.63(-2) 

—4.36(—l) 

-1.34 

-1.39 

-1.73 

1.00 

3.670-1) 

-9.63(-2) 

-7.37(-2) 

1.29 

1.29 

6.590-1) 

-2.27(-3) 

2.35(-2) 

2.30(-3) 

-7.37(-2) 

1.29 

1.29 

6.59(-l) 

-2.270-3) 

2.35(-2) 

2.30(-3) 

-4.46(-2) 

7.710-1) 

7.650-1) 

3.94(-l) 

-1.35(-3) 

1.34(-2) 

1.40(-3) 

-4.46(-2) 

7.71(-1) 

7.650-1) 

3.94(-l) 

-1.350-3) 

1.34(-2) 

1.40(-3) 

-4.00(-2) 

7.03(-l) 

6.99(-l) 

3.58(-l) 

-1.230-3) 

1.27(-2) 

1.24(-3) 

-4.00(-2) 

7.03(-l) 

6.99(-l) 

3.580-1) 

-1.230-3) 

1.270-2) 

1 .24(-3) 

— 8.39(— 5) 

3.51 (-2) 

3.62(-2) 

1.79(-2) 

-6.150-5) 

2.10(-3) 

9.62(-5) 

-8.380-5) 

3.51 (-2) 

3.62(-2) 

1.79(-2) 

-6.150-5) 

2. 10(— 3) 

9.62(-5) 

-1.55(-2) 

2.930-1) 

2.92(-l) 

1.490-1) 

-5.13(-4) 

5.97(-3) 

5.06(-4) 

-1.550-2) 

2.93(-l) 

2.92(-l) 

1.490-1) 

-5.130-4) 

5.97(-3) 

5.06(-4) 

-3.65(-2) 

6.68(-l) 

6.63(-l) 

3.42(-l) 

-1.08(-3) 

1.06(-2) 

1.16(-3) 

-3.65(-2) 

6.68(-l) 

6.63(-l) 

3.42(-l) 

-1.08(-3) 

1.06(-2) 

1.160-3) 

-1.76(-5) 

4.76(-2) 

4.76(-2) 

2.40(-2) 

7.01(-6) 

1.62(-4) 

— 1.16(— 5) 

-1.760-5) 

4.76(-2) 

4.76(-2) 

2.40(-2) 

7.01 (-6) 

1.62(-4) 

— 1.16(— 5) 

8.95(-4) 

4.82(-2) 

4.91 (-2) 

2.390-2) 

5.85(-6) 

9.29(-4) 

-1.810-5) 

8.950-4) 

4.82(-2) 

4.91 (-2) 

2.39(-2) 

5.85(-6) 

9.29(-4) 

-1.81(-5) 

1.01 (-3) 

2.31 (-3) 

3.14(-3) 

1.300-3) 

1.77(—4) 

1.1K-3) 

2.20(-5) 

1.01 (-3) 

2.31 (-3) 

3.14(-3) 

1.300-3) 

1.770-4) 

UK-3) 

2.20(-5) 

2.92(-4) 

-7.77(-4) 

-6.62(-4) 

-1.150-3) 

1.360-6) 

-1.18(-4) 

-3.920-5) 

2.92(-4) 

-7.77(-4) 

-6.62(-4) 

-1.150-3) 

1.36(-6) 

-1.180-4) 

-3.92(-5) 

1.19 

5.91 

6.30 

5.83 

-1.04(-2) 

1.64 

2.02(-l) 

1.19 

5.91 

6.30 

5.83 

-1.04(-2) 

1.64 

2.02(-l) 

5.10(-1) 

1.53 

1.90 

9.030-1) 

-2.68(-3) 

6.02(-l) 

3.43(-2) 

5.100-1) 

1.53 

1.90 

9.030-1) 

-2.68(-3) 

6.02(-l) 

3.430-2) 


LSENS results; numbers in parentheses are powers of 10. 


P 


-7.25(-2) 

-7.25(-2) 

-2.450-2) 

-2.45(-2) 

7.15(-2) 

7.15(-2) 

-1.29(-3) 

-1.29(-3) 

-7.91 (-4) 
-7.91 (-4) 

-6.98(-4) 

-6.98(-4) 

-1.07(-4) 

-1.07(-4) 

-3.46(-4) 

-3.46(-4) 

-6.97(-4) 

-6.97(-4) 

7.38(-6) 

7.38(-6) 

-2.32(-5) 

-2.32(-5) 

-8.31 (-5) 
-8.31 (-5) 

3.46(-5) 

3.46(-5) 

7.36(-l) 

7.36(-l) 

9.750-1) 

9.750-1) 
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TABLE 4.63.— NORMALIZED SENSITIVITY COEFFICIENTS WITH RESPECT 


Sensitivity 

parameter 






Normalized sensitivity 



°OH 

Oh 

°o 2 

°h 2 

a H0 2 

° H 2*° 

-1.04 

5.34(-l) 

— 1.32(— 1) 

2.54 

-3.94 

3.42 

-2.23 


-1.04 

5.34(-l) 

— 1.32(— 1) 

2.54 

-3.94 

3.42 

-2.23 

a o~,o 

3.04 

3.12(-1) 

1.73 

-6.54(-l) 

5.33 

-1.98 

4.35 

2’ 

3.04 

3. 12(— 1) 

1.73 

— 6.54(— 1) 

5.33 

-1.98 

4.35 

°N^,0 

-1.27 

1.84(-1) 

— 6.76(— 1 ) 

-1.15 

-5.56(-l) 

— 5. 18(— 1) 

— 8.22(— 1) 

2’ 

-1.27 

1.84(-1) 

— 6.76(— 1) 

-1.15 

— 5.56(— 1) 

— 5. 18(— 1 ) 

-8.22(-l) 

a o,o 

9.96(-4) 

— 8.02(— 5) 

5.41 (-4) 

6.06(-4) 

7.73(-4) 

1-31 (—4) 

8.54(-4) 

9.97(-4) 

-8.03(-5) 

5.41 (-4) 

6.07(-4) 

7.73(-4) 

1.31 (-4) 

8.54(-4) 

a H.O 

1.19( — 4) 

-6.86(-5) 

1 . 1 8(— 4) 

1.21 (-3) 

— 1. 15(— 3) 

1.19(-3) 

-5.45(-4) 

1 . 1 9(— 4) 

-6.86(-5) 

1 .1 8(— 4) 

1.21 (-3) 

—1 . 15(— 3) 

1. 19(— 3) 

-5.45(-4) 

°OH,0 

4.06(-4) 

1.60(-4) 

3.1 1(-4) 

2.53(— 4) 

4.11 (-4) 

1.51 (-4) 

4.91 (-4) 

4.06(-4) 

1.60(-4) 

3.1 1 (—4) 

2.53(-4) 

4.11 (-4) 

1.51 (-4) 

4.91 (-4) 

a HO 2 ,0 

1.85(-3) 

2.99(-4) 

1.12(— 3) 

-1.32(-5) 

2.89(-3) 

-7.50(-4) 

2.5CK-3) 


1.85(-3) 

2.99(-4) 

1.12(-3) 

-1.32(-5) 

2.89(-3) 

-7.50(-4) 

2.50(-3) 

°h 2 o 2 ,o 

8.58(-4) 

4.77(-4) 

6.64(-4) 

— 1 .86(— 4) 

1.71 (-3) 

— 3.79(— 4) 

1.50(-3) 

8.58(-4) 

4.77(-4) 

6.64(-4) 

-1.86(-4) 

1.71 (-3) 

— 3.79(— 4) 

1.50(-3) 

°N.O 

1.36(-3) 

-3.08(-4) 

7.04(-4) 

1.73(-3) 

1.67(-6) 

1.03(-3) 

5.05(-4) 

1.36(-3) 

-3.08(-4) 

7.04(-4) 

1.73(-3) 

1.78(-6) 

1.03(-3) 

5.05(-4) 

a NO,0 

1.26(-3) 

6.04(-5) 

7.06(-4) 

4.22(-5) 

1.85(-3) 

-5.27(-4) 

1.58(-3) 

1.26(-3) 

6.04(-5) 

7.06(-4) 

4.22(-5) 

1.85(-3) 

-5.27(-4) 

1.58(-3) 

a NO 2 ,0 

2.06(-3) 

2.02(-4) 

1.16(-3) 

-3.97(-4) 

3.55(-3) 

-1.30(-3) 

2.88(-3) 


2.06(-3) 

2.02(-4) 

1 • 1 6(— 3) 

— 3.97(— 4) 

3.55(-3) 

— 1.30(— 3) 

2.88(-3) 

a N~O,0 

1 . 1 8(— 3) 

7.99(-5) 

6.58(-4) 

-6.46(-5) 

1.84(-3) 

-5.91 (-4) 

1.52(-3) 

2 

1.18(-3) 

7.99(-5) 

6.58(-4) 

-6.46(-5) 

1.84(-3) 

-5.91 (-4) 

1.52(-3) 

a H 2 O,0 

-3.91 (-4) 

4.49(-4) 

-2.6K-5) 

-3.72(-4) 

5.77(-5) 

6.39(-6) 

6.07(-5) 


-3.91 (-4) 

4.49(-4) 

-2.61C-5) 

-3.72(-4) 

5.77(-5) 

6.40(-6) 

6.07(-5) 

To 

1.95 

-3.1K-1) 

1.09 

1.84 

6.97(-l) 

9.09(-l) 

1.61 

1.95 

-3.1 1(-1) 

1.09 

1.84 

6.97(-l) 

9.09(-l) 

1.61 

Po 

-2.71(-1) 

3.04(-2) 

— 7.92(— 2) 

— 2.63(— 1) 

— 1.64(— 1) 

-8.13(-2) 

2.98(-l) 


— 2.71(— 1) 

3.04(-2) 

— 7.92(— 2) 

— 2.63(— 1) 

-1.64(-1) 

— 8. 13(— 2) 

2.98(-l) 


a For each sensitivity parameter the top row gives the BFM results and the bottom row gives the 
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TO INITIAL CONDITION VALUES FOR TEST PROBLEM 8 AT I = 10* 3 s 


coefficients at t = 10 3 

sof® 






0h 2°2 

a NO 

a N° 2 


% 

a N 2 ° 

T 

P 

-1.03 

-1.49 

-3.65 

1.85 

1.17(— 2) 

-1.59 

8.83(-2) 

-7.45(-2) 

-1.03 

-1.49 

-3.65 

1.85 

1.17(— 2) 

-1.59 

8.83(-2) 

-7.45(-2) 

3.15 

2.84 

5.44 

7.43(-l) 

-2.23(-2) 

2.80 

3.65(-2) 

-1.79(-2) 

3.15 

2.84 

5.44 

7.43(-l) 

-2.23(-2) 

2.80 

3.65(-2) 

-1.79(-2) 

-5.37(-l) 

— 2.34( — 1) 

— 3.16(— 1) 

-1.45 

1.01 

3.41(-1) 

-9.51 (-2) 

7.00(-2) 

— 5.37(— 1) 

— 2.34(— 1) 

-3.16(-1) 

-1.45 

1.01 

3.41(-1) 

-9.51 (-2) 

7.00(-2) 

5.76(-4) 

9.03(-3) 

9.31 (-3) 

7.15(— 3) 

-7.09(-5) 

1 - 1 6(— 3) 

6.02(-5) 

-3.54(-5) 

5.76(-4) 

9.03(-3) 

9.31 (-3) 

7.15(-3) 

-7.09(-5) 

1 . 1 5(— 3) 

6.02(-5) 

-3.58(-5) 

-3.36(-4) 

4.75(-3) 

4.04(-3) 

4.93(-3) 

— 3.73(— 5) 

1.99(-5) 

6.75(-5) 

-4.39(-5) 

-3.36(-4) 

4.75(-3) 

4.04(-3) 

4.93(-3) 

— 3.73(— 5) 

1.98(-5) 

6.75(-5) 

-4.42(-5) 

4.50(-4) 

4.84(-3) 

5.01(-3) 

3.63(-3) 

— 3.80(— 5) 

5.69(-4) 

2.00(-5) 

-1.48(-5) 

4.50(-4) 

4.84(-3) 

5.01 (-3) 

3.63(-3) 

— 3.80(— 5) 

5.69(-4) 

2.00(-5) 

-1.50(-5) 

1.89(-3) 

1.84(-3) 

3.19(— 3) 

9.21 (-4) 

-1.44(-5) 

1.57(-3) 

3.64(-5) 

— 7. 15(— 5) 

1.89(-3) 

1.84(-3) 

3.19(— 3) 

9.21 (-4) 

-1.44(-5) 

1.57(-3) 

3.64(-5) 

-7.16(-5) 

1.29(-3) 

2.72(-3) 

3.55(-3) 

1.31 (-3) 

-2.14(-5) 

9.25(-4) 

-2.54(-6) 

-6.06(-5) 

1.29(-3) 

2.72(-3) 

3.55(-3) 

1.31 (-3) 

—2. 14(— 5) 

9.25(-4) 

-2.54(-6) 

-6.07(-5) 

2.58(-4) 

5.01 (-3) 

4.73(-3) 

5.79(-3) 

5.16(-5) 

8.61(-4) 

1.28(-4) 

-1.45(-4) 

2.58(-4) 

5.01(-3) 

4.73(-3) 

5.79(-3) 

5. 16(— 5) 

8.61(-4) 

1 .28( — 4) 

-1.45(-4) 

1.12(— 3) 

1.43 (-3) 

2.28(-3) 

9.23(-4) 

7.98(-5) 

1.15(— 3) 

3. 1 8(— 5) 

-4.04(-5) 

1 . 12(— 3) 

1.43(-3) 

2.28(-3) 

9.23(-4) 

7.98(-5) 

1.15(— 3) 

3. 1 8(— 5) 

-4.04(-5) 

2.07(-3) 

2.23(— 3) 

3.93(-3) 

7.79(-4) 

7.34(-5) 

1.94(-3) 

2.43(-5) 

-6.91 (-5) 

2.07(-3) 

2.23(-3) 

3.93(-3) 

7.79(-4) 

7.34(-5) 

1.94(-3) 

2.43(-5) 

-6.91 (-5) 

1.07(-3) 

1.13(-3) 

1.97(-3) 

5.66(-4) 

1.73(-4) 

1.15(— 3) 

2.12(— 5) 

— 8. 17(— 5) 

1.07(-3) 

1. 13(— 3) 

1.97(-3) 

5.66(-4) 

1 .73( — 4) 

1.15(-3) 

2.12(-5) 

—8. 17(— 5) 

2.95(-4) 

— 1 ,78( — 4) 

-6.45(-5) 

— 8.32( — 4) 

1.40(-6) 

— 1 .32( — 4) 

-3.98(-5) 

3.50(-5) 

2.95(-4) 

— 1 .78(— 4) 

-6.45(-5) 

-8.32(-4) 

1.40(-6) 

-1.32(-4) 

-3.98(-5) 

3.50(-5) 

1.39 

1.40 

1.80 

3.64 

— 1.10(— 2) 

1.59 

1.95(-1) 

7.41(-1) 

1.39 

1.40 

1.80 

3.64 

— 1.10(— 2) 

1.59 

1.95(-1) 

7.41(-1) 

5.87(-l) 

1. 15(— 1) 

4.72(-l) 

1.49( — 1) 

-9.03(-4) 

5.43(-l) 

2.97(-2) 

9.78(-l) 

5.87(-l) 

1.15(-1) 

4.72(-l) 

1.49(-1) 

-9.03(-4) 

5.43(-l) 

2.97(-2) 

9.78(-l) 


LSENS results; numbers in parentheses are powers of 10. 










TABLE 4.64.— NORMALIZED SENSITIVITY COEFFICIENTS WITH RESPECT 


Sensitivity 






Normalized sensitivity 

parameter - 

<>o 

0h 2° 

°OH 

° H 

°°2 

% 

°ho 2 

(Iff r\ 

-1.02 

5.34(— 1) 

— 1.22(— 1) 

2.54 

-3.92 

3.41 

-2.21 

ri2»0 

-1.02 

5.34(-l) 

— 1.22(— 1) 

2.54 

-3.92 

3.41 

-2.21 


3.05 

3.13(-1) 

1.73 

— 6.53(— 1) 

5.34 

-1.98 

4.36 

t>2,0 

3.05 

3.13(-1) 

1.73 

-6.53(-l) 

5.34 

-1.98 

4.36 

CTkt a 

-1.29 

1.84(-1) 

-6.84(-l) 

-1.15 

-5.75(-l) 

—5. 14(— 1) 

-8.39(-l) 


-1.29 

1.84(-1) 

-6.84(-l) 

-1.15 

-5.75(-l) 

-5.140-1) 

— 8.39(— 1) 

(Jr\ a 

2.12(-3) 

— 6. 15(— 5) 

1.16(-3) 

8.06(-4) 

2.24(-3) 

-1.880-4) 

2.1 5(— 3) 

0,0 

2.12(-3) 

— 6. 16(— 5) 

1.16(-3) 

8.06(-4) 

2.24(-3) 

-1.87(-4) 

2. 1 5(— 3) 

(Tfl a 

7.98(-4) 

-5.75(-5) 

4.93(-4) 

1.33(-3) 

-2.72(-4) 

9.98(-4) 

2.33( — 4) 


7.98(-4) 

-5.75(-5) 

4.93(-4) 

1.33(-3) 

-2.72(-4) 

9.98(-4) 

2.33(— 4) 

Oau o 

1.02(-3) 

1.70(-4) 

6.48(-4) 

3.61 (“^) 

1.20(-3) 

-2.20(-5) 

1.19(— 3) 

Url,0 

1.02(-3) 

1 .70( — 4) 

6.48(-4) 

3.61 (-4) 

1.20(-3) 

-2.190-5) 

1.19(— 3) 

a HO 2 ,0 

1.88(-3) 

3.00(-4) 

1.14(— 3) 

— 7. 16( — 6) 

2.94(-3) 

-7.60(-4) 

2.54(-3) 

1.88(-3) 

3.00(-4) 

1.14(— 3) 

-7.15(-6) 

2.94(-3) 

-7.60(-4) 

2.54(— 3) 

°h 2 o 2 ,o 

1.1K-3) 

4.81 (-4) 

8.03(-4) 

-1.42(-4) 

2.04(-3) 

-4.50(-4) 

1.78(— 3) 

1.1K-3) 

4.81 (-4) 

8.03(-4) 

-1.42(-4) 

2.04(-3) 

-4.50(-4) 

1.78(— 3) 

a N,0 

1.96(-3) 

-2.99(-4) 

1.04(-3) 

1.84(-3) 

7.80(-4) 

8.61(-4) 

1.19(— 3) 

1.96(-3) 

-2.99(-4) 

1.04(-3) 

1.84(-3) 

7.80(-4) 

8.61 (-4) 

1.19(— 3) 

(JxTA A 

1.31 (-3) 

6.13(-5) 

7.32(— 4) 

5.02(-5) 

1.91 (-3) 

-5.40(-4) 

1.63(-3) 

INU,U 

1.31 (-3) 

6.13(-5) 

7.32(-4) 

5.02(-5) 

1.91 (-3) 

-5.40(-4) 

1 ,63(— 3) 

a NO 2 ,0 

2.10(-3) 

2.03(-4) 

1.19(-3) 

-3.89(-4) 

3.61(-3) 

-1.3K-3) 

2.93(— 3) 

2.10(-3) 

2.03(-4) 

1.19(-3) 

-3.89(-4) 

3.61 (-3) 

-1.31 (-3) 

2.93(-3) 

a N 2 O,0 

1.18(-3) 

8.01 (-5) 

6.60(-4) 

-6.38(-5) 

1.85(-3) 

-5.93(-4) 

1.52(-3) 

1.18(-3) 

8.01(-5) 

6.60(-4) 

— 6.38(— 5) 

1.85C-3) 

-5.93(-4) 

1.52(-3) 

a H 2 O,0 

-3.99(-4) 

4.49(-4) 

-3.03(-5) 

-3.74(-4) 

4.80(-5) 

8.48(-6) 

5.2K-5) 

-3.99(-4) 

4.49(-4) 

-3.03(-5) 

-3.74(-4) 

4.80(-5) 

8.48(-6) 

5.21(-5) 


1.99 

— 3.10(— 1) 

1.11 

1.84 

7.54(-l) 

8.960-1) 

1.66 

1.99 

-3.10(-1) 

1.11 

1.84 

7.54(-l) 

8.960-1) 

1.66 

Po 

-2.60(-l) 

i 3.06(-2) 

-7.31 (-2) 

i -2.61 (--) 

i -1.50(-1) 

i -8.44(-2) 

l 3.10(— 1) 

-2.60(-l) 

l 3.06(-2) 

-7.31 (-2) 

1 -2.6K-1) 

l -1.50(-1) 

l -8.44(-2] 

1 3.10(-1) 


a For each sensitivity parameter the top row gives the BFM results and the bottom row gives the 
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TO INITIAL CONDITION VALUES FOR TEST PROBLEM 8 AT t = 1 s 


coefficients at t = 1 s of® 


Gh 2°2 

- 1.02 

- 1.02 

3.16 

3.16 

— 5.49(— 1) 
— 5.49(— 1) 

1.50(-3) 

1.50(-3) 

2.21 (-4) 
2.21 (-4) 

9.52(-4) 

9.52(-4) 

1.92(-3) 

1.92(-3) 

1.49(-3) 

1.49(-3) 

7.51 (-4) 
7.51 (-4) 

1 . 16(— 3) 
1.16(-3) 

2.10(-3) 

2.10(-3) 

1.07 (-3) 
1.07(-3) 

2.89(-4) 

2.89(-4) 

1.43 

1.43 

5.96(-l) 

5.96(-l) 


a NO 


-1.62 

-1.62 

2.80 

2.80 

— 1-42(— 1) 
— 1-42(— 1) 

1.47(-3) 

1.47(-3) 

1.98(-4) 

1.98(-4) 

7. 47 (-4) 
7.47(-4) 

1.60(-3) 

1.60(-3) 

1.04(-3) 

1.04(-3) 

9.86(-4) 

9.86(-4) 

1.12(-3) 
1 . 12 (— 3 ) 

1.94(-3) 

1.94(-3) 

1.09(-3) 

1.09(-3) 

-1.26(-4) 

-1.26(-4) 

1.11 

1.11 

3.81 (-2) 
3.81 (-2) 


° n °2 

-3.76 

-3.76 

5.40 

5.40 

— 2.33(— 1) 
— 2.33(— 1) 

2.39(-3) 

2.39(-3) 

-1.22(-4) 

-1.22(-4) 

1.26(-3) 

1.26(-3) 

2.97(-3) 

2.97(-3) 

2.01(-3) 

2.01 (-3) 

1.04(-3) 

1.04(-3) 

1.99(-3) 
1.99(— 3) 

3.67(-3) 

3.67(-3) 

1.94(-3) 

1.94(-3) 

-1.69(-5) 

-1.69(-5) 

1.53 

1.53 

4.01(-1) 

4.01(-1) 




1.77 

1.77 

7.1 l(-l) 

7.1 l(-l) 

-1.39 

-1.39 

1.90(-3) 

1.90(-3) 

1.76(-3) 
1 .76(— 3) 

7.80(-4) 

7.80(-4) 

7.58(-4) 

7.58(-4) 

1 .36(— 4) 
1.36(-4) 

2.99(-3) 
2.99(— 3) 

7.08(-4) 

7.08(-4) 

5.73(-4) 
5.73( — 4) 

5.42(-4) 

5.42(-4) 

-7.96(-4) 

-7.96(-4) 

3.44 

3.44 

9.49(-2) 

9.49(-2) 


% 

1.29(-2) 

1.29(-2) 

-2.23(-2) 

-2.23(-2) 

1.01 

1.01 

-1.17(-5) 

-U7(-5) 

-1.58(-6) 

-1.59(-6) 

-5.96(-6) 

-5.96(-6) 

— 1 .28(— 5) 
— 1.28(— 5) 

-8.26(-6) 

-8.26(-6) 

8.31(-5) 
8.31 (-5) 

8 . 20 (— 5 ) 
8.20(-5) 

7.55(-5) 

7.55(-5) 

1.73(-4) 

1.73(-4) 

1.01 (- 6 ) 

1.01 (- 6 ) 

-8.86(-3) 

-8.86(-3) 

-3.05(-4) 

-3.05(-4) 


a N 2 0 

-1.59 

-1.59 

2.80 

2.80 

3.36(-l) 

3.36(-l) 

1.49(-3) 

1.49(-3) 

2.22(-4) 

2.22(-4) 

7.52(-4) 

7.52(-4) 

1.59(-3) 

1.59(-3) 

1.00(-3) 

1.00(-3) 

1.04(-3) 

1.04(-3) 

1.16(-3) 

1 . 16(— 3) 

1.96(-3) 

1.96(-3) 

1.15(-3) 

1.15(-3) 

-1.34(-4) 

-1.34(-4) 

1.60 

1.60 

5.46(-l) 

5.46(-l) 


T 


8.89(-2) 

8.89(-2) 

3.67(-2) 

3.67(-2) 

-9.55(-2) 

-9.55(-2) 

9.59(-5) 

9.60(-5) 

8.91 (-5) 
8.91 (-5) 

3.94(-5) 

3.94(-5) 

3.75(-5) 

3.75(-5) 

5.44(-6) 

5.44(-6) 

1.47(-4) 

1 .47( — 4) 

3.33(-5) 

3.33(-5) 

2.57(-5) 

2.57(-5) 

2. 13(— 5) 
2.13(-5) 

-4.01 (-5) 
-4.01 (-5) 

1.96(-1) 

1.96(-1) 

3.01 (-2) 

3.01 (-2) 


P 


-7.52(— 2) 
— 7.52(-2) 

-1.81 (-2) 
— 1.81(— 2) 

7.05(-2) 

7.05(-2) 

-7.45(-5) 

-7.50(-5) 

-6.75(-5) 

-6.78(-5) 

-3.60(-5) 

-3.62(-5) 

-7.27(-5) 

-7.27(-5) 

-6.93(-5) 

-6.94(-5) 

-1.66(-4) 

-1.66(-4) 

— 4-19(— 5) 
-4.19(-5) 

-7.06(-5) 

-7.06(-5) 

-8.18(-5) 
— 8. 18(— 5) 

3.52(-5) 

3.52(-5) 

7.40(-l) 

7.40(-l) 

9.77(-l) 

9.77(-l) 


LSENS results; numbers in parentheses are powers of 10. 


189 































191 




























TABLE 4.65. — Concluded. 
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TABLE 4.66.— REACTION IMPORTANCE LISTS AND NORMALIZED SENSITIVITY COEFFICIENTS 
WITH RESPECT TO PREEXPONENTIAL FACTORS FOR TEST PROBLEM 8 AT t = 3x1 O' 6 s 
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TABLE 4.67.— REACTION IMPORTANCE LISTS AND NORMALIZED SENSITIVITY COEFFICIENTS 
WITH RESPECT TO PREEXPONENTIAL FACTORS FOR TEST PROBLEM 8 AT t = 5x1a" 6 s 
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BFM -2.32 — 4.17(— 1) -3.57(-l) -2.14(-1) -2.95(-2) 1.71(-2) -1.06(-2) -5.96(-3) 5.40(-3) -3.45(-3) 

LSENS -2.32 -4.17(-1) -3.57(-l) -2.14(-1) -2.95(-2) 1.71 (-2) -1.06(-2) -5.96(-3) 5.40(-3) -3.45(-3) 

SENKIN -2.34 — 4.19(— 1) -3.60(-l) — 2.15(— 1) -2.97(-2) 1.73(-2) — 1.07(— 2) — 5.97(— 3) 5.38(-3) -3.44(-3) 
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TABLE 4.68.— REACTION IMPORTANCE LISTS AND NORMALIZED SENSITIVITY COEFFIC 
WITH RESPECT TO PREEXPONENTIAL FACTORS FOR TEST PROBLEM 8 AT t = 7.5xl0‘ 
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TABLE 4.68. — Concluded. 
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TABLE 4.69.— REACTION IMPORTANCE LISTS AND NORMALIZED SENSITIVITY COEFFFICIENTS 
WITH RESPECT TO PREEXPONENTIAL FACTORS FOR TEST PROBLEM 8 AT t = 1.5xlO _5 s 
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TABLE 4.69.— Concluded. 
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TABLE 4.70.— REACTION IMPORTANCE LISTS AND NORMALIZED SENSITIVITY COEFFICIENTS 
WITH RESPECT TO PREEXPONENTIAL FACTORS FOR TEST PROBLEM 8 AT f = 10 -4 s 


X 

o 


BFM -3.56(-2) -9.92(-3) -6.58(-3) -2.06(-3) -1.98(-3) -1.43(-3) -9.72(-4) -5.98(-4) -5.59(-4) -3.13(-4) 

LSENS -3.56(-2) -9.92(-3) -6.58(-3) -2.06(-3) -1.98(-3) -1.43(-3) -9.72(-4) -5.97(-4) -5.59(-4) -3.13(-4) 

SENKIN -3.55(-2) -9.94(-3) -6.60(-3) -2.06(-3) -1.98(-3) -1.44(-3) -9.75(-4) -5.99(-4) -5.58(-4) -3.14(-4) 
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TABLE 4.70.— Concluded. 
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TABLE 4.71.— REACTION IMPORTANCE LISTS AND NORMALIZED SENSITIVITY COEFFICIENTS 
WITH RESPECT TO PREEXPONENTIAL FACTORS FOR TEST PROBLEM 8 AT t = 10 -3 s 
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TABLE 4 . 71 .— Concluded. 
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4.6 Test Problems 


NS 

S m=X?* =1 (4.96) 

k = 1 

In this equation y* is the mass fraction of species k and S m the sum of the mass 
fractions of all NS species. Because 

y k = M w ,k<* k (4.97) 

where is the molar mass of species k, mass conservation can be expressed as 

NS 

Sm=IX^ =1 (4.98) 

k = 1 


Differentiating equation (4.98) with respect to Ay gives the following condition that 
must be satisfied by the {da^/dAj}: 


dS 

rr 

3A, 


NRS 


k=l 


Mj 


(4.99) 


The summation excludes inert species because their sensitivity coefficients with 
respect to rate coefficient parameters are equal to zero. The values of all NR 
3 S m /dAj were examined at each print station. Although, presumably because of 
roundoff, the magnitudes were not all equal to zero, they were very small, and 
max(3S m /3Ay) = 3.1xl0 -19 . 

Atoms are also conserved during chemical reactions. Conservation of the ith 
atomic species can be expressed as 

NS 

b i = X a ik°k = K 0’ * = !> NLM (4- 100) 

k = 1 

where b( is the total number of atoms of element i per unit mass of mixture, the 
value of bi for the initial mixture, the number of atoms of element i in one 
molecule of species k, and NLM the total number of elements. Differentiating 
equation (4.100) with respect to Ay gives 


dfy da k 


i = l,..., NLM 


(4.101) 
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4. Sensitivity Analysis 

This conservation condition was also checked at each print station for all 30 
reactions and all 3 elements (H, O, and N). Again the magnitudes of {dbi/dAj} were 
very small, but usually nonzero. The value of the dbi/dAj with largest magnitude was 
1.9xlO -20 . 

The SENKIN results given in tables 4.65 to 4.7 1 were generated on the VAX 94 1 0 
computer, using the local tolerances EMAX = 10 -7 , ATOLSP = 10 , RTLS 

= 10 -5 , and ATLS = 10 -5 . For these values of RTLS and ATLS, EMAX had to be 
decreased to 10 _6 (ATOLSP= 10" 9 EMAX) to reproduce the BFM reaction importance 
lists at all reaction times. On the VAX 9410 computer the LSENS results with 
EMAX = 10 -6 and ATOLSP = 10 -15 showed that A 2 was more important than A\ 5 
for the species N 2 0 at t = 10 -3 s. In particular, (30^0^2) = -9.28x10 and 
<3 <Jn 2 o/3Ai5) =-9.26x 10~ 6 . For all other dependent variables at this time and for 
all variables at all other times the correct reaction importance lists were reproduced. 
Because the two sensitivities are negligibly small in magnitude, the inaccuracy in 
the reaction importance list for N 2 0 at t = 10 3 s is of little consequence. Also, the 
normalized sensitivity coefficients were more accurate than the SENKIN results. 
And, when a print station was included at r = 10 -7 s, the inaccuracy in the a N2 o 
sensitivities disappeared, and the correct reaction importance lists were obtained for 
all variables at all times. This result is due to the dependence of the numerical 
solution produced by LSODE on the first output station, as discussed in chapter 3 
(section 3.2.7). 

Examination of the LSENS (and SENKIN) results generated on the VAX 9410 
computer showed that the requirement for small EMAX was caused by difficulties 
in reproducing the correct reaction importance lists during equilibration. In the 
earlier regimes larger EMAX values could be used successfully. For example, in the 
interval [0,10 -4 ] s LSENS with EMAX = 10 -4 produced the correct reaction 
importance lists at all print stations, except at t = 5x10" 6 s, when A i was predicted 
to be more important than Ag for <Jq (cf. table 4.67). The differences in the 
normalized sensitivity coefficients were, however, negligible: (3o<y3Ai) = 
(3ao/3A 8 ) = 8.60x1 0 -3 , instead of 8.61xl0~ 3 and 8.63xl0“ 3 , respectively. In 
addition, the two reactions were only the ninth and tenth most important. For this 
EMAX at each print station the average global error in all {(3F,/3A ; )} with 
magnitude > 10 -3 was less than 1 percent; the maximum error was 0.22 percent at 
t= 10 -4 s. At every print station for each A, the average global error in the 
{(dYi/dAj)} with magnitude > 10 -3 was also less than 1 percent, except for A 2 and 

A 22 at t = 1 O' 4 s , when the average errors in the normalized sensitivities with respect 

to these two parameters were 1.1 and 1.3 percent, respectively. 

The finding that a much smaller EMAX was required to track accurately the 
sensitivities during equilibration than during induction and heat release is very 
surprising inasmuch as in the equilibration regime the ODE s are stiff (refs. 20, 29, 
32, 33, and 73) and the BDF method is especially well suited for such problems 
(ref. 15). Experience has shown that while use of a large EMAX may produce an 
inaccurate kinetics solution during heat release, it has little impact on the solution 
during equilibration (ref. 19). Note also the contrast with constant-temperature 
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4.6 Test Problems 


problems, for which much looser error tolerances were adequate, even at long 
reaction time. 

Comparisons of the results generated with EMAX = 10 -7 on the Amdahl 5870 
and VAX 9410 computers showed some differences, especially during equilibration; 
in virtually every instance the latter results were more accurate. When EMAX was 
increased to 10 -6 , the reaction importance lists produced on the Amdahl 5870 
computer displayed the same inaccuracy att= 1 0 -3 s in the Gn 2 0 results as described 
above; in addition, at this time the reaction importance list for p was also inaccurate 
and A 2 8 was predicted to be more important than A 2 (see table 4.71). The unit 
roundoff U values on the Amdahl 5870 and VAX 9410 computers are 2.2xl0 -16 and 
1 . lxKT 16 , respectively. To examine if roundoff errors were causing the difficulties 
described above during equilibration, the calculation with EMAX = 10 -6 was 
performed on the Cray-XM/P computer using double precision, for which 
U = 2.5xl0 -29 . Exactly the same reaction importance lists as on the VAX 9410 
computer, including the inaccuracy in the a^p results at 10 -3 s, were obtained. 
When single-precision arithmetic (U = 7.1xl0 15 ) was used, the same inaccuracies 
as on the Amdahl 5870 computer (i.e., in the Gn 2 o and p results at / = 10 -3 s) were 
incurred. The complete reaction importance lists containing all 30 reactions 
produced with EMAX = 10 -7 on the Amdahl 5870, the VAX 9410, and the Cray- 
XM/P using double precision were identical for all dependent variables at all 
reaction times in the interval [0, 10 -3 ] s. The same was true of the lists obtained with 
EMAX = 10 -7 on the Cray-XM/P computer using single precision, except for p at 
t = 1(T 3 s. 

Solutions were also generated on the VAX 9410 computer using the default 
D_floating data type, which has a smaller unit roundoff ( U = 1.4xl0 -17 ) than the 
G_floating data type, but a smaller exponent range: approximately 2.94xl0~ 39 
through approximately 1.70xl0 +38 , versus the approximate range 5.57xl0 -309 
through 8.98xl0 +307 . The run with EMAX = 10 -7 did not give the correct reaction 
importance lists for Ono 2 > <*n 2 > and Gn 2 0 at t = 10 -6 s and for Gn 2 0 at 
t = 3x1 0~ 6 s. For all other variables at these two times and for all variables at 
all / >5x10"^ sthecorrect lists were obtained. At t < 5xl0^s normalized sensitivities 
equal to zero were computed for several variables. Although, in general, the 
magnitude of the correct (Sy) was negligible, it was significant in some cases: for 
example, at t = KT 6 s, (5oN 2 <y^26) = 0, instead of 0.978 (see table 4.65). The run 
with EMAX = KT 6 gave the same reaction importance lists as EMAX = 10 -7 for 
all variables at all reaction times, except for Gn 2 o at t = 10“ 3 s, when A 2 was 
incorrectly listed before A 15. 

The above discussion indicates that reducing roundoff errors produced some 
improvement in accuracy in the equilibration regime. However, the inaccuracy at 
t = 10“ 3 s in the On 2 o results produced with EMAX = 10 -6 persisted even when 
double-precision arithmetic was used on the Cray-XM/P computer. This finding 
suggests that roundoff is not the primary reason for the small EMAX values required 
to track accurately the sensitivity coefficients during equilibration; further study is 
required to elucidate its cause. 
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4. Sensitivity Analysis 

Tables 4.65 to 4.71 show that the agreement between the BFM and LSENS was 
excellent at all reaction times. Note again the large variation (of 16 orders of 
magnitude) in the solutions. SENKIN was also very accurate; however, for small 
and therefore relatively unimportant sensitivities, it experienced some difficulty 
tracking the BFM solutions. The discrepancies were most pronounced at 
t = l(T 3 s, when the system was equilibrating. For example, at this reaction time, 
(dC}\ 2 o/dA 2 ) = -5.07xl0“ 7 , instead of -4.50xl0~ 7 . Note that the magnitude of this 
sensitivity coefficient is significantly larger than those of Gn 2 at r = 10 -6 s 
(see table 4.65). Nonetheless the latter quantities were much more accurate and 
essentially agreed with the BFM solutions. This observation suggests that it is not 
the small magnitude of the sensitivity coefficients that poses problems for SENKIN, 
but rather the code’s difficulty in tracking the solution in the equilibration regime. 
Now the BFM also experienced this difficulty, as discussed previously. The 
problem could be cured by either using smaller local error tolerances or increasing 
the magnitude of the finite-difference increment Arj j. 

Solution with SENKIN was therefore attempted with the tolerances EMAX 
= 10 -7 , ATOLSP = 1(T 16 , RTLS = 10“ 7 , and ATLS = 10“ 16 However, an error exit 
occurred at t = 1 .5xlO -7 s because of excessive computational work: to advance 
the solution to this reaction time required 50 000 integration steps and an execution 
time of over 3000 s on the VAX 94 1 0 computer. The other “cure,” namely increasing 
the finite-difference increments {Ar) ; } during equilibration, was attempted by 
increasing both RTLS and ATLS to 10 -2 . Up to t = 10 -4 s the normalized sensitivity 
coefficients were the same as the SENKIN results given in tables 4.65 to 4.70 (i.e., 
those produced with the smaller RTLS and ATLS). At t = 1 0“ 3 s, however, the larger 
tolerances produced different, and, in general, more accurate, results for several 
variables. For example, was equal to -4.34x1 0 -7 ; the accuracy 

improvement is readily observed (see table 4.71). 

For the local tolerances EMAX = 10“ 7 , ATOLSP = 10“ 16 , RTLS = 10“ 5 , and 
ATLS = 1 0“\ SENKIN required 542 steps, 1602 derivative evaluations, 542 
Jacobian matrix evaluations, and 35 s on the VAX 9410 computer. The cost of the 
RTLS = ATLS = 10 -2 run was comparable: 531 steps, 1572 derivative evaluations, 
532 Jacobian matrix evaluations, and 34 s of CPU time. Note again that the kinetics- 
plus-sensitivity calculation required fewer steps than the kinetics-only run. (The 
number of failed steps also decreased: from four to zero for RTLS = 10“ 5 , and to 
oneforRTLS = 10 -2 .) Therefore the larger tolerances for the sensitivity coefficients 
produced smaller weighted errors in these quantities than in the kinetics solution. 

The quantity e(r| \j) 9 the average rms norm of the weighted estimated local 
truncation errors in the sensitivity coefficients, was measured with LSENS, using 
RTOL(Sj) = 10“ 7 and ATOL(S y ) = 10“ 16 (see eqs. (4.84) and (4.85)). The {e(Aj)} 
were all much less than unity and 


max e(Aj) = e(A 23 ) = 1.7x10 3 
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4.6 Test Problems 


Since NSTEP = 762, it is clear that equation (4.79) was satisfied at all steps for all 
Aj. (For the initial conditions, however, all { e( F/,o) } were significantly larger than 
unity.) Examination of the {9F//9A,*} at all output times showed that max(|3F z /3Aj) 
= 4.6xl0“ 12 . Therefore the local error tolerances RTOL(S y ) = 10 -7 and ATOL(S y ) 
=10 -16 would have provided only absolute error control. This conclusion was 
confirmed by measuring e(r| \j) with parameter values RTOL(S y ) = ATOL(S ; ) = 
10” 5 and RTOL(Sy) = ATOL(Sj) = 10 -2 ; all (£(Ay)} were inversely proportional to 
ATOL(Sy) (see eq. (4.87)). Therefore, if equation (4.81) were to give the true local 
error, the local errors in the {dY(/dAj} computed by SENKIN could be guaranteed 
to be only less than approximately ATLS, which was significantly greater than all 
{dYfldAj}. However, even with ATLS = 10“ 2 (which is many orders of magnitude 
greater than the largest \dYj/dAj\), SENKIN produced accurate results. These 
observations further reinforce the doubts raised in sections 4.6.2 and 4.6.4 about 
measuring and controlling local truncation errors in sensitivity coefficients through 
equations (4.79) (or (4.95)), (4.81), and (4.24). 

The computational cost of LSENS was 7.4 s on the VAX 9410. For this problem 
LSENS was over a factor of 4 faster than SENKIN. To further explore the efficiency 
differences between the two codes, the execution time required by LSENS for 
computing the dependent variables and sensitivities with respect to all 15 initial 
condition values and all 90 rate coefficient parameters was measured and found to 
be 18 s. Note that the cost of this calculation is significantly less than that of 
SENKIN for the {Aj } sensitivities alone. 

Sensitivity coefficients were also computed with respect to temperature exponents 
and activation energies. However, to minimize the computational work required by 
the BFM, these results were generated for only the five most important reactions: 
2, 4, 14, 15, and 24. The LSENS and BFM solutions, which were obtained with 
EMAX = 10 -12 and ATOLSP = 10“ 21 , are given in tables 4.72 to 4.78. In all cases 
the agreement between the two sets of results was excellent at all times. Examination 
of the sensitivities with respect to the three rate coefficient parameters showed that, 
as expected, at early times in the essentially isothermal induction regime, (9 Yi/dAj) 
= ( dYi/drij ) = ( dYi/dEj ) for all i and all j. At longer times, however, the three 
parameters generally displayed different sensitivity coefficients, sometimes even 
different signs (e.g., see table 4.77). 

On the Amdahl 5870 computer LSENS required 762 steps, 1010 derivative 
evaluations, 94 Jacobian matrix evaluations and LU-decompositions, and 2.0 s of 
execution time to solve for the dependent variables (species mole numbers, 
temperature, and density). The computational cost of the dependent variables and 
sensitivity coefficients with respect to all 15 initial conditions and all 90 rate 
coefficient parameters was approximately 37 s, which is considerably less than the 
estimated BFM cost of about 212 s. To compute the dependent variables and 
sensitivities with respect to one initial condition and one preexponential factor 
required execution times of 5.8 and 5.9 s, respectively. For all 15 initial conditions, 
all 30 preexponential factors, and all 90 rate coefficient parameters, the CPU times 
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TABLE 4.72.— NORMALIZED SENSITIVITY COEFFICIENTS WITH RESPECT TO SELECTED TEMPERATURE EXPONENTS AND 
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TABLE 4.74.— NORMALIZED SENITIVITY COEFFICIENTS WITH RESPECT TO SELECTED TEMPERATURE EXPONENTS AND 

ACTIVATION ENERGIES FOR TEST PROBLEM 8 AT t = 5X10 -6 s 
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TABLE 4.77— NORMALIZED SENSITIVITY COEFFICIENTS WITH RESPECT TO SELECTED TEMPERATURE 
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TABLE 4.78.— NORMALIZED SENSITIVITY COEFFICIENTS WITH RESPECT TO SELECTED TEMPERATURE 
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4. Sensitivity Analysis 

were 9.8, 14.5, and 32 s, respectively. Thus each additional initial condition after 
the first costs approximately 0.29 s. For rate coefficient parameters the figure is 
approximately 0.30 s. Both execution times are significantly less than the 
approximately 2.0 s that the BFM would need. 

4.6.7 Benzene-Oxygen- Argon Ignition and Combustion 

The ninth, and last, test problem, which is the largest studied to date, describes 
the ignition and subsequent combustion of a near-stoichiometric (fuel-air equivalence 
ratio, 1.007) benzene-oxygen-argon mixture (with 85.728 percent argon in the 
mixture). The initial temperature and pressure were 1405 K and 
2.3868 atm, respectively. This constant-density, adiabatic problem consisted of 1 20 
reversible reactions among 39 reacting species (CgHg, O 2 , CgHsO, OH, CgHg, 
C 12 H 10 , H, H 2 , O, H 2 0, C 4 H 3 , C 4 H 2 , C 5 H 5 , CO, H0 2 , c 2 h 2 , c 6 h 5 oh, c 5 h 6 , 
C 5 H 5 O, H 2 0 2 , C 4 H 5 , C 5 H 4 OH, C 4 H 4 , hco, c 2 h 3 , c 2 ho, c 2 h, C 3 H 2 , C 2 H 4 , ch 3 , 
CH 2 0, CH 2 , C 2 H 2 0, CH, C0 2 , C 3 H 3 , C 3 H 4 , CH 4 , and CH 3 O) and the inert species 
Ar. The reaction mechanism, forward rate coefficient parameters, and initial 
conditions were taken from Bittker (ref. 1 1 0) (see also example problem 3 in chapter 
13 of part II). The reverse rate coefficients were computed from the forward rate 
coefficients and concentration equilibrium constants (see eq. ( 2 . 6 )). 

Because of the size of this problem attention was restricted to the species CgHg, 
0 2 , OH, H, H 2 , O, H 2 0, CO, C 2 H 2 , and C0 2 and to the temperature and pressure. 
This species list includes several species from each species type: reactant, active 
intermediate, and product. The reactions that were found to be important, as defined 
later, for the 12 variables are given in table 4.79, together with the forward rate 
coefficient parameters. The variations of these variables with reaction time are 
shown in figure 4. 1 1 . 

For reaction times t > 3 .2x 1 (T 4 s several species displayed negative concentrations. 
(The same behavior was noticed in the SENKIN results.) It was also observed that 
the kinetics solution at long reaction time (10 s) did not agree with the equilibrium 
results. For example, the reaction mechanism given in reference 1 10 produced a 
temperature of 2899 K at t = 10 s, whereas the equilibrium temperature was 
3090 K. At this time for several F/andAy both LSENS and SENKIN produced {(9F,/ 
3Ay)} with magnitude very much greater than unity, instead of vanishingly small. 
The same was true of the {nj} and [Ej] sensitivities computed with LSENS. Finally, 
at t > 3.2X10 -4 s the BFM results did not converge for several species with respect 
to any parameter examined. These observations indicate that some important 
reactions are missing from the mechanism, as acknowledged by Bittker (ref. 1 10). 
Indeed the maximum temperature at which the mechanism was validated by 
comparisons with experimental data was 1600 K. Therefore attention was 
restricted to the interval [ 0 , 3 x 10 ^] s, in which the temperature rise was only about 
500 K (fig. 4.11). 

The kinetics solution and sensitivity coefficients were computed at the output 
stations t = 10 -6 , 10 -5 , 6xl0“ 5 , 2.8x1 0 -4 , and 3X10 -4 s. LSENS gave the 
temperatures 1405, 1407, 1417, 1652, and 1910 K, respectively, at these reaction 
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TABLE 4.79.— IMPORTANT REACTIONS FOR VARIABLES CONSIDERED 
IN TEST PROBLEM 9 AND FORWARD RATE COEFFICIENT 
PARAMETERS 


Reaction 

number, 

j 

Reaction 

Forward rate coefficient 
parameters 2 

a j 

n j 

E J 

1 

CgHg + 0 2 ** C 6 H s O + OH 

4.00(13) 

0.0 

34 000 

4 

c 6 w 6 + h^c 6 h 5 + h 2 

2.50(14) 

0.0 

16 000 

5 

C 6 H 6 + 0’'*C 6 H 5 0 + H 

2.78(13) 

0.0 

4910 

6 

C^ + OH ^C 6 H5 + H 2 0 

2.13(13) 

0.0 

4 580 

8 

C 6 H50^C 5 H 5 + C0 

2.51(11) 

0.0 

43 900 

9 

c 6 h 5 + o 2 -*c 6 h 5 o + o 

2.10(12) 

0.0 

7 470 

11 

c 6 h 5 **c 4 h 3 + c 2 h 2 

4.50(13) 

0.0 

72 530 

12 

c 6 h 5 oh^c 6 h 5 o + h 

2.00(16) 

0.0 

88 000 

13 

C 6 H 5 OH + H + OH 

2.20(13) 

0.0 

7 910 

16 

CjHe^CsHj + H 

8.13(24) 

-2.981 

78 682 

17 

CjHg + 0 2 **C 5 H 5 0 + OH 

1.00(13) 

0.0 

20 712 

18 

C 6 H 5 OH + OH t* c 6 h 5 o + h 2 o 

3.00(13) 

0.0 

0 

21 

c 5 h 5 + o^c 5 h 5 o 

1.00(13) 

0.0 

0 

22 

C s H 5 + OH C5H4OH + H 

1.00(13) 

0.0 

0 

24 

C 5 H 5 + H0 2 CjH 5 0 + OH 

2.00(13) 

0.0 

0 

49 

c 2 h 2 + o*»ch 2 + co 

1.60(14) 

0.0 

9 890 

50 

c 2 h 2 + o**c 2 ho + h 

4.00(14) 

0.0 

10 660 

92 

hco + ho 2 -*ch 2 o + o 2 

1.00(14) 

0.0 

3000 

101 

CO + OH ^ C0 2 + H 

4.17(11) 

0.0 

1 000 

104 

H + 0 2 ** OH + O 

1.89(14) 

0.0 

16 400 

b l 16 

H + 0 2 + M ** H0 2 + M 

1.46(15) 

0.0 

-1 000 


a Rate coefficient kj = Aj T 1 ] exp {-EjRT)\ units are moles, centimeters, seconds, 
and calories; numbers in parentheses are powers of 10. 
b Third-body collisional efficiencies for reaction 116: 

C 6 H 6 = 20.0, 0 2 = 1.3, H 2 = 3.0, H 2 0 = 21.3, C0 2 = 7.0, CH 4 = 5.0. 
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4.6 Test Problems 


times. The temperatures obtained with SENKIN were 1405, 1407, 1417, 1651, and 
1904 K. Thus the five output stations encompassed reaction conditions from 
preignition to early heat release. Again the calculations with both codes used the 
same thermodynamic data and local error tolerances: EMAX = 10 -6 and ATOLSP 
= 10 -15 . The discrepancy in the temperatures produced by the two codes at 
3X10" 4 s may be attributed to the reaction mechanism not containing reactions that 
become important at this temperature. Both LSENS and SENKIN required an 
EMAX value of 10“ 5 (ATOLSP = 10 _9 EMAX) for the temperature-time profile to 
stabilize to within 0. 1 K (see table 13.7 in chapter 13 of part II). To ensure accuracy 
of the sensitivity coefficients, a smaller EMAX was used. (The effects of EMAX 
and ATOLSP on the accuracy of both the kinetics solution and sensitivity coeffi- 
cients are examined in detail in chapter 13 of part n.) The kinetics-only calculation 
with SENKIN required 357 steps, 707 derivative evaluations, 39 Jacobian matrix 
evaluations, and 12 s of CPU time on the VAX 9410 computer. Now, as described 
in chapter 9 of part n, LSENS solves the ODE’s only for variables that both are 
required for a given problem and vary during the course of the integration. 
Therefore, for a kinetics-only run, the mole number of the inert species Ar and the 
density (which are both constant) are not treated as dependent variables. However, 
when sensitivity analysis with respect to the initial value of either variable is 
required, that variable must be regarded as a dependent variable and its ODE 
included in the ODE set. In order to ensure that the computational cost of solving 
for the dependent variables was not a function of the problem type, the code was 
modified so that o& r and p were always included in the dependent variable list. All 
solutions and execution times given for test problem 9 were obtained with this 
modified version of the code. (However, the BFM results were generated with the 
unmodified version of the code, which solved only 40 ODE’s — for the 39 reacting 
species and temperature.) LSENS required 376 steps, 547 derivative evaluations, 
43 Jacobian matrix evaluations, and 3.9 s of CPU time on the VAX 9410 computer 
for the kinetics-only calculation. Again LSENS required fewer corrector iterations 
per integration step and was significantly faster than SENKIN. The cost of the 
MF = 22 run was, however, comparable to that of SENKIN: 399 steps, 2830 
derivative evaluations, 54 Jacobian matrix evaluations, and 1 1 s of CPU time. This 
result reinforces the desirability of using an analytical Jacobian matrix: note that 
MF = 21 was a factor of 2.8 faster than MF = 22. 

Normalized sensitivity coefficients of the 12 variables considered in this work 
with respect to their initial values and a Ar,o at the above five output stations are given 
in tables 4.80 to 4.84. The BFM results were generated using EMAX < 10“ 12 
(ATOLSP = 10" 9 EMAX) and double-precision arithmetic on the same three Cray 
computers as for the previous problem. Again EMAX had to be reduced to small 
values (10 -15 ) for several species, especially the active intermediates such as OH, 
before satisfactory results could be produced. In order to obtain sensitivities with 
respect to the initial pressure with LSENS, the initial density was specified as a 
parameter. As discussed in section 4.5.2, (dYi/dpo) is identically equal to (9F//3 p 0 ). 
(That this assertion is indeed correct was verified by generating BFM sensitivity 
coefficients with respect to both initial density and initial pressure for this problem 
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4. Sensitivity Analysis 

and the previous one.) Tables 4.80 to 4.84 show that LSENS agreed excellently well 
with the BFM at all reaction times. 

The normalized sensitivity coefficients with respect to the preexponential factors 
at the same five output stations are given in tables 4.85 to 4.89. The SENKIN 
calculation used the tolerances RTLS = 10 -5 and ATLS = 10 -5 , and the BFM used 
EMAX = 10~ 12 and ATOLSP = 10 -21 . For each dependent variable tables 4.85 to 
4.89 list, up to a maximum of 10 reactions, the reaction numbers in order of 
decreasing importance. To minimize computational work required by the BFM, 
only reactions for which the normalized sensitivity coefficients were 0. 1 or greater 
in magnitude were considered. For certain dependent variables at certain reaction 
times no reaction number is given because all { |(S/y)| } were less than 0. 1 . Again, for 
succinct presentation of results, only one reaction importance list is given for each 
dependent variable. All methods gave the same reaction importance lists for all 
dependent variables at all reaction times, except at t = 2.8X10 -4 s, when SENKIN 
predicted A 5 to be more important than A 2 i for Gc 2 H2> whereas the BFM (and 
LSENS) results showed the opposite order (table 4.88). However, the differences 
in the normalized sensitivity coefficients were minimal, and reactions 2 1 and 6 were 
only the eighth and ninth most important. Therefore, this discrepancy is not 
particularly noteworthy. 

Tables 4.85 to 4.89 show that the agreement between the BFM and LSENS was 
excellent at all reaction times. SENKIN and LSENS produced essentially the same 
results at all times, except t = 3X10 -4 s. The differences at this time did not merit 
further study because of the reservations previously observed in the reaction 
mechanism. The kinetics-plus-preexponential-factor sensitivity calculation with 
SENKIN required 243 steps, 742 derivative evaluations, 244 Jacobian matrix 
evaluations, and 217 s of CPU time on the VAX 9410 computer, whereas the cost 
of LSENS was 49 s. The execution time needed by LSENS to solve for the 
dependent variables and sensitivity coefficients with respect to all 42 initial 
condition values and all 360 rate coefficient parameters was 137 s. Again LSENS 
was significantly more efficient than SENKIN. When RTLS and ATLS were set 
equal to EMAX and ATOLSP, respectively, SENKIN required excessive 
computational work and an error exit occurred at t ~ 7.4x10 8 s; to advance the 
solution to this reaction time required 5000 integration steps and over 4000 s of CPU 
time on the VAX 9410 computer. The run with RTLS = 10“ 2 and ATLS = 10 2 
produced the same results at all times and cost the same as the RTLS = 10 5 and 
ATLS = 10“ 5 run. This result is additional confirmation of the adequacy of fairly 
loose error tolerances for the sensitivity coefficients. 

Sensitivity coefficients with respect to the temperature exponents and activation 
energies of the five most important reactions (1, 6, 8, 12, and 22) were also 
computed. The solutions produced by LSENS and the BFM, which used EMAX = 
10" 12 and ATOLSP = 10~ 21 , are listed in tables 4.90 to 4.94. For all reaction 
conditions LSENS was very accurate. Note again that at early times ( dYi/dAj ) = 
(dYi/drij) = (d Yi/dEj ) for all i and all 7; however, in the postinduction regimes the three 
quantities were, in general, different from one another. 
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TABLE 4.85.— REACTION IMPORTANCE LISTS AND NORMALIZED 
SENSITIVITY COEFFICIENTS WITH RESPECT TO PREEXPONENTIAL 
FACTORS FOR TEST PROBLEM 9 AT t = 10" 6 s 


Dependent 

variable 

Method 
or code 

Reaction numbers in order of decreasing importance 
and normalized sensitivity coefficients at t = 10 -6 s a 

°OH 

BFM 

1 

0.998 

6 

-0.536 






LSENS 

0.998 

-0.536 






SENKIN 

0.998 

-0.536 







1 

13 

5 

9 

104 

6 

BFM 

0.938 

0.515 

0.338 

0.330 

-0.209 

0.118 


LSENS 

0.938 

0.515 

0.338 

0.330 

-0.209 

0.118 


SENKIN 

0.938 

0.515 

0.338 

0.330 

-0.209 

0.118 

a H, 


1 

4 

13 

5 

9 

104 

2 

BFM 

0.957 

0.947 

0.639 

0.249 

0.235 

-0.184 


LSENS 

0.957 

0.947 

0.639 

0.249 

0.235 

-0.184 


SENKIN 

0.957 

0.947 

0.639 

0.249 

0.235 

-0.184 

a O 


1 

9 

6 

5 

104 

13 

BFM 

0.989 

0.748 

0.538 

-0.285 

0.194 

0.134 


LSENS 

0.989 

0.748 

0.538 

-0.285 

0.194 

0.134 


SENKIN 

0.989 

0.748 

0.538 

-0.285 

0.194 

0.134 

° H 2° 

BFM 

1 

0.999 

6 

0.630 






LSENS 

0.999 

0.630 






SENKIN 

0.999 

0.630 





a co 

BFM 

1 

0.999 

8 

0.988 






LSENS 

0.999 

0.988 






SENKIN 

0.999 

0.988 





° C 2 H 2 

BFM 

1 

1.01 

11 

0.990 

6 

0.701 





LSENS 

1.01 

0.990 

0.701 





SENKIN 

1.01 

0.990 

0.701 




° C0 2 

BFM 

1 

2.00 

8 

0.990 

101 

0.983 

6 

-0.414 




LSENS 

1.99 

0.990 

0.983 

-0.414 




SENKIN 

1.99 

0.990 

0.983 

-0.414 




a For each dependent variable the top row lists the reaction numbers. The next 
three rows give the normalized sensitivity coefficients produced by BFM, 
LSENS, and SENKIN, respectively. For each dependent variable and method 
or code the { (S ~) } are those of that variable with respect to the preexponential 
factors of the reactions corresponding to the numbers listed in the first row. 
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TABLE 4.86.— REACTION IMPORTANCE LISTS AND NORMALIZED SENSITIVITY COEFFICIENTS 
WITH RESPECT TO PREEXPONENTIAL FACTORS FOR TEST PROBLEM 9 AT t = 10~ 5 s 
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TABLE 4.87 — REACTION IMPORTANCE LISTS AND NORMALIZED SENSITIVITY COEFFICIENTS 
WITH RESPECT TO PREEXPONENTIAL FACTORS FOR TEST PROBLEM 9 AT t = 6xl0~ 5 s 
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TABLE 4.88. — Concluded. 
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TABLE 4.89— REACTION IMPORTANCE LISTS AND NORMALIZED SENSITIVITY COEFFICIENTS 
WITH RESPECT TO PREEXPONENTIAL FACTORS FOR TEST PROBLEM 9 AT t = 3X1CT 4 s 
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l For each dependent variable the top row lists the reaction numbers. The next three rows give the normalized 
sensitivity coefficients produced by BFM, LSENS, and SENKIN, respectively. For each dependent variable 
and method or code the { (S ^ } are those of that variable with respect to the preexponential factors of the 
reactions corresponding to the numbers listed in the first row. 
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4. Sensitivity Analysis 

On the Amdahl 5870 computer LSENS required 391 steps, 560 functional 
evaluations, 47 Jacobian matrix evaluations and LU-decompositions, and 6.3 s of 
execution time to solve for the dependent variables (40 species mole numbers, 
temperature, and density) in the interval [0,3xl0~ s. (The cost of the kinetics-only 
solution with the unmodified LSENS was 468 steps, 681 derivative evaluations, 70 
Jacobian matrix evaluations and LU-decompositions, and 7.8 s of execution time.) 
The CPU times for computing the dependent variables and sensitivity coefficients 
with respect to one initial condition value and one preexponential factor were, 
respectively, 19.3 and 19.4s. For all 42 initial condition values, all 120 preexponential 
factors, and all 360 rate coefficient parameters the execution times were 42, 87, and 
223 s, respectively. Finally to solve for the dependent variables and sensitivity 
coefficients with respect to all 42 initial conditions and all 360 rate coefficient 
parameters required 246 s. Thus, as discussed in section 4.3, although the cost 
(—13 s) of the first sensitivity parameter is considerable, subsequent parameters are 
significantly less expensive: approximately 0.55 s for each initial condition and 
approximately 0.57 s for each rate coefficient parameter. Both times are much less 
than the at least 6.3 s required by the BFM. In particular, the DDM is more efficient 
than the BFM by over a factor of 10. Note also that the cost associated with using 
the BFM for all initial conditions and all rate coefficient parameters would be over 
2500 s. Of course, the trial-and-error nature of these calculations and the need to 
use very small EMAX would result in even larger execution times if accurate results 
are desired. An even more important consideration than the increased computational 
cost incurred by using the BFM is that. Unless automated, this method would need 
at least 403 separate runs of the simulation program and 16 482 evaluations of 
sensitivity coefficients per output station. 

On the NASA Lewis Research Center’s IBM 370/3033 computer an earlier 
version of LSENS (ref. 22) required 8.3 s to solve for the composition and 
temperature in the interval 1 0 , 2 . 16x10 4 ] s with a previous mechanism, which 
involved 1 15 reactions among the 40 species listed above. The local error tolerance 
parameters used for this calculation were EMAX =• 10 -4 and ATOLSP 
= 10 -13 . The execution time for thjs dependent variables and sensitivities with 
respect to the initial values of all species mole numbers and temperature and all 345 
rate coefficient parameters was approximately 265 s, in contrast to the more than 
3200 s that the BFM would require. Thus for nonisothermal combustion kinetics 
problems the decoupled direct method is significantly more efficient than the brute 
force method of varying one parameter at a time. 

The final study to assess the accuracy of the DDM for nonisothermal problems 
examined the sensitivities with respect to the rate coefficient parameters of the 
special rate coefficient expression, equation (2.5). In particular, after Baulch and 
Dry sdale (ref. 25) the rate coefficient expression given in table 4.79 for reaction 1 0 1 
was replaced with 

k m =8.15xl0 1 °exp(9.07xl0“ 4 T) (4.102) 
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4.6 Test Problems 

where n\Q\ (= 0.0) and cjoi (= 9.07X10 -4 ) were taken from reference 25. The A\q\ 
given in this reference was, however, adjusted to give the same rate constant at the 
initial temperature (i.e., 1405 K) as the expression in table 4.79. The new 
mechanism gave essentially the same temperature-time profile in the interval 
[0,3x1 0 -4 ] s as the previous one. The normalized sensitivity coefficients with 
respect to the three parameters Aioi, «ioi, and cjoi are listed in tables 4.95 to 4.97, 
along with the BFM results produced with EMAX = 10~ 12 and ATOLSP = 10 -21 . 
The finite-difference increment A cj was set equal to 5xlO -n /7o and 1 0~ h /Tq 
( n = 2,3,. ..,6), and 5(cj) defined as 


5(cj) = T 0 Acj 


(4.103) 


Tables 4.95 to 4.97 show thatLSENS accurately computed the sensitivity coefficients 
with respect to the parameters of this rate coefficient expression also at all reaction 
conditions examined. 

Although for reasons given previously attention was restricted to the interval 
[0,3xl0 -4 ] s, the solutions at t = 3.1xl0 -4 s (T = 2445 K) and 3.4xl0 -4 s 
(T = 2858 K) were examined. The LSENS results and all BFM solutions at the 
former reaction time and those that converged at the latter time displayed the same 
level of agreement as that obtained in the earlier reaction regimes (tables 4.80 to 
4.97). (Of course, these solutions may not be meaningful because the validity of the 
reaction mechanism at such high temperatures is in question.) Thus for this problem 
also the decoupled direct method was accurate in all regimes of a nonisothermal 
combustion kinetics problem. 


4.6.8 Summary 

The decoupled direct method of sensitivity analysis was illustrated by application 
to nine test problems, of which the first six described constant-temperature, 
constant-density chemical reaction. In the last three problems, however, the 
temperature was allowed to vary. In addition, the density varied in two cases. 
Comparisons of the sensitivity coefficients with either exact solutions or results 
obtained with the brute force method showed that the DDM was very accurate for 
all problem types examined. Importantly the DDM has for the first time been 
demonstrated to be accurate in all regimes of a nonisothermal combustion kinetics 
problem. The method was also shown to be significantly more efficient, as 
measured by the execution time, than the BFM. In particular, the DDM was more 
efficient than the BFM by as much as a factor of over 10 for a realistic combustion 
kinetics problem involving 40 species and 120 reactions. 

The DDM was successfully applied to problems on which other versions of the 
DM had failed. The DDM was more stable, accurate, and efficient than the DM. The 
DDM solves two separate systems — one nonlinear and the other linear — of 
N equations each. It is therefore more efficient than the coupled version of the DM, 



TABLE 4.95.— NORMALIZED SENSITIVITY COEFFICIENTS WITH 
RESPECT TO RATE COEFFICIENT PARAMETER A 101 OF 
SPECIAL RATE COEFFICIENT EXPRESSION, 
EQUATION (2.5), FOR TEST PROBLEM 9 


Dependent 

Normalized sensitivity coefficients with respect to A 101 at a 


10 -6 s 

10 _5 s 

6x1 0~ 5 s 

2.8x1 0 -4 s 

3X10 -4 s 

C CAls 

9.22(-12) 

1.36(-7) 

5.30(-5) 

-1.22(-2) 

— 4. 14(— 1 ) 

6 6 

9.22(-12) 

1.36(-7) 

5.30(-5) 

-1.22(-2) 

— 4. 14(— 1 ) 

*0, 

-2.60(-12) 

-2. 67 (-9) 

2.56(-6) 

-3.01 (-3) 

— 7.55(— 2) 

2 

-2.60(-12) 

-2. 67 (-9) 

2.56(-6) 

-3.01 (-3) 

-7.55(-2) 

°OH 

-1.66(-7) 

-8.02(-5) 

-2.41 (-3) 

4.67 (-2) 

8.45(-l) 

-1.66(-7) 

-8.02(-5) 

-2.41 (-3) 

4.67(-2) 

8.45(-l) 

G H 

2.88C-6) 

8.71 (-5) 

1.74(-3) 

1.30(-1) 

9.58(-l) 

2.88(-6) 

8.71(-5) 

1.74(-3) 

1.30(-1) 

9.58(-l) 


1.93(-6) 

3.84(-5) 

5.32(-4) 

6.88(-2) 

2.77(-l) 

2 

1.93(-6) 

3.84(-5) 

5.32(-4) 

6.88(-2) 

2.77(-l) 

G 0 

4.77(-7) 

-7.95(-6) 

—1 .65(— 3) 

1.06(-1) 

1.03 

4.77(-7) 

-7.95(-6) 

-1.65(-3) 

1.06(-1) 

1.03 

°H 0 0 

-6.40(-8) 

-2.35(-5) 

-8.91 (-4) 

1.04(-2) 

1.55(-1) 

2 

-6.40(-8) 

-2.35(-5) 

-8.91 (-4) 

1.04(-2) 

1.55(-1) 

G CO 

-7.92(-6) 

-1.59(-4) 

-1.38(-3) 

-2.55(-4) 

l.21(-l) 

-7.92(-6) 

— 1 .59( — 4) 

-1.38(-3) 

-2.54(-4) 

1.21(-1) 


-2.09(-8) 

7.41 (-6) 

-3. 23 (-4) 

-6.48(-3) 

-3.40(-l) 

2 2 

-2.09(-8) 

7.41 (-6) 

-3.23(-4) 

-6.48(-3) 

-3.40(-l) 

°co 0 

9.83(-l) 

8.13(-1) 

6.06(-l) 

3.65(-l) 

8.13(— 1 ) 

2 

9.83(-l) 

8.13(-1) 1 

6.06(-l) 

3.65(-l) 

8.13(-1) 

T 

5.05(-12) 

5.02(-8) 

4.24(-6) 

4.78(-3) 

5.54(-2) 


5.05(-12) 

5.02(-8) 

4.24(-6) 

4.78(-3) 

5.54(-2) 

P 

4.96(-12) 

4.71 (-8) 

3.59(-6) 

4.77(-3) 

5.94(-2) 


4.96(-12) 

4.71 (-8) 

3.59(-6) 

4.77(-3) 

5.95(-2) 


a For each dependent variable the top row gives the BFM results and the bottom 
row gives the LSENS results. Numbers in parentheses denote powers of 10. 
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TABLE 4.96.— NORMALIZED SENSITIVITY COEFFICIENTS WITH 
RESPECT TO RATE COEFFICIENT PARAMETER n 101 OF 
SPECIAL RATE COEFFICIENT EXPRESSION, 
EQUATION (2.5), FOR TEST PROBLEM 9 


Dependent 

variable 

Normalized sensitivity coefficients with respect to 

n 101 ^ 

ht 6 * 

10 _5 s 

6xl0“ 5 s 

2.8x1 0 -4 s 

3x10”* s 

° C 6«6 

9.22(-12) 

9.22(-12) 

1.36(-7) 

1.36(-7) 

5.30(--5) 

5.30(-5) 

-1.23(-2) 

-1.23(-2) 

-4.22(-l) 

-4.22(-l) 

°°2 

-2.60(-12) 

-2.60(-12) 

-2.67(-9) 

-2.67(-9) 

2.56(-6) 

2.56(-6) 

-3.05(-3) 

-3.05(-3) 

-7.71 (-2) 
-7.71 (-2) 

°OH 

— 1.66(— 7) 
-1.66(-7) 

-8.02(-5) 

-8.02(-5) 

-2.41 (-3) 
-2.41 (-3) 

4.72(-2) 

4.73(-2) 

8.62(-l) 

8.62(-l) 

<*H 

2.88(-6) 

2.88(-6) 

8.71 (-5) 
8.71 (-5) 

1.74(-3) 

1.74(-3) 

1.33(-1) 
1.33(— 1) 

9.81 (-1) 
9.81(-1) 

°«2 

1.93(-6) 

1.93(-6) 

3.84(-5) 

3.84(-5) 

5.32(-4) 

5.32(-4) 

6.98(-2) 

6.98(-2) 

2.83(-l) 

2.84(-l) 

°o 

4.77(-7) 

4.77(-7) 

-7.95 (-6) 
-7.95(-6) 

-1.65(-3) 

-1.65(-3) 

1.08(-1) 

1.08(-1) 

1.05 

1.05 

°h 2 o 

-6.40(-8) 

-6.40(-8) 

-2.35(-5) 

-2.35(-5) 

-8.91 (-4) 
-8.91 (-4) 

1.05(-2) 

1.05(-2) 

1.57(— 1) 
1.58(-1) 

°co 

-7.92(-6) 

-7.92(-6) 

-1.59(-4) 

-1.59(-4) 

-1.38(-3) 
— 1 .38(— 3) 

-2.98(-4) 

-2.97(-4) 

1.23(-1) 

1.23(-1) 

°c 2 h 2 

-2.09(-8) 

-2.09(-8) 

7.41 (-6) 
7.41 (-6) 

-3.23(-4) 

-3.23(-4) 

-6.59(-3) 

-6.59(-3) 

-3.48(-l) 

-3.48(-l) 

° C0 2 

9.83(-l) 
9.83(— 1 ) 

8.13(-1) 

8.13(-1) 

6.07 (-1) 
6.07(-l) 

3.71 (—1 ) 
3.71(-1) 

8.35(-l) 

8.35(-l) 

T 

5.05(-12) 

5.05(-12) 

5.02(-8) 

5.02(-8) 

4.24(-6) 

4.24(-6) 

4.85(-3) 

4.85(-3) 

5.66(-2) 

5.67(-2) 

p 

4.96(-12) 

4.96(-12) 

4.71 (-8) 
4.71 (-8) 

3.60(-6) 

3.60(-6) 

4.84(-3) 

4.84(-3) 

6.07(-2) 

6.07(-2) 


a For each dependent variable the top row gives the BFM results and the bottom 
row gives the LSENS results. Numbers in parentheses denote powers of 10. 




TABLE 4.97.— NORMALIZED SENSITIVITY COEFFICIENTS WITH 
RESPECT TO RATE COEFFICIENT PARAMETER c m OF 
SPECIAL RATE COEFFICIENT EXPRESSION, 
EQUATION (2.5), FOR TEST PROBLEM 9 


Dependent 

variable 

Normalized sensitivity coefficients with respect to 

c 101 

10 -6 s 

10‘ 5 s 

6x1 0~ 5 s 

2.8x1 0 -4 s 

3X10" 4 s 

°C a H a 

9.22(-12) 

1.36(-7) 

5.33(-5) 

-1.33(-2) 

-4.78(-l) 

6 6 

9.22(-12) 

1.36(-7) 

5.33(-5) 

-1.33(-2) 

— 4.79(— 1 ) 

°o, 

-2.60(-12) 

-2.67(-9) 

2.58(-6) 

-3.31 (-3) 

-8.83(-2) 

2 

-2.60(-12) 

-2. 67 (-9) 

2.58(-6) 

-3.31 (-3) 

-8.84(-2) 

a OH 

-1.66(-7) 

-8.03 (-5) 

-2.43(-3) 

5. 07 (-2) 

9.82(-l) 


-1.66(-7) 

-8.03(-5) 

-2.43(-3) 

5.07(-2) 

9.82(-l) 


2.88(-6) 

8.72(-5) 

1.75(-3) 

1.48(-1) 

1.14 


2.88(-6) 

8.72(-5) 

1.75(-3) 

1.48( — 1) 

1.14 


1 .93( — 6) 

3.84(-5) 

5.35(-4) 

7.66(-2) 

3.33(-l) 

2 

1.93(-6) 

3.84(-5) 

5.35(-4) 

7.66(-2) 

3.33(-l) 


4.77(-7) 

-7.95(-6) 

-1.66(-3) 

1 .20(— 1 ) 

1.22 


4.77(-7) 

-7.95(-6) 

-1.66(-3) 

1.20(-1) 

1.22 

°h 9 o 

-6.40(-8) 

-2.35(-5) 

-8.96(-4) 

UK-2) 

1.78(-1) 

2 

-6.40(-8) 

-2.35(-5) 

-8.96(-4) 

1 . 1 2(— 2) 

1.78(-1) 

°co 

-7.92(-6) 

-1.59(-4) 

-1.39(-3) 

-6.02(-4) 

1.36(-1) 


-7.92(-6) 

-1.59(-4) 

-1.39(-3) 

-6.01 (-4) 

1.36(— 1 ) 


-2.09(-8) 

7.42(-6) 

-3.25(-4) 

-7.29(-3) 

-4.02(-l) 

2 2 

-2.09(-8) 

7.42(-6) 

-3.25(-4) 

-7.29(-3) 

-4.02(-l) 

c co 9 

9.83(-l) 

8- 14(— 1 ) 

6. 10(— 1 ) 

4.07 (-1) 

9.86(-l) 


9.83(— 1 ) 

8-14(— 1) 

6. 10(— 1 ) 

4.07(-l) 

9.86(-l) 

T 

5.05(-12) 

5.03(-8) 

4.27(-6) 

5.29(-3) 

6.52(-2) 


5.05(-12) 

5.03(-8) 

4.27(-6) 

5.29(-3) 

6.52(-2) 

P 

4.96(-12) 

4.72(-8) 

3.62(-6) 

5.27(-3) 

6.98(-2) 


4.96(-12) 

4.72(-8) 

! 

3.62(-6) 

5.27(-3) 

6.98(-2) 


a For each dependent variable the top row gives the BFM results and the 
bottom row gives the LSENS results. Numbers in parentheses denote 
powers of 10. 
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4.6 Test Problems 

which solves a nonlinear system of IN equations. The DDM maintains accuracy and 
stability of the solution by using exactly the same step lengths and numerical 
approximations as those used for the model problem. It is therefore more accurate 
and efficient than the decoupled version of the DM, which computes the sensitivity 
coefficients after the model problem has been solved over the entire integration 
interval. The decoupling procedure used in the decoupled version of the DM can 
result in interpolation errors with attendant accuracy and stability problems and 
increased computational cost. 

The DDM was also more stable, accurate, and efficient than the Green’s function 
methods. The accuracy and efficiency of the GFM and GFM/AIM can be adversely 
affected by the choice of output stations. The computational cost may rise 
significantly as the number of output stations is increased. In contrast, the 
computational cost of the DDM is essentially independent of the number of output 
stations. Another advantage of the present version of the DDM is that, unlike the 
GFM/AIM, it requires no additional local error tolerances beyond those required for 
the model problem. The accuracy and efficiency of the GFM/AIM can be adversely 
affected by poor choices for the error tolerances. Hence the DDM is easier to use 
because it does not require separate trial-and-error optimizations of the error 
tolerances for the kinetics solution and the sensitivity coefficients. If, as is usually 
the case when developing a reaction mechanism, only rate coefficient parameter 
sensitivities are required, the DDM is even more efficient than the GFM and GFM/ 
AIM, because the DDM does not then have to solve for the initial condition 
sensitivities. In contrast, the GFM and GFM/AIM must still calculate the Green’s 
function matrix (which is related to the initial condition sensitivities) before the rate 
coefficient parameter sensitivities can be evaluated. 

The effects of including local error tests and control for the sensitivity coefficients 
were explored by comparing the results for test problems 4 and 7 to 9 with other 
versions of the DDM that perform these operations. The present version of the 
DDM was shown to be both more accurate and more efficient. Thus the need for 
local error control during the sensitivity analysis computations is not clear. These 
studies also showed the importance of ensuring relative error control for the kinetics 
calculation. That is, the local absolute error tolerance, ATOLSP, must be sufficiently 
small to guarantee this result for all variables with magnitude larger than a minimum 
value. Even an ATOLSP that achieved this result for only mole fractions >0.1 ppm 
produced significantly more accurate sensitivity coefficients for all EMAX values 
studied than ATOLSP = 10 _2 EMAX. For test problem 6 the smaller ATOLSP 
produced the correct reaction importance lists (and accurate sensitivity coefficients) 
with EMAX = 10“ 3 , whereas EMAX = 10 -6 and ATOLSP = 10 -8 did not, despite 
using a much smaller EMAX. These observations also support the argument that 
the error control in the solution of the sensitivity equations is determined by the error 
control in the solution of the kinetics equations . It would therefore appear to be more 
efficient to produce a more accurate kinetics solution than to measure and control 
the local errors incurred by the sensitivity coefficients. 
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4. Sensitivity Analysis 

This hypothesis was tested by performing several experiments with the code 
SENKIN (ref. 102) on test problems 7 to 9. It was found that decreasing the local 
error tolerances for the sensitivity coefficients did not necessarily improve accuracy, 
but the computational cost could become prohibitive. The general conclusion was 
that, to improve accuracy, it is preferable to increase the accuracy of the kinetics 
solution than to use small RTLS and ATLS. For sufficiently small EMAX and 
ATOLSP the sensitivity coefficients were insensitive to RTLS and ATLS during 
induction and heat release, but larger tolerances produced more accurate solutions 
during equilibration. The latter observation was tentatively attributed to the finite- 
difference approximations used for the partial derivatives [dfj/dr\j) in SENKIN. 
Nonetheless the need for error control during sensitivity analysis was not established, 
because LSENS produced more accurate results than SENKIN. The results for the 
varying-temperature problems reiterated the efficiency gains that can be achieved 
for chemical kinetics calculations by supplying an analytical Jacobian matrix, 
instead of using finite-difference approximations for the elements of this matrix. 

LSENS was shown to be more efficient than the other techniques and codes 
examined. For test problems 4 and 6 execution times for several types of 
calculation — kinetics only, kinetics plus initial condition sensitivities, etc. — were 
much less for LSENS than for the other methods and codes. More specifically 
LSENS was as much as a factor of 2.5 more efficient than CHEMDDM and shown 
to be as much as a factor of almost 17 more efficient than a recent version of the 
GFM/AIM. Comparison of relative execution times for a problem describing the 
constant-density, constant-temperature oxidation of CO in the presence of H 2 O 
confirmed the superior efficiency of LSENS. The results for test problems 7 to 9 
showed that LSENS was a factor of approximately 4 faster than SENKIN . LSENS 
has several additional advantages over CHEMDDM and SENKIN. If sensitivities 
with respect to all parameters are not needed, LSENS is much more efficient than 
the other two codes because LSENS computes only the required sensitivities, 
whereas CHEMDDM solves for all initial condition and/or all rate constant 
sensitivities and SENKIN solves for all preexponential factor sensitivities. More 
significantly LSENS can be used for constant- and varying-temperature problems 
and for constant- and varying-density problems, whereas CHEMDDM is restricted 
to constant-temperature, constant-density problems. Similarly effects of uncertainties 
in initial condition values and all rate coefficient parameters can be studied with 
LSENS, but only the preexponential factor sensitivities can be computed with 
SENKIN. 

This work has demonstrated the difficulty of producing reliable sensitivity 
coefficients with the brute force method. The solutions were strongly dependent on 
the finite-difference increments, which had to be selected with care. The importance 
of generating very accurate kinetics solutions by using very small local error 
tolerances was also illustrated. The need to control roundoff errors by increasing the 
precision of the arithmetic was found to be just as critical as the use of small EMAX 
and the “correct” finite-difference increment. These factors and the trial-and-error 
procedures required to determine both the finite-difference increment and the 
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4.6 Test Problems 

EMAX that must be used make the BFM prohibitively expensive and time 
consuming if accurate sensitivity coefficients are desired. 

For nonisothermal problems the DDM needed a rather small local relative error 
tolerance to track accurately the sensitivity coefficients during equilibration. The 
required EMAX was much smaller than that needed during heat release or for 
constant-temperature problems. This finding is surprising and requires further study 
to explain its cause. 
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Chapter 5 

Chemical Equilibrium 


The computation of the chemical equilibrium state, that is, the final state 
reached by a chemical reaction, is an important problem with many practical 
applications. For example, for combustion reactions one is often interested in how 
fast and how closely the kinetic process approaches the equilibrium state. 
Applications of chemical equilibrium calculations are discussed by van Zeggeren 
and Storey (ref. 112) and Gordon and McBride (ref. 113). 

The problem of computing the chemical equilibrium state has been studied 
extensively and, as discussed in references 112 and 114 to 116, a number of 
solution procedures and computer codes have been developed. In the present 
work the solution method developed by Gordon and McBride (ref. 113) and the 
most recent version of their computer code, CET (ref. 117), were adapted. This 
code has been tested on a variety of problems and is widely accepted. However, 
here attention is restricted to ideal-gas mixtures and, unlike CET, condensed 
species are not considered. 

The chemical equilibrium state for a given initial mixture composition can be 
obtained when any two independent thermodynamic state functions are assigned 
fixed values. The present work considers equilibrium calculations for four sets of 
assigned functions (abbreviations used in the discussion are given in parentheses): 

(1) Temperature and pressure (TP) 

(2) Specific enthalpy and pressure (HP) 

(3) Temperature and specific volume or density (TV) 

(4) Specific internal energy and specific volume or density (UV) 

The chemical equilibrium state is computed for TP and HP problems by minimizing 
the Gibbs function and for TV and UV problems by minimizing the Helmholtz 
function. The advantages of minimization over other methods of computing the 
chemical equilibrium state are discussed in references 112, 113, and 115. 

This chapter presents the equations and solution procedure used to compute the 
chemical equilibrium state. The accuracy of the LSENS code is illustrated by 
comparisons with CET for several example problems. 
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5. Chemical Equilibrium 

5.1 Equations Describing Chemical Equilibrium 

For assigned-temperature problems the chemical equilibrium composition, that 
is, Cfy, e q O' = 1,...,NS), is solved for. Here O/.eq is the mole number of the jth 
species — number of moles of species j per unit mass of mixture — at chemical 
equilibrium, and NS is the total number of chemical species. For HP and UV 
problems the equilibrium temperature T eq must also be computed; therefore an 
additional equation is required. The governing equations for the different problem 
types are derived in the following subsections. 


5.1.1 Assigned-Pressure Problems 

For an assigned-pressure and assigned-temperature (i.e., TP) problem the 
chemical equilibrium composition is obtained by minimizing the mixture mass- 
specific Gibbs function g given by (e.g., refs. 118 and 1 19) 


NS 

i=l¥/ <51) 

j-i 

In this equation [ij is the chemical potential of the 7 th species and is defined by 

jj.. (5.2) 

7 3a,. 

V J J p, T, all other o k 

where p is the pressure and T the temperature. For ideal gases 

v-j = g j ( 5 - 3 ) 

where g \j is the molar-specific Gibbs function of the jth species. At pressure p and 
temperature T, g \j(p,T) is given by (e.g., ref. 119) 


q (p,T) = q° i (T)+ RT In— ^-+ RT ln-^-, j = l,...,NS (5.4) 

1 1 °m Pst 

Here qJ(T) is the molar-specific Gibbs function of the 7 th species at a standard 
pressure p s t (e.g., 1 atm) and temperature T, R the universal gas constant, and c m 
the sum of the species mole numbers: 
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5.1 Equations Describing Chemical Equilibrium 


NS 

°«= 2 °/ (5.5) 

7= 1 

For TP problems the criterion for chemical equilibrium is given by (refs. 118 
and 119) 


NS 

M,.7- = 5>/ to J' 0 <5 - 6 > 

7=1 

which upon using equation (5.3) can be rewritten as 

NS 

£ 9 jdCj=0 (5.7) 

7=1 


for ideal-gas mixtures. 

Conservation of atomic species provides the following constraints on the 
minimization: 


bi=b i09 i = 1,...,NLM (5.8) 

In this equation fc; is the total number of atoms of element i per unit mass of 
mixture, b^o the value of bi for the initial mixture, and NLM the total number of 
elements. If charged or ionic species are present in the gas mixture, the element 
list includes the electron in addition to the atomic species. For a gas mixture 

NS 

b i=Y* a ij°i' ' = 1 ’-’ NLM (5-9) 

7=1 

where ciy is the number of atoms of element i in one molecule of species j. If 
charged species are included in the mixture, some ciy have negative values; 
otherwise, all ay are positive. By substituting equation (5.9) into equation (5.8) 
the NLM atom and charge balance constraints can be expressed as 

NS 

2 V 3 / =b i. 0’ i = 1 -- NLM (5- 10 ) 

7= 1 
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5. Chemical Equilibrium 

The problem of minimization subject to several constraints is solved by using 
Lagrange’s method (e.g., refs. 120 and 121) as follows: First, note that the total 
differential dg of the Gibbs function must vanish at its minimum point (ref. 121), 
as already observed (see eqs. (5.6) and (5.7)). Next, because each b\ (i = 1,...,NLM) 
is equal to a constant (&;o see eq. (5.8)), its total differential db[ is also equal to 
zero. Hence from equation (5.9) 

NS 

dbj = ]T a^dOj =0, i = 1 NLM (5.11) 

j = 1 

Multiplying equation (5.11) by some parameter A,;, summing over all /, and then 
adding the resulting equation to equation (5.7) give 

NS NLM NS 

X ¥ a j + X x <- X a ij do j = 0 (5 - 12) 

7=1 «=1 7=1 

where the as yet unknown {A/} are called Lagrange multipliers. Equation (5.12) 
can be rewritten as 


NS 

x 

7=1 


NLM 


9; + 


Xv,7 


1=1 


I d(5j =0 


(5.13) 


Finally, by regarding the increments {dcj} as independent of one another, the 
following conditions are obtained: 

NLM 

3;+XVr 0 ’ j = l -* NS (5- 14 ) 

1=1 

The equations used in the present work for the thermodynamic properties 
produce the nondimensional quantities {gy /(/?!)} (see chapter 8 of part II). Repeated 
multiplications by RT to give the {gj } are avoided by dividing equation (5.14) by 
RT to get 


Jl 

RT 


NLM 

- Xv< =0 ’ 


i=l 


7 = 1,..., NS 


(5.15) 
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5.1 Equations Describing Chemical Equilibrium 

where 

*,•=-4*;, i = l,...,NLM (5.16) 

Kl 

Finally the expression for g/(/?7) obtained from equation (5.4) is substituted into 
equation (5.15) to get 

° G NLM 

-2*-+ln-J- + lii-£— y a„n, =0, j- 1 NS (5.17) 

<7- P. s 

Equations (5.10) and (5.17) together form a set of NLM + NS equations, and so 
the n i (/ = 1 ,...,NLM) and o y (j = 1,...,NS) can be computed for assigned p and T. 
Now the sum a m of species mole numbers appears explicitly as a variable in 
equation (5.17). For computational convenience o m is therefore treated as an 
unknown and is determined by solving equation (5.5). 

For HP problems the additional equation required to evaluate the temperature is 
given by 


h = h 0 (5.18) 

where h is the mixture mass-specific enthalpy and ho the assigned (e.g., initial) 
mixture mass-specific enthalpy. For a mixture of gases 


NS 

h = '£o J h J (5.19) 

where (i y is the molar-specific enthalpy of the 7 'th species. Hence equation (5.18) 
becomes 


s 


7=1 


Cjhj - ho 


(5.20) 


5.1.2 Assigned-Specific- Volume Problems 

For an assigned-specific-volume and assigned-temperature (i.e., TV) problem 
the equilibrium composition is obtained by minimizing the mixture mass-specific 
Helmholtz function a , and the criterion for chemical equilibrium is given by 
(refs. 118 and 119) 
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5. Chemical Equilibrium 


NS 

(521) 

J-i 

where vis the specific volume. Examination of equations (5.6) and (5.21) shows 
that the chemical equilibrium criteria for TP and TV problems are identical. Indeed 
the criterion 

NS 

I >A =0 

;=i 

must be satisfied by any closed system in chemical equilibrium (ref. 119). 

This minimization problem is also subject to the NLM atom and charge balance 
constraints, equation (5.10). Hence for this problem also the NS conditions given 
by equation (5.14) are obtained for ideal-gas mixtures by using Lagrange’s 
method. However, because the natural variables for a are V, T, and {a,-} (ref. 122), 
the expression for cjy given by equation (5.4), in which the variables arc p, T, and 
{ Gy } , is not used. Instead by using the ideal-gas equation of state 


pv = RTa m 


(5.22) 


equation (5.4) is rewritten as 


OjRT 

q - = + RT In — , ; = 1 ,..., NS (5.23) 

1 1 

which is substituted into equation (5.14); for reasons given in section 5.1.1, the 
resulting equation is then made dimensionless by dividing it by RT. These operations 
give the following conditions for TV problems: 


— ^-+ In 
RT 


0:RT 

— XV 1 ^ 0, 2 = 1 -> NS 




St 


/=! 


(5.24) 


where tc / is given by equation (5.16). 

Equations (5.10) and (5.24) together form a set of NLM + NS equations, and so 
the 7t/ ( i = 1,...,NLM) and Oj (j = 1,...,NS) can be computed for assigned values of 
V (or density p) and T. For this problem type, G m is not treated as an unknown 
because it does not appear explicitly in equation (5.24). Instead G m is assumed to 
be defined by equation (5.5). 
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5.2 Solution Method 

For UV problems the additional equation required to evaluate the temperature 
is given by 


u = u Q (5.25) 

where u is the mixture mass-specific internal energy and uq the assigned (e.g., 
initial) mixture mass-specific internal energy. For a gas mixture 

NS 

« = (5 ’ 26) 

j = 1 

where uj is the molar-specific internal energy of the jth species. Substituting 
equation (5.26) into equation (5.25) gives 

NS 

X a /; = “ o (5 - 27) 

7=1 


5.2 Solution Method 

The algebraic equations given in section 5.1 are solved by using a descent 
Newton-Raphson (NR) iteration method (refs. 113 and 115). However, because 
the { 7C/ } appear linearly in equations (5.17) and (5.24), at each iteration these 
variables, rather than their corrections, are solved for directly. Also, in order to 
avoid negative species concentrations and temperature, {In G ; }, In G m , and In T 
are solved for. Of course, for assigned-specific-volume problems G m is not a 
dependent variable. Similarly for assigned-temperature problems T is not an 
unknown quantity. Nevertheless for the sake of generality the two variables are 
included in this discussion. 

Starting with initial estimates, denoted by {(^ 0] }, G^ ] , and 7* 01 , the NR iteration 
procedure generates successive approximations { a&" ] , and 7< m] 

( m - 1 ,...,Af) until the iteration converges; that is, the magnitude of the difference 
in two successive approximations approaches zero within a specified accuracy. 
Here [ m ] denotes the iteration number and M is the number of iterations required 
for convergence. The converged solution gives the chemical equilibrium 
composition and temperature: 


7 = 1 NS 


(5.28a) 
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a =a [iW] 

m,e q m 


(5.28b) 


T eq = T [M] (5.28c) 

The procedure used to produce the ( m + l)th approximations (m = 0,1,-, AM) 
from the mth estimates and the algebraic equations given in section 5.1 is as 
follows: The mth estimates (m = 0,1 ,...,M) for the logarithmic variables are 
denoted by In at m] ( j = 1,...,NS), In a^ ] , and In T {m \ and the corrections gen- 
erated on the (m + l)th iteration (m = 0,1, ...,A/-1) by Aln a/'"-' (j = 1,...,NS), 
Ain and Aln The iteration procedure for assigned-pressure problems is 
discussed first, and then assigned-specific-volume problems are considered. 


5.2.1 Assigned-Pressure Problems 

For assigned-pressure problems, equations (5.5), (5.10), and (5.17) and, for HP 
problems, (5.20) have to be solved. The NR iteration equations for {rt/ m+1] } and 
the corrections {Aln Aln affl, and Aln 7^ m] on the (m + l)th iteration, 

obtained from these four equations, are as follows: 


NS 

<> = i,, 0 - if 1 . I-U 


k = 1 


NLM 


(5.29) 


NLM 

-I 

ifc=l 


a kj n k 


[m+i] + Ain (j [m] - Aln - 




RT' 


[ml 


Aln T lm] =- 


g["l 


RT 


[mV 


7 = 1 ,..., NS (5.30) 


NS NS 

-fV- 1 Aln <!+<,« Aln a™ = jof 1 -o“ (5.31) 

*=1 k= 1 

NS V NS 

£ Aln at. mT +X ° l k m] tyk T[m] Aln 7 ’ [ '" ] =h o~ h[m] (532) 
fc=l k= 1 

In equations (5.29) to (5.32), is the molar-specific enthalpy of the jth species 

at temperature cffl is the constant-pressure, molar-specific heat of the fcth 
species at temperature 1^ m \ 
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NS 


b l m] = 2 v^" 1 * 1 = i -- nlm 

7=1 


(5.33) 


, V (jf /” 1 

g 1 /" 1 = g / ( 7’ [m] j + RT [m] In -j— + RT [m] In—, 7 = 1 ..... NS 

' V 7 oL m] Pst 


(5-34) 


and 


NS 

h M =^ a ljn\ljn] 
7=1 


Also the facts that for any variables y and £ 


3y _rdy 

3lnC ^5 


(5.35) 


(5.36) 


and (e.g., ref. 119) 


_ 3 _ 

ar 



V J 



RT 2 ’ 


7 = 1,..., NS 


(5.37) 


have been used. For computational convenience equation (5.32) is divided by 

Rjiml 


NS 


k = \ 


M 


‘I " 1 


RT' 


r ! Aln < ] 
,[m] K 



-^Aln T [m] = 

R 




(5.38) 


Equations (5.29) to (5.31) and (5.38) together form a set of NLM + NS + 2 linear 
equations. Of course, for a TP problem, Ain 7^ = 0 and equation (5.38) is not 
needed. Therefore NLM + NS + 1 equations have to be solved for 
(i = 1,...,NLM), Ain (j = 1,...,NS), and Ain oj^. The solution for the correction 
variables requires inversion of a matrix of size (NLM + NS + 2)x(NLM + NS + 2) for 
HP problems and (NLM + NS + l)x(NLM + NS + 1) for TP problems. The com- 
putational cost associated with the matrix inversion can be considerable, especially 
when the number of species is large. 
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The computational work is reduced quite simply by reducing the number of 
equations (ref. 113). Equation (5.30) gives the following solution for the correction 
Ain o/ m] : 


NLM 


i>5 ml 


41» of 1 = £ V* + A1 " < + ^ rW - 


k=l 


ii 


(5.39) 


This expression is substituted into equations (5.29), (5.31), and (5.38). After 
rearrangement the resulting reduced equation set can be expressed compactly as 

?Y p =& p (5.40) 


where the various terms are defined below and the subscript p is used to indicate 
an assigned-pressure problem. The (NLM + 2)-dimensional column vector Y p is 
given by 


Y p = (M m+1] >...,^TM, Aln °m ] > A1 " Tlm] 


(5.41) 


where the superscript T indicates transpose. The elements Q p j (i = l,...,NLM+2) 
of the column vector 2 p are defined as 


NS 

>=1 



NS 

NS 

p =CT [m]_y a [m] + y 

^p.NLM+l °m Z^7 JLt 

7=1 

7=1 


i = l,..„ NLM 


q [m] 

a lm]Jz_ 


RV 


[m] 


(5.42a) 


(5.42b) 


-'p.NLM+2 


\ -* w 
gj{rri\ 


NS 


■x«y 

7=1 


.[ml 


(lj m] 




pj[m] 


The (NLM + 2)x(NLM + 2) matrix ^ is given by 


(5.42c) 
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IW5 

IXv 5 / X'W 5 / 


Yj a Lj% a j Yj a Lj a 2j a j 

X%°y E a 2^j 

^j a u a j rj S a 2y°/ /j7 


Xv* 

'L a 2j a Lj a j X«*/5 


'L a V tt U a J Xv*7 

X a y°; I B r°» 

H a Lj a j^f X a ^ 



(5.43) 


where for clarity in presentation the summation limits (/ = 1 to NS) and the iteration 
number have been suppressed and the new variable L (= NLM) has been introduced. 

For TP problems the appropriate Y p and & p vectors and the ^ matrix are obtained 
by deleting (1) ^?,nlm+ 2 an d £p,NLM+2> (2) the last term from the expression for Q p j 
(i = 1,...,NLM+1), and (3) the last row and last column from the matrix given by 
equation (5.43). 

Note that the number of equations has been reduced from NLM + NS + 2 to 
NLM + 2 for HP problems and from NLM + NS + 1 to NLM + 1 for TP problems. 
Because, in general, NS » NLM, this reduction is significant and should result in 
substantially smaller CPU times. In addition, the symmetry of the iteration matrix 
^ (i.e., Q ik = Q ki , i,k = l,...,NLM+2, see eq. (5.43)) can be exploited to reduce 
significantly the computational cost of forming the matrix. 
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5.2.2 Assigned-Specific- Volume Problems 

For assigned-specific- volume problems equations (5.10) and (5.24) and, for UV 
problems, (5.27) have to be solved. The NR iteration equations for the (m + l)th 
iteration (m = 0,1,..., M-l) obtained from these equations can be written as 


NS 


Ain a[ m] = b i Q - b\ m] , i = 1 NLM (5.44) 


*=1 


NLM U M Jot] 

- Y a ki 4 m+1] + Ain a [ /" ] J —. Ain T [m] = - i = l —' NS ( 5 - 45 > 

k J ^j[m] 


NS 


NS 


y a[ m] a[ m] Ain a[ m] + y c[ m] e[T fc ] T [m] Ain T [m] =u Q - u [m] (5.46) 


k = 1 


k = 1 


In equations (5.44) to (5.46), ujf 4 is the molar-specific internal energy of theyth 
species at temperature l^ m \ c|,™' is the constant-volume, molar-specific heat of the 
Jfeth species at temperature T^ m \ b^ is given by equation (5.33), 


/ \ c [m] RT [m] 

g^Ug^fr^J + ^r^ln-^ , y = l,..., NS (5.47) 


and 




NS 

M t'”u^ CT y n] uj m] 

7=1 


(5.48) 


Also equations (5.36) and (5.37) have been used. For computational convenience 
equation (5.46) is divided by RI^ m h 


NS [ot] NS Jm] Jot] 

y o[ m] — Ain 4 ml + y o [ . m] Ain T [m] = 0 (5.49) 

~ * RT [m] m R RTlm] 
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Equations (5.44), (5.45), and (5.49) together form a set of NLM + NS + 1 linear 
equations. For a TV problem Ain T 1 " 11 = 0 and equation (5.49) is not needed. By 
using the same procedure utilized for assigned-pressure problems, a considerably 
reduced set of equations is derived. Equation (5.45) is solved for the collection 
variable Ain 


NLM Jm] 

Ain a 1 ™ 1 = n/ifltj”*' 1 + Ain T 1 " 1 - 


ip 


k = 1 


RT 


[m] 


RT 


[m] 


(5.50) 


Equation (5.50) is then substituted into equations (5.44) and (5.49), and terms are 
rearranged to obtain the following reduced system of equations: 

s*Y v = & v (5.51) 

where the subscript v denotes an assigned-specific-volume problem. The 
(NLM + l)-dimensional column vector Y„ is given by 

Y v =^ m+1 ^...,nM,Aln (5.52) 

The elements ( i = 1,...,NLM+1) of the column vector 8 v are defined as 


£V,,=i\.c 


NS 
j = i 


iP 


RT 


[mV 


/ = NLM 


(5.53a) 


and 


=V,NLM+1 


*0 ' 


NS 


Am] 


ip 


RT' 


[m] 


y aW- 


(5.53b) 


The (NLM + l)x(NLM +1) matrix/^ is given by 
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Iw; 

5>1 M ■ 

■ • X*1 j a Lj a j 

'L a 2j%°j 

Xw,- 

■ ■ X a 2j a Q <S j 


X a j 

a\ -a, — 
J RT 

Y a j 

l a 2 j°jjf 


/* = 


H a Lj a \?j lL a Lj a 2j°j 

Y u / Y a j 

Z, a lj c j rt rt 


1 L a lJ a Lj a j 

Y u /' 

a Lj C j Rf 


V flyO.i 

Aj lj j rt 

i A 

1°, 



> 

u j 

2~ 

Sl + 


R 

RT 



\ J 



( 5 . 54 ) 


where for purposes of clarity the summation limits (/ = 1 to NS) and the iteration 
number have been suppressed, and NLM has been replaced by L. The number of 
equations has been reduced to NLM + 1 for UV problems and NLM for TV 
problems. Equation (5.54) shows that for this problem type also the iteration 
matrix is symmetric. For TV problems the appropriate Y^and vectors and the 
/^matrix are obtained by deleting (1) Ty,NLM+l and £y,NLM+l> (2) the last term 
from the expression for (i = 1,...,NLM), and (3) the last row and the last 
column from the matrix given by equation (5.54). 


5.2.3 Initial Estimates 

The initial estimates {dp }, G$\ and 7^ required to start the iteration procedure 
are given quite simply by (ref. 113) 
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of 

NS 

(5.55a) 


<1 = 0.1 

(5.55b) 


r 101 = 3800 K 

(5.55c) 


These estimates may be very poor approximations to the equilibrium solutions. 
Nevertheless, they are used because of the simplicity of the calculation procedure, 
equations (5.55a) to (5.55c). Also use of these estimates has always resulted in 
convergence, with a typical number of iterations being of order 0(10) (ref. 113). 


5.2.4 Corrections Control 

At each iteration the variables {Y p j} or { Y v j} are obtained by solving the 
appropriate equation, (5.40) or (5.51). The system of linear equations is solved by 
the Gaussian elimination method (ref. 35). The corrections {Ain G^} for the 
species mole numbers are then given by equation (5.39) or (5.50). Corrections 
that are too large can lead to convergence difficulties if used unchanged to com- 
pute the new estimates (refs. 113, 117, and 123). Large corrections can arise for 
one of two reasons: (1) in the early stages of the iteration procedure because of 
poor initial estimates or (2) in later stages because of large increases in the 
concentration of trace species (refs. 113 and 115). An underrelaxation or control 
factor A is used to restrict the magnitude of the corrections to the variables. 
Gordon and McBride (ref. 117) have developed two empirical rules for computing 
A. The first is applied (1) to species k that satisfy the requirements Ain G/H > 0 
and G*f m ^ > 10 -8 G^, (2) to the sum of the mole numbers, and (3) to the temper- 
ature. It produces the parameter Ai, defined for the ( m + l)th iteration 
(m = 0,1,...,M-1) by 


Ai=- 


max 


VI 


5 Ain V 


[m] 


5 Ain & 


Im] 


lAln 4 m] 


(5.56) 


for Ain > 0; > 10 8 <1 


This equation limits the change in any variable to a factor <? 0 ' 4 (= 1.4918) or 
e 2 (= 7.3891). 
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The second rule is applied to every trace species k (defined here as species k for 
which o ^ < Kr 8 aj^) that satisfies the requirement Ain > 0 and gives the 
parameter A 2 , defined for the (m + l)th iteration (m = 0,1,...,M-1) as 


a 2 


= min 


Ain aj^-Aln 


for Aln4 m] >0;4 ml <10- 8 a [ m m] 


(5.57) 


This parameter prevents a mole fraction (= a^Vo^) that is less than or equal to 
10 -8 from increasing to more than 1CT 4 . 

The control factor A is then given by 

A = min(l,Aj,A 2 ) 

(5.58) 

The new estimates {In o^ m+1] }, In a| I m+1] and In T [m+l] are computed as 


In a^ m+1 ^ = In + A Ain a^ m \ j = 1,...,NS 

(5.59a) 

In a [ ^ +n = In a [ ^ ] + A Ain a^ ] 

(5.59b) 

In T lm+l] = In T [m] + A Ain T [m] 

(5.59c) 


Finally the new estimates {aj m+11 }, ai, m+1] and 7 {m+1] are obtained by 
exponentiating the values given by equations (5.59a) to (5.59c). For trace species 
j, that is, species that satisfy the relation 

In a [ /" +1] - In a [ ™ ] < In 10" 8 (5.60) 

the exponentiation is not performed, and a/ m+1 ^ is set equal to zero. 

5.2.5 Convergence Criteria 

After each iteration several tests are made to ascertain convergence. First, the 
value of A is examined. When the variables are close to the correct values, A will 
be equal to unity; when they are far from the correct values, A will be less than 
unity (ref. 113). Therefore, if A is not equal to unity, a new iteration is performed. 

If A is equal to unity, the mole number sum is checked to ensure that it 

satisfies equation (5.5) for assigned-pressure problems. If the test 
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(5.61) 


is not passed, a new iteration is performed. Next, the magnitude of Ain 7^ must 
satisfy 


Ain T [m] 


? 

< 10 ^ 


(5.62) 


The last test involves the magnitudes of the (Ain o/ m ^}, which must all satisfy the 
criterion 


Jm+1] 


NS 


k = 1 


Ain a 1 


Jm+l] 


[m] 


<5x10^, 7 = 1,..., NS 


(5.63) 


The iteration process is continued until either the estimates converge or 50 
iterations have been performed without success when an error exit is taken. After 
successful convergence several thermodynamic properties are computed, as 
described in section 5.3. Also the mole numbers of trace species are set equal to 
10 - 11 . 

5.2.6 Singular Matrix 

As discussed by Gordon and McBride (ref. 113) some situations can result in a 
singular ^ or s4 and cause the iteration method to fail. The singularity arises when 
one row of the iteration matrix is a multiple of another. This situation occurs 
because the iteration procedure assigns zero values for the concentrations of trace 
species. 

When a singular matrix occurs, the mole numbers of trace species are set equal 
to 10 -6 and the iteration process is continued. If, after this corrective action is 
taken, a singular matrix is again encountered, the iteration procedure is abandoned 
and an error exit taken. 
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5.3 Equilibrium Thermodynamic Properties 

After the iteration converges, several thermodynamic properties are evaluated. 
For an assigned-pressure problem the density is obtained by using the ideal-gas 
equation of state, equation (5.22). This equation gives the pressure for an assigned- 
specific-volume problem. For an assigned-temperature problem the mixture mass- 
specific enthalpy h is given by equation (5.19) and the mixture mass-specific 
internal energy u by 


u = h-RTo m (5.64) 

This equation is also used to compute « for an HP problem and h for a UV problem. 
The mixture mass-specific entropy s is given by 


NS NS 

s = Z a /7 = X 

7=1 7=1 

where Sj is the molar-specific entropy of the jth species and 8/(7) the molar- 
specific entropy of the jth species at temperature T and pressure p st . Finally the 
mean molar mass of the mixture M w is obtained trivially as 

M = 1 la (5.66) 

w m 

In addition to the above thermodynamic properties several thermodynamic first 
derivatives are calculated. Now, among all possible first derivatives that can be 
constructed, only three are independent and any first derivative can be expressed 
in terms of the chosen set of three independent derivatives (ref. 122). The derivatives 
(dvldT)p, ( dvldp)r , and (dh/dT) p are all measurable quantities and usually used as 
the three independent derivatives (e.g., refs. 26 and 119). However, Gordon and 
McBride (ref. 113) use the logarithmic form of the volume derivatives, 
(31n v/3ln T) p and (3ln v/3ln p) T . Equation (5.22) gives the following expressions 
for these two derivatives: 


GjS°j(T)-RT In 


G J P 

°mPst 


(5.65) 


and 


( 3ln v_ ^ 
31n T 


= 1 + 


3ln ct 
m 

3ln T 


(5.67) 


^ Sln 
31n p 


= -l + 


3lna m 

m 

3ln p 


(5.68) 
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The derivative ( dh/dT) p (= equilibrium constant-pressure, mass-specific heat) is 
obtained by differentiating equation (5.19) with respect to T: 



NS 

a /w + 5 >, 

j = i 


^9a, ^ 


\ J 


dT 


NS 

E°/ 

7=1 


NS 


v> + 


7=1 


^Slna^ > 
31nT 


(5.69) 


It is clear from equations (5.67) to (5.69) that the derivatives (3ln o m /d In T) p> 
(3ln o m /d In p)T f and (3ln g/ 3 In 7)^ (/ = 1,...,NS) are needed to evaluate the three 
independent first derivatives. 

The derivatives (3ln g/ 3 In T) p and (3ln a m /3ln T) p are obtained by solving the 
system of equations generated by differentiating equations (5.5), (5.10), and (5.17) 
with respect to In T 


^3lna_^ fain a. 


3lnT 


-E«. 

p k = 1 


9ln T 


= 0 


NS 


j a i k C k 


k = 1 


^3ln oP 
9ln T 


= 0, i = 1,...,NLM 


NLM 

-I 

(fe=l 


°kj 


3**1 

i 

3ln Gj > 


f 31n a m) 


9ln T 

i 

9ln r 


9ln T 

RT’ 

J 

P 

^ J 

p 

V J 

P 


(5.70) 


(5.71) 


(5.72) 


where equations (5.36) and (5.37) have been used, as well as the fact that for any 
variables y and £ 


dy 91n y 

ain£ -y ainC 


(5.73) 


Equations (5.70) to (5.72) form a set of NLM + NS + 1 linear equations; there- 
fore the NLM + NS + 1 derivatives (37i//3ln T) p (i = 1,...,NLM), (3ln Gj/d In T) p 
(j = 1,...,NS), and (3ln a m /3ln T) p can be computed. By using the procedure outlined 
in section 5.2.1 for the corrector iteration equations, the number of equations can 
be reduced significantly. Equation (5.72) gives the solution for (3ln a/3ln T) p as 


^3ln Gj 


N v (^k ' 

k=l v 


' din O + Jv_ 

9ln T J p RT 


(5.74) 
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which is substituted into equations (5.70) and (5.71). After rearrangement the 
resulting reduced equation set can be expressed compactly as 



(5.75) 


where the subscript p indicates that the partial derivatives are evaluated at constant 
pressure. The (NLM + l)-dimensional column vector Y* is given by 


4= 


dttj 

aiiTr 


J p 


dn 


NLM 


91n T 


91n 

d\nT 


(5.76) 


The elements Q* p j (i = 1,...,NLM+1) of the column vector 8 p are defined as 



NS (i- 

Lu V J # 7 ’ 

j = 1 


i = 1,...,NLM 


(5.77a) 


NS k- 

8 p,nlm+i = 

j = i 


(5.77b) 


The (NLM + l)x(NLM + 1) matrix a submatrix of the (NLM + 2)x(NLM + 2) 
matrix is obtained by deleting the last row and the last column of equa- 
tion (5.43), and is symmetric. Because #* is a submatrix of no additional 
programming is needed to evaluate 

Equation (5.75) is solved for the {(OKj/Oln T ) p } and (31n a m /3ln T) p by the 
Gaussian elimination method. The derivatives {(3ln Oj/d In T) p ] are then computed 
by using equation (5.74). Substituting the solution for (9ln Gj/d In T) p (j = 1,...,NS) 
into equation (5.69) gives (dhldT) p . However, ( dhldT) p can be evaluated by a 
simpler procedure (ref. 113): Substituting equation (5.74) into equation (5.69) and 
dividing both sides of the resulting equation by R give the following expression 
for the dimensionless equilibrium mixture constant-pressure specific heat: 
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NLM NS L 
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A-4 Au V J RT 


i = i y=i 
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3ln a_ ^ 

m 

3ln T 


RT 
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+ 




V 



/?r J 


(5.78) 


which can be expressed compactly as 


R 


dT 


NLM+1 


S9 NLM+2,/ y p,i + QnLM+2,NLM+2 


i=1 


(5.79) 


where Qnlm+2,i O' = l,...,NLM+2) is the ith element of the (NLM + 2)th row of 
equation (5.43). Note that equation (5.78) requires only the temperature derivatives 
obtained by solving equation (5.75). Hence using equation (5.79) to compute the 
specific heat avoids the computational work associated with evaluating the 
{(3ln a/3ln T)p] required by equation (5.69). Also, because the coefficients in 
equation (5.78) are the elements of the (NLM + 2)th row of use of equation 
(5.79) requires little additional programming. 

To solve for (3ln a m /3 In p) T , equations (5.5), (5.10), and (5.17) are differentiated 
with respect to In p: 


9ln 
3ln p 



" 3ln g k ' 
^ 3ln p y 


= 0 


(5.80) 
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^ a ik a k 


k = 1 


^3ln o k N 
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i = l,..„ NLM 


(5.81) 
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, 31"P , 


= -l, 


7 = 1 


NS 


(5.82) 


where equation (5.73) has been used. 
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Equations (5.80) to (5.82) form a set of NS + NLM + 1 linear equations. By 
using the same procedure as for the temperature derivatives, the number of 
equations is reduced to NLM + 1. Solving equation (5.82) for (3ln a/31np)7 gives 


'31n a j ' 

1 

4- 

f3ln 

3ln p 

V y ) 

1 

OJ 

B 

^3 

T 

T 

3 ,n P J 


(5.83) 


which is substituted into equations (5.80) and (5.81) and terms rearranged to give the 
reduced system of equations 


#*Y* t = Q* t (5.84) 

where the (NLM + l)x(NLM + 1) matrix has been defined previously and the 
subscript T indicates that the partial derivatives are evaluated at constant temperature. 
The (NLM + l)-dimensional column vector Y T is given by 


f dK l ) 


^NLM 




(3ln p j 

» •••» 
T 

v 31n p j 

» 

T 

3 |n P ) 

T_ 


(5.85) 


The elements £^,(i = 1,...,NLM+1) of the column vector £7- are defined as 

NS 

£* ,. = £ a i p i , i = 1, .... NLM (5.86a) 

;'= 1 

NS 

< 586b > 

j-i 


Equation (5.84) is solved for the {(37i z /3ln p)j } and (3ln a m /31n p)j by the 
Gaussian elimination method. However, note that the only pressure derivative that 
is needed is (3ln o m /3ln p)j (see eq. (5.68)). 

The final thermodynamic quantity that is computed is the sonic velocity c defined 
as (e.g., ref. 26) 


c = pP/dp) s 


(5.87) 
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c = 


r dp} 

K dVj 


(5.88) 


because V = 1/p. The partial derivative (dp/dv) s is given by (ref. 26) 



fdh) 

j: J p 


(Bk) 


f -1 

(dv ) 


p 

Wr 1 



(5.89) 


Equation (5.89) is rewritten by using the logarithmic form of the volume derivatives. 
The resulting equation is substituted into equation (5.88), and then the ideal-gas 
equation of state, equation (5.22), is used. After some rearrangement the resulting 
expression for c is 


c = 


g m 


3ln V 

3ln p 


-RT 

f 31n v^ 2 

ainr 



'dh} 


(5.90) 


5.4 Test Problems 

To verify the accuracy of the chemical equilibrium calculation procedures built 
into LSENS, its predictions have been compared with the results produced by CET 
(ref. 117) for many problems. This section presents results for four problems 
representing the different problem types (i.e., HP, TP, UV, and TV) considered in 
this chapter. All four problems involved the computation of the equilibrium state 
for a stoichiometric hydrogen-oxygen-nitrogen mixture at an initial pressure of 
2 atm. The nitrogen-to-oxygen ratio was the standard value (= 3.727375) built 
into the code (see chapter 8 of part II). The following 13 species were considered 
in all calculations: H 2 , O 2 , N 2 , O, H, OH, HO 2 , H 2 O 2 , N, NO, NO 2 , N 2 O, and 
H 2 O. For the HP and UV problems the initial temperature was 1500 K. For the TP 
and TV problems, however, the temperature was increased to 2500 K, for reasons 
discussed here. 
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TABLE 5.1.— CHEMICAL EQUILIBRIUM PROPERTIES FOR STOICHIOMETRIC 

INITIAL PRESSURE OF 
[Initial temperature, 1500 K for HP and UV problems and 


Variable 

HP problem 

TP problem 

CET 

LSENS 

CET 

LSENS 

*0 

6.904x1 0 -3 

6.903xl0 -3 

7.517xl0' 4 

7.517x10^ 

X U 2 0 

0.2564 

0.2564 

0.3206 

0.3206 

x OH 

3.03 2xl0 -2 

3.032xl0 -2 

8.890xl0" 3 

8.890x1 0 -3 

X H 

1.886xl0 -2 

1.886xl0' 2 

2.387xl0“ 3 

2.387xl0" 3 

x 0 2 

1.407xl0 -2 

1.407xl0 -2 

5.447xl0" 3 

5.447xl0 -3 

*h 2 

5.057xl0 -2 

5.057xl0' 2 

1.825xl0" 2 

1.825xl0 -2 

*ho 2 

1.402xl0 -5 

1.401xl0 -5 

3.294x10"* 

3.294x10"* 

X U 2 C>2 

6.225xl0‘ 7 

6.224xl0 -7 

2.298x1 0" 7 

2.298x1 0 -7 

x NO 

9.766xl0' 3 

9.766x1 0" 3 

3.341xl0~ 3 

3.341xl0 -3 

x no 2 

2.240X10" 6 

2.239x10"* 

6.868x1 0" 7 

6.868x1 0" 7 

X N 

4.245x10"* 

4.244x10"* 

1.640xl0~ 7 

1. 640x1 0" 7 

x N 2 

0.6131 

0.6131 

0.6403 

0.6403 

x n 2 o 

6.923x1 0 -7 

6.923x1 0 -7 

2.386x1 0” 7 

2.386x1 0 -7 

M w , g/mole 

23.29 

23.28 

24.19 

24.19 

p, atm 

2.000 

2.000 

2.000 

2.000 

r, K 

2911.4 

2911.4 

2500.0 

2500.0 

p, g/cm 3 

1.949X10 -4 

1.949X10" 4 

2.358x1 0 -4 

2.358X10" 4 

h , cal/g 

436.2 

436.2 

58.60 

58.61 

u, cal/g 

187.7 

187.7 

-146.8 

-146.8 

s t cal/g-K 

2.758 

2.758 

2.619 

2.619 

(dh/dT) p1 cal/g-K 

1.218 

1.218 

0.6849 

0.6849 

01n v/ain 7) p 

1.429 

1.429 

1.126 

1.126 

0ln Wain p) r 

-1.020 

-1.020 

-1.005 

-1.005 

Cy m/s 

1088.7 

1088.7 

1003.7 

1003.7 

NITER 

11 

10 

12 

11 




HYDROGEN-OXYGEN-NITROGEN MIXTURE AT 
2 atm 

2500 K for TP and TV problems.] 


UV problem 

TV problem | 

CET 

LSENS 

CET 

LSENS 

8.958xl0 -3 

8.957xl0 -3 

8.294x1 O' 4 

8.294X10 -4 

0.2411 

0.2411 

0.3192 

0.3192 

3.590xl0 -2 

3.5S0xl0 -2 

9.318xl0 -3 

9.317xl0 -3 

7.38 IxlO -2 

2.381xl0 -2 

2.626x1 0 -3 

2.626xl0~ 3 

1.505xl0 -2 

1.505xl0 -2 

5.728xl0 -3 

5.728xl0 -3 

5.727x1 O' 2 

5.727xl0 -2 

1.906xl0 -2 

1.906xl0 -2 

2.164xl0 -5 

2.163xl0" 5 

3.290x1 0 -6 

3.290X10" 6 

1.035X10" 6 

1.035X10" 6 

2.180xl0 -7 

2.180xl0 -7 

1.213xl0“ 2 

1.213xl0 -2 

3.425xl0 -3 

3.425x1 0 -3 

3.506X10 -6 

3.506X10 -6 

6.708x1 0 -7 

6.708x1 0 -7 

8.475X10" 6 

8.474X10 -6 

1.764xl0" 7 

1.764xl0' 7 

0.6057 

0.6057 

0.6398 

0.6398 

1.173X10 -6 

1.173X10 -6 

2.272x1 0 -7 

2.272x1 0 -7 

23.05 

23.05 

24.17 

24.17 

3.702 

3.702 

1.727 

1.727 

3066.0 

3066.0 

2500.0 

2500.0 

3.392X10- 4 

3.392x10"* 

2.035X10- 4 

2.035X10 -4 

557.7 

557.7 

62.48 

62.49 

293.4 

293.4 

-143.0 

-143.0 

2.746 

2.746 

2.633 

2.633 

1.283 

1.283 

0.7001 

0.7001 

1.483 

1.483 

1.133 

1.133 

-1.024 

-1.024 

-1.005 

-1.005 

1123.5 

1123.5 

1003.1 

1003.1 

10 

9 

12 

11 
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5. Chemical Equilibrium 

The chemical equilibrium composition and thermodynamic properties generated 
by LSENS are given in table 5.1, together with the results obtained with CET. In 
this table jq is the mole fraction of species i, NITER is the total number of iterations 
required for convergence of the solution, and the other variables have been defined 
previously. The calculations with both codes were performed on the NASA Lewis 
Research Center’s Amdahl 5870 computer using the UTS operating system, the 
Fujitsu 77 compiler (optimization level, 3), and double precision. 

To be consistent with LSENS, which classifies species with mole fraction < 10 -8 
as trace species (see section 5.2.4), CET was run with a value of 10 -8 for the variable 
TRACE, which is a cutoff level, and mole fractions less than TRACE are not listed. 
This condition resulted for the species HO 2 , H 2 O 2 , N, NO 2 , and N 2 O for the TP and 
TV calculations at 1500 K. The temperature was therefore increased to 2500 K for 
the two problems. Thermodynamic data for all 13 species listed in table 5.1 were 
included in the input data file required by CET to ensure that only these 13 species 
were considered by the code and that the same thermodynamic data were used by 
both LSENS and CET. 

The results given in table 5.1 show the excellent agreement between LSENS 
and CET for all four problem types, thereby validating the accuracy of LSENS for 
chemical equilibrium state computations. In addition, the table shows that in 
terms of computational work requirement LSENS compares well with CET. (CET 
consistently required one iteration more than LSENS because of additional 
convergence tests associated with the variable TRACE.) Finally for each problem 
the execution time needed by LSENS was only a few milliseconds, reinforcing its 
computational efficiency for equilibrium problems. 
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Chapter 6 

Incident Shock 


The shock tube has been used for many years to generate a high-temperature 
environment for the study of chemical reactions (e.g., refs. 1 24 and 1 25). It consists 
essentially of a long, straight tube of constant cross-sectional area. A thin diaphragm 
divides the tube into two sections, which contain either the same or different gases. 
The two sections are initially at different pressures. Hence, when the diaphragm is 
ruptured, a shock wave (the “incident” shock) travels into the low-pressure gas, and 
a rarefaction wave travels in the opposite direction to equalize the pressures in the 
two sections. 

The passage of the shock wave creates a high-pressure, high-temperature flowing 
system without changing the gas composition. The new conditions behind the shock 
wave start a chemical reaction that proceeds toward the equilibrium state. To study 
the chemical reactions behind the shock, the thermodynamic state of the gas 
immediately after shock passage when the composition has not changed (i.e., the 
“frozen” shock conditions) is required. In the present work this state is solved for 
under idealized conditions — steady, one-dimensional, in viscid, adiabatic flow of an 
ideal-gas mixture with no diffusion of matter or energy. The thermodynamic state 
after the chemical reactions initiated by shock passage have reached equilibrium 
(i.e., the “equilibrium” shock conditions) is also computed. 

This chapter presents the governing equations for the two idealized shock 
problems and describes the solution procedures, which were adapted from Gordon 
and McBride (refs. 113 and 1 1 7). A test problem, which illustrates the accuracy and 
efficiency of the LSENS code for incident shock computations, concludes the 
chapter. 

6.1 Governing Equations 

Steady, one-dimensional, inviscid flow of an ideal-gas mixture is considered, and 
a coordinate system attached to the shock is used, figure 6.1. The unshocked gas 
at known conditions p\, T\, and pi flows into the shock at a given constant velocity 
V \ . Here p , T , and p are the pressure, temperature, and density, respectively. The 
shocked gas at conditions p 2 , 72, and p 2 flows away from the shock at velocity V 2 . 
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6. Incident Shock 


Hi} 

pi 

h 

pi 

‘'i 

»i 

Figure 6.1. — Schematic representation 
of stationary incident shock wave. 

For the assumptions given previously the conservation equations required to 
compute the thermodynamic state and gas velocity after shock passage take the form 
(e.g., ref. 126) 

Mass conservation 

pin=p 2 v2 (6.D 

Momentum conservation 

Pl+PlV, 2 =P 2 + P2 V 2 2 (6.2) 

Energy conservation 


( 6 - 3 > 


In equation (6.3), h is the mixture mass-specific enthalpy 

: NS 

= (6.4) 

(=i 

where NS is the total number of species; a, the mole number of species i, that is, 
the number of moles of species i per unit mass of mixture; and ft/ the molar-specific 
enthalpy of the ith species. 

Because attention is restricted to ideal-gas mixtures, the density can be expressed 
in terms of the pressure and temperature by using the equation of state 

P = P% (6-5) 
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6.2 Solution Method 

where M w is the mean molar mass of the gas mixture and R the universal gas 
constant. Equation (6.5) provides the following expression for the density ratio 
across the shock: 


p 2 _ p 2 7j M w l 
Pi Pi T 2 M W .l 


( 6 . 6 ) 


Therefore the system of equations (6.1) to (6.3) is closed, provided that the new 
mixture composition is known. 

The problem is further simplified by solving equation (6. 1 ) for V 2 in terms of p 1 
Vj, and p 2 and then using the result 



(6.7) 


to eliminate V 2 f rom equations (6.2) and (6.3). Substituting equation (6.7) into 
equations (6.2) and (6.3), rearranging terms, and then using equation (6.6) provide 
the following equations that can be solved for Ti and py 


Pi _] , Pl^l 2 

Pi Pi 


1_ Pi J 2 . l 

[^2 T l M w.2 j 




1- 


P\ ^2 M w,l 
Pi T \ M w,2 


( 6 . 8 ) 


(6.9) 


Once these equations are solved for p 2 and 7 ' 2 , P 2 is obtained from equation (6.5) 
and then V 2 f rom equation (6.7). 

The system of equations (6. 1 ) to (6.3) and (6.5) is incomplete for the equilibrium 
problem because the postshock composition is not known. As discussed in sec- 
tion 6.2 the solution procedure used for this problem requires the equilibrium 
composition for assigned temperature and pressure. The governing equations for 
such a calculation are given in chapter 5. 


6.2 Solution Method 

If the postshock mixture composition (i.e., the {G/ ^}) is known, the system of 
equations (6.1) to (6.3) and (6.5) is complete and the four unknowns P 2 , T 2 , p 2 , and 
V 2 can be solved for. The frozen shock problem, for which = G/ i 
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6. Incident Shock 

(i i = 1,...,NS), satisfies this condition, and equations (6.8) and (6.9) are solved for p 2 
and T 2 by using an iterative technique. Starting with an initial guess for the solution, 
equations (6.4), (6.8), and (6.9) are used to generate successive approximations until 
the iteration converges, that is, until additional iteration produces little change in the 
solution. 

For the equilibrium shock problem, however, the new composition is not known 
and has to be computed along with the other four quantities. The solution procedure 
used for this problem also involves the solution of equations (6.8) and (6.9) for p 2 
and T 2 by using an iterative technique. However, before each iteration the 
equilibrium composition corresponding to the current estimates for T 2 and p 2 is 
generated by using the procedure described in chapter 5. The “new” chemical 
composition is then “known”; therefore equations (6.4), (6.8), and (6.9) can be used 
to produce improved estimates for p 2 and T 2 . The cycle of computing the 
equilibrium composition corresponding to the current estimates for T 2 and p 2 and 
then using this composition together with equations (6.4), (6.8), and (6.9) to 
generate improved estimates for p 2 and T 2 is continued until the changes in bothp 2 
and T 2 are smaller than a specified amount. 

Equations (6.8) and (6.9) are solved by the Newton-Raphson (NR) iteration 
procedure, as implemented by Gordon and McBride (refs. 113 and 117). For 
computational convenience the quantities that are actually solved for are the 
pressure and temperature ratios, p 2 /p\ and T 2 /T\, respectively, across the shock. 
Also, because the equations used for the thermodynamic properties produce the 
nondimensional quantities (>,•/( RT ') (i = 1,...,NS) (see chapter 8 of part II), both sides 
of equation (6.9) are divided by R 


| 1 -H 

R R 2 R 



\ 2 

Pi T 2 My^ 1 
y P 2 T x A ^ >2> 


( 6 . 10 ) 


to avoid repeated multiplication by R. 

For clarity in presentation of the solution procedure the two-dimensional 
column vector y with components 




Ei 
p 1 


and 



(6.11a) 


(6.11b) 
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is introduced. Equations (6.8) and (6.10) are rewritten as 


6.2 Solution Method 


and 


<3r l( y ) = i + £i^ i 

Pi 


Jl M W , 2 j 


-y\ =o 


(6.12a) 


< 9 r 2(y) = 


fh+iyt 

R 2 R 


1 


yi 



[y\ m w,2 J 


^ = o 

R 


(6.12b) 


Expressed in this form, solving equations (6.8) and (6.10) is equivalent to finding 
the zero of 9[ where the column vector 9[_ contains the two components 9^ and 9^. 

The physically impossible situation of variables having negative values during 
the iteration procedure is avoided by solving for {In y z } rather than {y z }. If the mth 
estimates are denoted by In (i = 1,2), the NR iteration procedure for the 
corrections, Ain (i = 1,2), on the ( m + l)th iteration is 




k = 1 


El 

dlny^ 


y = y[ m ] 


Ain^U-cy.(yH), 


i = l,2 


(6.13) 


The (m + l)th estimates. In y/ m ' 1 ' (i = 1,2), are given by 

lny/ m+, ]=lny.W+Alny I .W, / = 1,2 (6.14) 


If the two-dimensional column vector X is defined as 

Y = (lny 1 ,lny 2 ) r 


(6.15) 


where the superscript T indicates transpose, equation (6.13) can be expressed 
compactly as 


jM A yM = -9[ (yM) 


(6.16) 


In this equation A is the correction obtained for Y on the (m + l)th iteration 
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6. Incident Shock 


AyM = Yt m+1 l -yW 

and J^''J is the 2x2 Jacobian matrix, with element given by 


(6.17) 


,M_M 


dK 


d% 


y=y^ 


9 In y k 


y=y [ " 


[m] 9% 


a =1,2 


(6.18) 


y=y[ m l 


where the partial derivatives are obtained from equations (6.12a) and (6.12b) as 
shown here. Equations (6.12a) and (6.12b) are first rewritten by using equa- 
tions (6.6), (6.11a), and (6.11b) as follows: 


9F,=1 + 


w 


Pi 


1- 

fpll 

pin 

_ y = 1 + i±LJ_ 

1- 

M] 


V P 2y. 

1 Pi 




■y l (6.19a) 


2 R 2 R 


- 

f \ 

2“ 

1- 

pi 






R R 2 R 


1- 


v 2 

\. V U. 


!h 

R 


2_ (6.19b) 


[m] 


In these equations V (= 1/p) is the specific volume of the mixture. The elements J\ k 
(i,k = 1,2) of the Jacobian matrix, equation (6.18), are then obtained from equa- 
tions (6.19a) and (6.19b) and are given by 


at- 


pin 


p i 


f \ 

pi 

p? ] 


v9ln Pj 


■J'l 


[m] 


y=y[ m 


(6.20a) 


rW_. 

J n - 


pin 


2 r 


\ 


pi 


pi 

0 M 
vP2 y 


^ 9lnu ^ 

^ainr 


y=y l 


(6.20b) 


jN __n_ 

^i " * 


f . A 


Pi 


VP2 j 


[m] 


^9ln_v^ 

V^ln P Jj 


P 2 


N f dh \ 


y=yl 


[m] 


v 9 Py 


(6.20c) 


y = y[ m ] 
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6.2 Solution Method 




UT 


3ln v "| 
9 In T) 


ly=yH 



(6.20d) 


In equations (6.20a) to (6.20d) the partial derivatives (din v/dln p) T , (din v/dln T) p 
(dh/dp)?, and (dh/dT) p depend on the problem type. For the frozen case 


91nvj j 


3ln PJ T 

(6.21a) 

^ 3 In v ^ 


V Jp 

(6.21b) 

(dh) n 


UJr 

(6.21c) 

( dh^\ 



(6.21d) 


where c p is the constant-pressure, mass-specific heat of the frozen mixture 

NS 

c p (622) 

1=1 

and Cp,; (= dh\i/dT) is the constant-pressure, molar-specific heat of the ith species. For 
the equilibrium problem 


r dh' 

II 

el 

1 

II 

1- 

9 In v' 



T \°Tjp 


[din T j 

L_ 


(6.23) 


and the other derivatives are given in chapter 5. 

Equation (6. 1 6) is solved for A by directly inverting — because is a 

2x2 matrix, its inverse is easily obtained. The ( m + l)th estimate is then 

given by 


y[m+!] _ y[ m ] + AYH 


(6.24) 
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6. Incident Shock 

Starting with an initial guess, denoted by y [0] , successive corrections A Y [m] 
(m = 0,1 A/— 1 ) and approximations y ^ ( m = 1,...,M-1) (y/ m ^ = exp Yj- m \ 
i = 1 ,2) are generated until the iteration converges. The integer M is the number of 
iterations required for convergence, and y is taken as l 

6.2.1 Initial Estimates 

The initial estimates y/ 0] (i = 1 ,2) used to start the iteration process are obtained 
by assuming frozen composition and constant mixture mass-specific heat Cp. Equa- 
tions (6.8) and (6.10) can then be solved exactly, and the (nontrivial) solution is 
(ref. 113) 


[°] = }$_ _ 2 Yi^i 2 -Yi +1 

~ Pi Yi+1 


„[()] 

l \ 


' 2 ^ 
T + Yi-1 




Yi+1 


(6.25a) 


(6.25b) 


In these equations Yi [ — c p,\^ c p,\ ^^w,\ ^ is the specific-heat ratio of the un- 

shocked gas mixture, and |= V^J j j its Mach number. 

For the frozen shock problem the initial estimates given by equations (6.25a) and 
(6.25b) are in general excellent (refs. 113 and 117). However, for the equilibrium 
shock problem the initial temperature ratio estimate given by equation (6.25b) can 
be very high. A more reliable estimate is given by the equilibrium temperature 
obtained under conditions of constant pressure p^(= ) and const ant mixture 

mass-specific stagnation or total enthalpy /ij, 0 ] (= /t 0 j = + (ref. 117). 

Hence the initial temperature ratio estimate used for the equilibrium shock problem 
is 




(6.26) 


where fi 01 is the equilibrium temperature at and fcj, 0 ]. 
eq 
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6.2 Solution Method 


6.2.2 Convergence Tests and Corrections Control 

The convergence criteria are based on the magnitudes of the {A Y^} and are 



< 5xl0 -5 , 


i = l,2 


(6.27) 


If this equation is satisfied, the results of the mth iteration are accepted. 

If either of the two variables fails to satisfy equation (6.27), the iteration process 
is continued. However, to avoid convergence difficulties caused by large corrections, 
equation (6.24) is not used to update Yt m+1 l. Instead an arbitrary underrelaxation 
or control factor A is applied to the {AY/ m ^} given by equation (6.16) before the 
improved estimates are computed. The control factor is defined as 

(ref. 117) 


A = min 


, A£a 


In c A 


AY 


M 


AyJ 


"ll 


(6.28) 


where the empirical constant c\ depends on the number of iterations: 


[.1.5, 

0 < m < 4 

1.25, 

4 < /w < 12 

1.1, 

12 < m < 20 

1.05, 

20 < m 


(6.29) 


Equation (6.28) restricts the magnitudes of the corrections to be no greater than 
In The new estimate Yt m+1 ^ is given by 

yM=yW+A AyWj m - 0,1...,M — 1 (6.30) 

The iteration process is continued until either the solution converges or 30 
iterations have been performed without success when an error exit is taken. 
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6. Incident Shock 


6.3 Test Problem 

The accuracy of LSENS for incident shock calculations has been examined by 
comparing its results with the solutions produced by CET (ref. 117) for many 
problems. In this section both codes are applied to a simple problem, which 
involves the passage of an incident shock wave at a Mach number (i.e., JAi) of 3.3 
into a stoichiometric hydrogen-oxygen-argon mixture with 94 percent argon. The 
unshocked gas is at pressure and temperature of 0. 1 atm and 298. 1 5 K, respectively. 
The equilibrium mixture was assumed to consist of the following nine species: H 2 , 
0 2 , Ar, O, H, OH, H0 2 , H 2 0 2 , and H 2 0. 

The equilibrium and frozen shock conditions obtained with the two codes are 
given in table 6.1. In this table X[ is the mole fraction of species i and the other 
quantities have been defined previously. All results were generated on the NASA 
Lewis Research Center’s Amdahl 5870 computer using the UTS operating system, 
the Fujitsu 77 compiler (optimization level, 3), and double precision. 

As discussed in chapter 5, during the iteration procedure for the chemical 
equilibrium state LSENS classifies species with mole fractions < 10 -8 as trace 
species. After the iteration successfully converges, each trace species is assigned a 
mole number of 10 _u . For consistency, CET was run with a value of 10~ 8 for the 
variable TRACE, which is a cutoff level, and mole fractions less than TRACE are 
not listed. This condition was obtained for the species HO 2 and H 2 O 2 . 
Thermodynamic data for all nine species listed in table 6.1 were included in the 
input data file required by CET to ensure that only these nine species were 
considered by the code and that the same thermodynamic data were used by both 
LSENS and CET. 

Table 6.1 shows the excellent agreement between LSENS and CET for both 
equilibrium and frozen shock computations, verifying the accuracy of LSENS. To 
solve for the equilibrium conditions, LSENS required one iteration and an execution 
time of approximately 0.01 s. The frozen shock solution required two iterations and 
less than 1 millisecond of execution time. Thus the code is efficient for incident 
shock computations. 
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TABLE 6.1.— POSTINCIDENT SHOCK CONDITIONS FOR 
STOICHIOMETRIC HYDROGEN-OXYGEN-ARGON MIXTURE 
(94% At) AT INITIAL PRESSURE OF 0.1 atm AND 
INITIAL TEMPERATURE OF 298.15 K 
[Shock velocity, 1076 m/s.] 


Variable 

Equilibrium shock 

Frozen shock | 

CET 

LSENS 

CET 

LSENS 

“*b 

*H20 

1 797xl0 -8 

1 796x1 0 -8 



4.079x1 0 -2 

4.079xl0 -2 




*OH 

5.209X10 -6 

5.209X10 -6 




1 131xl0 -7 

1 131xl0~ 7 



*62 

1.242xl0“ 5 

1.241xl0“ 5 

0.02 

0.02 

x h 2 

2.740x1 0 -5 

2.740xl0 -5 

0.04 

0.04 

x ho 2 

(a) 

(a) 

— 

— 

X H202 

(a) 

(a) 


— 

x Ar 

0.9592 

0.9592 

0.94 

0.94 

M w , g/mol 

39.05 

39.05 

38.27 

38.27 

p , atm 

0.9515 

0.9515 

1.332 

1.332 

t ; k 

1515.7 

1515.7 

1233.8 

1233.8 

p, g/cm 3 

2.988x10^ 

2.988x10^ 

5.036x1 0 -4 

5.036X10 -4 

V, m/s 

563.4 

563.4 

334.3 

334.3 

h, cal/g 

100.4 

100.4 

125.0 

125.0 

u, cal/g 

23.30 

23.30 

60.93 

60.93 

s, cal/g-K 

1.181 

1.181 

1.155 

1.155 

(dh/dT) p , cal/g-K 

0.1343 

0.1343 

0.1343 

0.1343 

(81n v/3ln T) p 

1.0002 

1.0002 

1.0 

1.0 

(8ln v/8ln p) T 

-1.0000 

-1.0000 

-1.0 

-1.0 

c, m/s 

721.0 

721.0 

661.1 

661.1 


a Less than 10 8 . 
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Chapter 7 

Perfectly Stirred Reactor 


The one-dimensional flow problem described in chapter 2 assumes no 
backmixing of reaction products with the unreacted gas mixture. In most practical 
combustion systems backmixing does, of course, occur. The simplest case that 
can be considered is instantaneous complete mixing of the reaction products and 
the unreacted mixture — the perfectly stirred (i.e., highly backmixed) reactor 
(PSR) (e.g., refs. 127 to 129). Although this model is a great simplification of 
highly turbulent reacting flow, it is a good first-order approximation to some 
practical systems, such as the primary zone of a gas turbine combustor. This 
chapter presents the algebraic equations describing steady-flow chemical reaction 
of an ideal-gas mixture in a PSR and describes their solution procedure. The 
chapter concludes with several illustrative examples. 

A PSR consists of a reaction vessel of fixed volume <\) into which the reactant 
mixture enters at a constant mass flow rate m, as illustrated schematically in 
figure 7.1. Chemical reactions occur within the reactor at constant pressure, and 
at steady-state operation the reaction products leave the reactor at the same mass 
flow rate as the reactant inflow; therefore the mass inside the reactor is constant. 
The entering reactant stream is assumed to mix instantaneously with the reactor 
contents at constant pressure. The gases in the reactor are assumed to be perfectly 
mixed and therefore homogeneous, with the same thermodynamic state as that 
of the exit stream. For the same reason the reaction rates are the same everywhere 
within the reactor. The reaction duration in the PSR is equal to the reactor 
average residence time x r given by 


T r =p QJ/m (7.1) 

where p is the mass density within the reactor. 

Steady-state operation of the reactor is assumed and two types of problem are 
considered. In the first the mass flow rate is assigned and the composition (i.e., G z , 
i = 1,...,NRS), the temperature 7, and the density p are solved for. Here G z is the mole 
number of species i, that is, number of moles of species i per unit mass of mixture, 
and NRS is the number of reacting species. In the second type of problem the reactor 
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7. Perfectly Stirred Reactor 


6 



Figure 7.1 . — Schematic illustration of perfectly stirred reactor. 


temperature is assigned and the composition, density, and mass flow rate are solved 
for. For both problem types the inlet state, reactor volume, and pressure are assumed 
to be known, as are the chemical reaction mechanism and rate coefficient parameters. 
In addition, only ideal-gas mixtures are considered, and either the reactor is 
adiabatic or the heat transfer rate from the reactor contents is assumed to be given. 


7.1 Governing Equations 

For both problem types outlined previously the number of unknowns is equal to 
NRS + 2 — the { a, } , T or m, and p . However, because attention is restricted to ideal 
gases, the density can be expressed in terms of the other quantities by using the ideal- 
gas equation of state 



where p is the reactor pressure, R is the universal gas constant, and 

NS 

a m=X 0 - 

1=1 


(7.2) 


(7.3) 


where NS is the total number of (reacting and inert) species. Hence only NRS + 1 
independent equations are required. For steady-state operation of the reactor NRS 
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7.1 Governing Equations 

equations are obtained from the molar conservation equations for the reacting 
species: 


Molar flow rate 
of species i 
into reactor 


Molar flow rate 
of species i 
out of reactor 


Net molar rate 
of destruction , 
of species i 


i = 1,...,NRS 


This equation can be written as 


(7.4) 


mo* -mo • = -pQJ f. = -W.% i = 1,...,NRS (7.5) 

where the asterisk denotes reactor inlet conditions, figure 7.1. In equation (7.5), 
fi = dOi/dt , where t is time; and W( (= p /■), the molar formation rate of species i per 
unit volume, is obtained from equation (2.33) as 

NR 

»i=p/,=E( v ;-v;,)o (7.6) 

7=1 

Here rj is the net molar rate of reaction j per unit volume 

rj=Rj-R_j, 7 = 1,..., NR (7.7) 

NR is the total number of reactions, v,y and vjj are the stoichiometric coefficients of 
reactant species i and product species i in reaction j, and Rj and are the molar 
forward and reverse rates of reaction j per unit volume. The species continuity 
equation, equation (7.5), can then be rewritten as 


m 




VJJ 


or, rearranging terms, as 



i = 1,...,NRS 


(7.8) 
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7. Perfectly Stirred Reactor 

The (NRS + l)th equation, needed for closure, is obtained from the energy 
conservation equation 


Enthalpy flow 


Enthalpy flow 


Heat transfer 

rate into 

- 

rate out of 

= 

rate from 

reactor 


reactor 


reactor 


which can be written as 

inh* -mh = Q (7.10) 

where h* is the mass-specific enthalpy at the reactor inlet, , h the mass-specific 
enthalpy both within the reactor and at the reactor outlet, and Q the heat transfer rate 
from the reactor, figure 7.1. For an adiabatic problem Q- 0; otherwise the heat 
transfer rate is assumed to be assigned as a polynomial function of temperature, as 
discussed in chapter 11 of part II. 

For a mixture of ideal gases 


NS 


i=l 


(7.11) 


where (i; is the molar-specific enthalpy of the ith species. Therefore equation (7. 10) 
can be rewritten as 


NS 


NS 


X«a-I>w4=o 

, , m 


i=i 


i=l 


(7.12) 


7.2 Solution Method 

Equations (7.8) and (7.12) together form a set of NRS + 1 nonlinear algebraic 
equations in NRS + 1 unknowns. These equations are solved by using the Newton- 
Raphson (NR) iteration technique (e.g., refs. 43 and 128). For clarity in presentation 
the N-dimensional (N = NRS + 1) column vector y, which contains the NRS + 1 
unknowns, is defined as 


y i =o i , i = 1,...,NRS 


(7.13a) 


y N = T or in, N — NRS + 1 


(7.13b) 
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7.2 Solution Method 

Equations (7.8) and (7.12) are written in the form 


i t) = Z( V (/ ~ V 'u) r j + ^( G * -y«J = 0. *' - 1.--NRS (7.14a) 

7=1 

NS .A 

k(y) = X ~ )+¥ = ° (7. i4b) 


Solving equations (7.8) and (7.12) is then equivalent to finding the zero of { where 

(7 - l5) 

and the superscript T indicates transpose. 

In applying the NR iteration method { In y z } is solved for rather than (y z } to avoid 
negative {y z }. If the rath estimates are denoted by In y ^ ( i = 1,...,A0, the NR 
iteration procedure for the corrections, Ain (/ = 1 on the ( ra + l)th 

iteration is 



Y = (in y v ..., In y N ) T (7.18) 

that is, the element Y k is given by 

Y k =\ny k , k = l...,N (7.19) 
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7. Perfectly Stirred Reactor 

Then equation (7.16) can be expressed compactly as 

j[m] A y [m] = (7.20) 

where is the NxN Jacobian matrix, with element /^given by 


,[m] = 

ik an 


_ 4. 

- v t">]^L 

Y _ Y M 9ln y k 

y k tv., 

y=y [ml dy k 


i,k = l,...,N 


ly=y 


[m] 


(7.21) 


The required partial derivatives, dy/dy^ (i,k = 1 ,...,N), are obtained from equa- 
tions (7.14a) and (7.14b) and are derived in appendix A of part II. In evaluating 
dy/dyk all other variables are, by definition, constant. In the present formulation the 
density is not treated as an unknown quantity although it varies with each iteration 
and has an effect on AY m through (. This effect is taken into account by writing 
dii/dyk as 




all other 

y j 


K dy kJ 


f ^ 


all other 

y r p 


4 

V a P Vail y. 


V dy kJ 


all other 


Uk = 1 ,..., A 


(7.22) 


where 3p/3y& is obtained from equation (7.2). 

Starting with an initial guess, denoted by y^°\ successive approximations y^ 
(m = 1 ,...,M) (y/ m l = exp Y[ m \ /= 1 ,...,A0 are generated until the iteration converges, 
that is, the corrections { AT,*} approach zero within a specified accuracy. The integer 
M is the number of iterations required for convergence, and y is taken to equal y^ . 

7.2.1 Initial Estimates 

The initial estimates are determined from the chemical equilibrium solution 
generated under conditions of assigned pressure (= p*) and mixture mass-specific 
enthalpy (= h *). The computational procedure used for the equilibrium state is 
discussed in chapter 5. Now, for the desired mass flow rate (denoted by m max ) or 
reactor temperature (denoted by 7 m i n ), the state in the PSR may be far from 
equilibrium. In such a situation the NR iteration procedure may either experience 
convergence difficulties or converge to a “false” solution — one that is mathematically 
correct but physically not realizable. To minimize these difficulties, the calculation 
is started with conditions (a small assigned mass flow rate or an assigned temperature 
close to the equilibrium temperature r e£} ) that produce a solution close to the 
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equilibrium state. Because at the outset 7^ is not usually known, LSENS allows for 
the specification of the decrement AT in temperature for assigned-temperature 
problems. 

Starting with initial estimates { g/ 0] } and 7^ or m [0] the governing equations are 
solved for the {G/} and T or m to produce a solution close to the equilibrium state. 
The assigned variable m or T is then changed by the user-specified amount Am or 
AT, and a second PSR solution is generated. The results given by the first PSR 
solution are used as initial estimates for the second solution. The process of chang- 
ing the assigned variable by the user-specified amount and iterating for a new solu- 
tion, starting with the previous solution as the initial estimate, is continued until the 
desired mass flow rate m max or temperature T min is obtained. 

As discussed in section 7.3 it is necessary to generate at least one intermediate 
solution before the validity of the solution at the desired condition can be tested. 
To accomplish this objective, the value is restricted for the user-supplied mass flow 
rate m\ or temperature T\ (= T cq - AT) for the first PSR solution. In addition, for 
an assigned-mass-flow-rate problem at least two restarts of the first PSR solution 
are provided for in the event of a false first or second PSR solution. Finally because 
{In G/} are solved for, it is necessary to set a minimum value for the species mole 
numbers {g/ 0 ^ }. A minimum value of G/ = 1CT 10 mole/g is used in the code. Hence 
the initial estimates and assigned value m\ or 7j for the first solution are 

a| 0] = max(a. eq ,l(r 10 j, / = NS (7.23a) 


Assigned mass flow rate 


m { <— min 




m. 



(7.23b) 


Assigned temperature 


. [ 0 ] . 

m = m Q , 7j = max 


T -AT, 

eq ’ 


T +T 

eq min 


(7.23c) 


In these equations the arrow ” denotes the replacement operator and mo is the 
user-supplied mass flow rate to start the iteration for the first solution of an assigned- 
temperature problem. 
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7. Perfectly Stirred Reactor 
7.2.2 Control of Corrections 

At each iteration the corrections {AF/ m ^} (m = 0,1,..., M— 1) are generated by 
solving equation (7.20) by the Gaussian elimination method (ref. 35). If these 
corrections are too large, they can lead to convergence difficulties if used unchanged 
in equation (7.17) to compute the new estimates (refs. 113, 117, and 123). Large 
corrections can arise for one of two reasons: in the early stages of the iteration 
procedure because of a poor initial estimate, or in later stages because of large 
increases in the concentration of trace species (refs. 1 1 3 and 1 1 5). In order to restrict 
the magnitude of the corrections to the variables, the underrelaxation or control 
factor A, developed by Gordon and McBride (ref. 117) for chemical equilibrium 
state calculations, is used. Their scheme for computing A is based on two empirical 
rules. The first rule is applied (1) to species k that satisfy the requirements 
Ay* [m] > 0 and a* [m] > 10“® and (2) to the temperature or mass flow rate. It 
produces the parameter A\, which is defined for the (m + l)th iteration 
(m = 0,1,...,M-1) as 


A,=- 


max 


5 AT 


M 


N 


|A Y l k m] 


for AY\ m] >0; a 1 ™ 1 >10 8 a 1 


[m] 


(7.24) 


This equation limits the change in any variable to a factor e 0 4 (- 1.4918) or 

e 2 (= 7.3891). . 

The second rule is applied to trace species k (defined here as a species with mole 
fraction CT^'"Vo!™^ less than or equal to 10“ 8 ) for which > 0. It gives the 

parameter A 2 , which is defined for the (m + l)th iteration (m = 0,l,...,Af-l) by 



for AT* [m] > 0; a 1 *' 


[ml < 10“ 8 a [ 'I' ] 


(7.25) 


g 

Equation (7.25) prevents a mole fraction that is less than or equal to 10 from 
increasing to more than 10 4 . 

The control factor A is then given by 

A = min^l.ApAj) (7.26) 


The new estimate Y [m+l] is calculated as 

Y Cm+ l ] =Y [m] + A AY [ml , m =0,...,M-1 (7.27) 
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7.2 Solution Method 

Finally at each iteration it was found necessary to set a minimum value for the 
species mole number. A value of a/ m+1] = 10 -10 is used for all trace species. 

7.2.3 Convergence Criteria 

After each iteration several tests are used to ascertain convergence of the solution. 
First, mass conservation is checked by examining the sum S m of mass fractions 


NS 

( 7 - 28 ) 

1=1 

where M w i is the molar mass of the zth species. If S m is different from unity, the 
composition is clearly incorrect. Experience suggests that mass is conserved to 
sufficient accuracy if the following criterion is satisfied: 

I i ? s 

Pm" 1 !- 3x10 (7.29) 

If S m is significantly different from unity, continued iteration produces little 
improvement in the situation — the estimates remain physically unrealistic. Hence, 
if S m is different from unity by more than 0.2, the iteration is abandoned and the 
corrective actions described in section 7.3 are taken. If S m is not different from unity 
by more than 0.2 but fails to satisfy equation (7.29), the next iteration is performed. 

If equation (7.29) is satisfied, the remaining convergence tests, which were all 
adapted from Gordon and McBride (ref . 117), are as follows: The control factor A 
is examined because it is equal to unity when the variables are close to the correct 
values; when they are far from the correct values, A will be less than unity (ref. 1 1 3). 
Therefore, if A is not equal to unity, a new iteration is performed. 

Next the magnitude of AY^ (= Ain 7^ for an as signed-mass-flow-rate problem 
or Ain rn\ m ^ for an assigned-temperature problem) must satisfy 


AY [ N mi 


< 10 ‘ 


(7.30) 


The last test involves the magnitudes of Ain o/ m ^ (= AY^ m \ i = 1,...,NRS), which 
must all satisfy the criterion 


a [m+l] ^y[m] 
rrim+l] 


? 

< EPS, 


i = 1,...,NRS 


(7.31) 


Gordon and McBride (ref. 113) recommend a value of EPS = 5xl0 -6 for chemical 
equilibrium computations. However, for the PSR problem a value of 5xl0 -5 was 
found to be adequate. 
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7. Perfectly Stirred Reactor 

The iteration procedure is continued until either the estimates converge or the 
number of iterations exceeds the maximum allowable, when an error exit is taken. 
The maximum number of iterations is set equal to 75, as a compromise between 
allowing enough iterations to obtain convergence and preventing excessive computa- 
tional work with no convergence. 


7.3 Converged Solution Tests 

The equations describing the PSR problem are nonlinear and may therefore 
possess multiple solutions, only one of which represents the desired state. Of 
course, the nonlinearity of the equations precludes any guarantee of solution 
existence. Also, because a Newton-Raphson iteration technique is used, poor initial 
estimates may produce a false solution — one that is mathematically correct but 
physically unrealizable. In order to ensure that the solution is not unrealistic, several 
tests and corrective actions are built into the code. 

As discussed in section 7.2. 1 , the solution at the desired condition ( m max or T m i„) 
is obtained by solving a series of PSR problems (i.e., by generating a sequence of 
converged solutions). For clarity the results produced on the nth convergence 
(n = 1,2,...) are denoted by 0), „ (i = 1,...,NRS), m n , and T n . For an assigned-mass- 
flow-rate problem m n is prescribed and {<?,„} and T n are solved for. Similarly, for 
an assigned-temperature problem T n is fixed and {(?,,„} and m n are solved for. The 
initial estimates used to start the nth solution are denoted by { 0 $ } and or m 
For the first solution the initial estimates are given by equations (7.23a) to (7.23c). 
For subsequent solutions the previously converged solution gives the initial 
estimates. Hence for n = 2,3,... 

(7.32a) 


(7.32b) 


(7.32c) 

The converged solution tests and corrective actions used are now described. 
Assigned-mass-flow-rate problems are discussed first; then assigned-temperature 
problems are considered. 


«B-«w NRS 


Assigned mass flow rate 


[ 0 ] _ ■ 


m n = min (m n _ x + Am, rn max ), T n = T n _ x 


Assigned temperature 


= m n -V T n = max ( r „-l - AT ’ T miJ 
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73 Converged Solution Tests 

7.3.1 Assigned-Mass-Flow-Rate Problem 

For an assigned-mass-flow-rate problem each PSR solution is attempted with a 
larger m than the previous solution, as described above (see eq. (7.32b)). Hence 
each converged temperature must be less than the temperature obtained on the 
previous convergence. It is physically impossible for both the mass flow rate and the 
temperature to increase (e.g., ref. 130). Hence a simple test for solution validity is 
that T n must be less than T n _\ (n- 2,3,...). For the first convergence T\ must be less 
than T e q because m\ is finite. Experience has shown that a failed second solution 
(i.e., 72 > T\) is usually due to poor initial estimates — a poor first convergence even 
though T\ < 7 eq . For this reason m \ is restricted such that at least two converged 
solutions have to be generated before in max is reached. This precaution increases 
the reliability of the solution, if any, obtained for m max Because a failed second 
solution is due to a poor first convergence, both the first and second converged 
solutions are rejected. A new first solution is then attempted with the same initial 
estimates { G/j-^ } and T \ ^ as before (see eqs. (7.23a) and (7.23b)); however, the 
assigned mass flow rate m\ is increased as follows: 


m x <— mini 


2 mj,0.75 ^ max 


(7.33) 


Now equation (7.23b) shows that the maximum mass flow rate assigned for the first 
attempt at producing the first converged solution is restricted to 0.25 m max 
Therefore equation (7.33) allows for at least three attempts to produce a first 
solution and, for reasons given previously, the generation of at least one additional 
converged solution. These corrective actions are also taken in the event of a failed 
first solution (i.e., T\ > T e q). If the use of rh\ = 0.75 m max does not produce a 
satisfactory first or second converged solution, an error exit is taken. 

If the solution obtained on the third or subsequent convergence is unsatisfactory 
because T n > T n _\ ( n = 3,4,...), only the latest (i.e., the nth) solution is rejected. A 
new nth solution is then attempted with the same initial estimates for { } and 7^°-* 
as before (see eqs. (7.32a) and (7.32b)), but m n is increased as follows: 


m n <— min| 


r \ 

max 


V 


J 


(7.34) 


If the use of m n = m max results in an invalid solution, an error exit is taken. 

This procedure is repeated until either ( 1 ) a satisfactory solution is obtained at the 
desired mass flow rate m max or (2) an error exit is taken for one of the two reasons 
just given or because either an invalid solution is obtained after three restarts or a 
converged temperature is not significantly greater than the inlet temperature. The 
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last condition indicates that the specified mass flow rate is too large to sustain the 
reaction and so “blowout” (refs. 129 and 130) occurs . It is arbitrarily required that 
the difference between the converged temperature and the inlet temperature must be 
greater than 10 K for the solution to be satisfactory. 

7.3.2 Assigned-Temperature Problem 

For this problem type the converged mass flow rate must clearly be greater than 
zero. However, because logarithmic variables are used, the converged solution will 
always be positive. Hence the converged mass flow rate being greater than zero is 
not a sufficient condition for solution validity. Now because each PSR solution is 
attempted with a smaller temperature than the previous solution (see eq. (7.32c)), 
the converged mass flow rate must increase, as observed in section 7.3.1. Thus for 
a solution to be accepted as satisfactory the converged mass flow rate must be 
greater than the m obtained on the previous convergence. Of course, in order to 
apply this test, at least two converged solutions must be generated. As discussed in 
section 7.2.1, the value assigned for T\ (the temperature for the first convergence) 
guarantees that at least two solutions have to be generated before the desired 
temperature 7 mm is reached (see eq. (7.23c)). 

If the mass flow rate m 2 produced on the second convergence is not greater than 
mi, the following actions are taken: A poor second convergence is invariably due 
to a poor first convergence, which cannot of course be tested. Hence the first and 
second converged solutions are both rejected, and a new first solution is attempted 
with the same initial estimates for { c,^ ] } as before (see eq. (7.23a)) but with a larger 
. Experience has shown that it is best to increase the initial estimate significantly, 
and the following empirical rule is used: 


.10] 1A .10] 

mi <r- 10/71] 


(7.35) 


If an invalid solution is obtained on the third or subsequent convergence (i.e., m n 
< m„_ i, n = 3,4,...), only the results of the latest (i.e., the nth) convergence are 
rejected. Anew nth solution is then attempted with the same initial estimates for the 
{(7; } as before (see eq. (7.32a)), but the initial mass flow rate estimate fhh ^ is 

increased tenfold. This procedure is repeated until either a satisfactory solution is 
obtained at the desired temperature T min or the converged solution is still 
unsatisfactory after three restarts, in which case an error exit is taken. One possible 
reason for the failure is that the assigned temperature is too low to sustain the 
reaction and so blowout occurs. 


7.4 Test Problems 

This section examines the accuracy and efficiency of LSENS for PSR 
computations. In particular, it is applied to a simple problem, which was taken from 
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reference 131 and describes the adiabatic combustion of a stoichiometric fuel-air 
mixture in a PSR. The fuel consisted of a mixture of 80 percent hydrogen and 
20 percent nitrogen. The air was a mixture of 21 percent oxygen and 79 percent 
nitrogen. The fuel and air compositions and fuel-air stoichiometry correspond to the 
following reactor inlet composition: 27.54 percent hydrogen, 1 3.77 percent oxygen, 
and 58.69 percent nitrogen. (All results presented herein were obtained with this 
inlet mixture composition.) The remaining input data for the problem were reactor 
volume, 67.4 cm 3 ; pressure, 1 atm; inlet temperature, 298 K; and mass flow rate, 
450 g/s. 

The hydrogen-oxygen-nitrogen reaction mechanism consisted of 18 reversible 
elementary chemical reactions among 8 reacting species (H 2 , 02 , 0, H, OH, HO 2 , 
H 2 O 2 , and H 2 O) and the inert species N 2 . The reaction mechanism and forward rate 
coefficient parameters are given in table 7.1. For each reaction the backward rate 
coefficient was computed by using the law of microscopic reversibility, equation 
(2.6), and the concentration equilibrium constant. Glarborg et al. (ref. 131) write 
reaction (9) as three reactions 


h + o 2 + m ^ 

ho 2 +m 

(7.36) 

H + O 2 + O 2 — 

ho 2 + o 2 

(7.37) 

h+o 2 +n 2 r 

ho 2 + n 2 

(7.38) 


and assign a zero third-body collisional efficiency for O 2 and N 2 in reaction (9). 
Therefore the mechanism given in this reference consists of 19 reversible reactions. 
As described in chapters 8 and 1 1 of part II the present version of LSENS is restricted 
to two different reactant species and two different product species. Hence the 
reaction given by equation (7.37) could be used (see reaction (10) in table 7.1) but 
not that given by equation (7.38). The latter reaction was included by specifying a 
nonzero third-body collisional efficiency for N 2 in reaction (9). The efficiency 
listed in table 7. 1 for N 2 was obtained by comparing the following two rate constants 
at the reactor exit temperature (1396.54 K) given in reference 131: The first value 
was computed by using Glarborg et al.’s (ref. 131) rate coefficient expression for the 
reaction given by equation (7.38). The second value was obtained from the rate 
coefficient expression given in table 7.1 for reaction (9). 

Solution to this assigned-mass-flow-rate problem was attempted with LSENS, 
using the parameter values m\ (assigned mass flow rate for first convergence) 
= lOg/s, Am (mass flow rate increment after each successful convergence, see 
eq. (7.32b)) = 100 g/s, and m max (desired mass flow rate) = 450 g/s. No difficulty 
was encountered and the solution at the desired mass flow rate was produced after 
six successful convergences. The composition and thermodynamic properties at the 
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TABLE 7.1.— REACTION MECHANISM AND FORWARD RATE 
COEFFICIENT PARAMETERS FOR TEST PROBLEM 


Reaction 

number, 

j 

Reaction 

Forward rate coefficient 
parameters 4,15 


n i 

mm 

1 

h + o 2 ^o + oh 

5.1xl0 16 

-0.82 

16 510 

2 

h 2 + o**h + oh 

1.8x10'° 

1.0 

8 830 

3 

H 2 + OH ** H 2 0 + H 

1.2xl0 9 

1.3 

3 630 

4 

OH + OH ^ H 2 0 + O 

6.0xl0 8 

1.3 

0 

c 5 

H + OH + M ** H 2 0 + M 

7.5X10 23 

-2.6 

0 

6 

o 2 + m**o + o + m 

1.9x10" 

0.5 

95 560 

°1 

h 2 + m^h + h + m 

2.2x1 0 12 

0.5 

92 600 

8 

H 2 + 0 2 <**> OH + OH 

1.7xl0 13 

0.0 

47 780 

°9 

h + o 2 + m--ho 2 + m 

2.1xl0 18 

-1.0 

0 

10 

H + 0 2 + 0 2 ■** H0 2 + 0 2 

6.7x1 0 19 

-1.42 

0 

11 

H0 2 + H ■-* H 2 + 0 2 

2.5xl0 13 

0.0 

700 

12 

H0 2 + H ** OH + OH 

2.5x1 0 14 

0.0 

1 900 

13 

H0 2 + O ** OH + 0 2 

4.8xl0 13 

0.0 

1 000 

14 

H0 2 + OH ■h. H z O + 0 2 

5.0xl0 13 

0.0 

1 000 

15 

ho 2 + ho 2 h 2 o 2 + o 2 

2.0x1 0 12 

0.0 

0 

16 

h 2 o 2 + m ^ oh + oh + m 

1.2xl0 17 

0.0 

45 500 

17 

h 2 o 2 + h^ho 2 + h 2 

1.7xl0 12 

0.0 

3 750 

18 

h 2 o 2 + oh ^ h 2 o + ho 2 

l.OxlO 13 

0.0 

1 800 


a Rate coefficient kj = AJTJ exp(-£y7?r); units are moles, centimeters, 
seconds, and calories. 

^From reference 131. 


c Third-body collisional efficiencies: 

Reaction 5: H 2 0 = 20.0 

Reaction 7: H 2 0 = 6.0, H = 2.0, H 2 = 3.0 

Reaction 9: H 2 O = 21.0, H 2 = 3.3, 0 2 = 0.0, N 2 = 1.5. 


reactor exit and the average residence time are given in table 7.2. Here X[ is the mole 
fraction of species i and the other quantities have been defined previously. This 
solution and, unless otherwise indicated, all results presented in this section were 
generated on the NASA Lewis Research Center’s Amdahl 5870 computer using the 
UTS operating system, the Fujitsu 77 compiler (optimization level, 3), and double 
precision. The computational work required for the problem was 24 iterations and 
approximately 0.1 s of execution time. 

The solution obtained by Glarborg et al. (ref. 131) on a VAX 11/780 computer 
with their code PSR is also listed in table 7.2. The agreement between PSR and 
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7.4 Test Problems 


TABLE 7.2.— REACTOR EXIT PROPERTIES FOR 
TEST PROBLEM 

[Pressure, 1 atm; inlet temperature, 298 K; 
mass flow rate, 450 g/s.] 


Variable 

PSR a 

LSENS 

PSR b 

*H 

5.02xl0" 2 

5.03x1 0 -2 

5.03xl0~ 2 

*o 2 

3.96x1 0~ 2 

3.92xl0~ 2 

3.92x1 0 -2 

*o 

7.94x1 0" 3 

7.95xl0" 3 

7.95xl0" 3 

*OH 

5.71xlO" 3 

6.03 xlO" 3 

6.03 xlO -3 

*H2 

6.50xl0" 2 

6.43x1 0 -2 

6.43x1 0 -2 

*h 2 o 

0.202 

0.203 

0.203 

*H02 

1.88xl0" 5 

1.85xl0 -5 

1.85xl0" 5 

*H202 

2.70xl0~ 5 

2.71 xlO" 5 

2.71 xlO" 5 

*n 2 

0.629 

0.629 

0.629 

r, k 

1396.54 

1398.81 

1398.72 

p, g/cm 3 

2.00x1 O' 4 

2.00x1 O' 4 

2.00x1 0" 4 

V s 

3.00xl0~ 5 

2.99xl0~ 5 

3.00X10" 5 


a From reference 131. 
b This work. 


LSENS was, in general, excellent. In order to examine if the discrepancies in the 
results, especially xqh> produced by the two codes were due to the different reaction 
mechanisms and thermodynamic data used, solution to the problem was attempted 
with PSR (version 2.3, dated April 1992) on the Amdahl 5870 computer using the 
UTS operating system, the Fujitsu 77 compiler (optimization level, 3), and double 
precision. However, the code could not be compiled, and therefore solution was 
attempted on the NASA Lewis Research Center’s VAX 8800 computer using the 
VAX/VMS operating system (version 5.5-1), the VAX FORTRAN compiler 
(version 5.9), double precision, and VAX G_floating data type (i.e., the code was 
compiled with the G_FLOATING option). No difficulty was encountered on this 
system and the solution is given in table 7.2. This solution was obtained with the 
same reaction mechanism (i.e., table 7.1) and thermodynamic data as those used 
with LSENS and a value of 1398.81 K (= reactor exit temperature obtained with 
LSENS) for the variable TEMP, which is the user-supplied initial estimate of the 
reactor temperature for an assigned-mass-flow-rate problem (ref. 131). Also, to 
minimize execution time, a value of zero was assigned for the variable PRNT, which 
controls the amount of information generated by the code. Table 7.2 shows that the 
PSR and LSENS results were virtually identical. (LSENS produced exactly the 
same results on both the Amdahl 5870 and VAX 8800 computers.) 

On the VAX 8800 computer LSENS required 26 iterations and 0.33 s of execution 
time, whereas PSR required 6.2 s. The computational cost of PSR depended on the 
value specified for TEMP. This quantity was varied from the reactor exit temperature 
to the equilibrium temperature T eq for the inlet state. The effect of TEMP on the 
execution time is shown in table 7.3. For several values of TEMP, PSR could not 
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7. Perfectly Stirred Reactor 

TABLE 7.3— EFFECT OF USER-SUPPLIED 
ESTIMATE OF REACTOR TEMPERATURE 
ON EXECUTION TIME REQUIRED 
BY PSR ON VAX 8800 COMPUTER 
[Pressure, 1 atm; inlet temperature, 

298 K; mass flow rate, 450 g/s.] 


Reactor temperature 
estimate, 
TEMP, 

K 

Execution 

time, 

s 

a l 398.81 

6.2 

1500 

5.9 

1750 

0.74 

2000 

4.6 

*>2293.56 

0.80 


a Reactor temperature produced by 
LSENS (see table 7.2). 
b Equilibrium temperature computed 
by LSENS on VAX 8800 computer. 


produce a successful first solution and so had to take relatively expensive corrective 
actions. Hence the runs with TEMP = 1 750 K and T e q were substantially faster than 
the others (see table 7.3), showing that the computational cost can be decreased 
significantly by a judicious choice of TEMP. Note, however, that in all cases the 
execution times were much longer than that required by LSENS. In particular, 
LSENS was faster than PSR by a factor of between 2.2 and approximately 19. 

The same problem was reformulated as an assigned-temperature problem by 
using the reactor exit temperature computed with LSENS to check its accuracy for 
assigned-temperature problems. The parameter values were AT (temperature 
decrement for each solution, see eqs. (7.23c) and (7.32c)) = 100 K, wq (= m\®\ 
the mass flow rate to start iteration for the first converged solution) = 1 0 g/s, and Tmin 
(desired temperature at reactor exit) = 1398.81 K. No difficulty was encountered 
and the solution at the desired exit temperature was produced after 9 successful 
convergences, 46 iterations, and 0. 1 3 s of execution time. The reactor exit properties 
and residence time were exactly the same as the values given in table 7.2 for the 
assigned-mass-flow-rate problem. Finally for the specified reactor exit temperature 
the converged mass flow rate was 450 g/s. Thus the accuracy of LSENS for 
assigned-temperature problems was verified. 

The assigned-temperature problem was solved with PSR on the VAX 8800 
computer. Now, unlike LSENS, which solves for in and { CT/ } at the reactor exit for 
such a problem, PSR requires a user-supplied value for either in or x r and solves for 
the mixture composition at the reactor exit. A value of in = 450 g/s was therefore 
assigned. The composition, residence time, and density were exactly the same as 
the values obtained with LSENS (table 7.2). PSR could not, however, produce a 
successful first solution and the execution time was 6.0 s. In contrast, LSENS 
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7.4 Test Problems 


required 46 iterations and 0.42 s of execution time on the VAX 8800 computer. 
Thus for this problem LSENS was faster than PSR by a factor of 14. 

The effects of fri\ and A in on LSENS accuracy and efficiency for assigned-mass- 
flow-rate problems were studied by varying m\ from 10 -3 to the maximum value, 
112.5 g/s (= 450/4, see eq. (7.23b)), allowed by the code. For each rh\, A in was 
varied from max(mj, 1) to 450 g/s. The total number of iterations and the execution 
time required to solve the problem are given in table 7.4 for various combinations 
of m\ and Am. The execution time includes the computational cost associated with 
the equilibrium state calculation and output of all results. Also listed in table 7.4 are 
the temperature T\ obtained on the first convergence (i.e., for m= m\) and the 
number of iterations required for this solution. The reactor exit properties and resid- 
ence time for all ih\ and Am considered in table 7.4 were exactly the same as the 
results given in table 7.2. The insensitivity of the solution to m\ and Am illustrates 
the accuracy and robustness of the code: note that rti\ was varied by five orders of 
magnitude and Am by two orders of magnitude. Table 7.4 shows that for all ih\ the 
execution time decreased with increasing Am but was relatively insensitive to m\ 
for a given Am. 

The effects of AT and mo on the computational work required by LSENS for 
assigned- temperature problems are illustrated in table 7.5. The temperature decrement 
was varied from 1 K to the maximum value allowed by the code. Now on the Amdahl 
5870 computer T eq was 2293.55 K, and because T m i n = 1 398.8 1 K, the smallest value 
that could be specified for T\ (the temperature for the first convergence) was 
1 846. 1 8 K (= (T eq + T m i n )/2, see eq. (7.23c)). Hence the maximum AT that could be 
assigned was 447.37 K. For each AT, mo was varied from 10~ 3 to 450 g/s. The mass 
flow rate ih\ obtained on the first convergence (i.e., with T=T\) and the number of 
iterations required for this solution are also given in table 7.5. As expected, for each 
AT the computational work was minimum for the mg that was closest to m\. The 
total number of iterations increased as mg moved away from m\, but the execution 
time was relatively insensitive to mg for a given AT. The computational cost, 
however, varied significantly with AT. For this problem use of a large AT is 
indicated. For all AT and mo values the reactor exit properties and residence time 
were identical to the results given in table 7.2, and the mass flow rate was 450 g/s 
for T= 1398.81 K. The robustness of the code was further verified by generating 
results with AT = 100 K and various mo values in the range [500, 10 9 ] g/s. In each 
case the results given in table 7.2 were reproduced and m = 450 g/s. This 
observation further illustrates the insensitivity of the solution to AT and mo : note that 
mo was varied by 12 orders of magnitude. 

The following additional experiments were performed for assigned-temperature 
problems: Glarborg et al. (ref. 131) report that for T\ - 1700 K and jvq = 
400 g/s their code PSR could not produce a successful first solution; that is, it failed 
to converge. The same problem was attempted with LSENS. Now, for 
T\ = 1700 K, AT (= 593.55 K) exceeds the maximum value (447.37 K) allowed by 
the code. LSENS was therefore modified so that the problem could be attempted 
with this AT. No difficulty was encountered and the solution at T= 1398.81 K was 
produced after two successful convergences. The computational work requirement 
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TABLE 7.4— EFFECTS OF MASS FLOW RATE ASSIGNED FOR FIRST 
CONVERGENCE AND MASS FLOW RATE INCREMENT ON 
TEMPERATURE OBTAINED AFTER FIRST CONVERGENCE 
AND COMPUTATIONAL WORK FOR PROBLEM 


Mass flow 

Mass flow 

Temperature 

Number of 

Total 

Execution 

rate assigned 

rate 

after first 

iterations 

number of 

time, 

for first 

increment. 

convergence, 

for first 

iterations 

s 

convergence, 

Am, 

Ty 

convergence 

for problem 


m,. 

g/s 

K 




g/s 






hbtsbhi 

1 

2293.54 

1 

923 

2.3 


5 

2293.54 

1 

204 

0.54 


10 

2293.54 

1 

115 

0.32 


50 

2293.54 

1 

35 

0.12 


100 

2293.54 

1 

23 

0.093 


250 

2293.54 

1 

14 

0.073 


450 

2293.54 

1 

10 

0.065 

10" 2 

1 

2293.39 

1 

923 

2.3 


5 

2293.39 

1 

204 

0.54 


10 

2293.39 

1 

115 

0.32 


50 

2293.39 

1 

35 

0.12 


100 

2293.39 

1 

23 

0.093 


250 

2293.39 

1 

14 

0.073 


450 

2293.39 

1 

10 

0.065 

0.1 

1 

2273.85 

7 

928 

2.3 


5 

2273.85 

7 

207 

0.55 


10 

2273.85 

7 

119 

0.33 


50 

2273.85 

7 

39 

0.13 


100 

2273.85 

7 

27 

0.11 


250 

2273.85 

7 

18 

0.081 


450 

2273.85 

7 

15 

0.077 

l 

1 

2192.85 

7 

922 

2.3 


5 

2192.85 

7 

209 

0.55 


10 

2192.85 

7 

118 

0.33 


50 

2192.85 

7 

38 

0.13 


100 

2192.85 

7 

26 

0.10 


250 

2192.85 

7 

17 

0.081 


450 

2192.85 

7 

14 

0.073 

5 

5 

2071.12 

7 

203 

Wm - . life 


10 

2071.12 

7 

118 

Mci Sm 


50 

2071.12 

7 

38 



100 

2071.12 

7 

25 

0.11 


250 

2071.12 

7 

16 

0.077 


450 

2071.12 

7 

13 

\mmm\ 

10 

10 

1998.93 

7 

114 

0.31 


50 

1998.93 

7 

37 

0.13 


100 

1998.93 

7 

24 



250 

1998.93 

7 

16 



450 

1998.93 

7 

13 

0.069 
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TABLE 7.4.— Concluded. 


Mass flow 
rate assigned 
for first 
convergence, 

g/s 

Mass flow 
rate 

increment. 

Am, 

g/s 

Temperature 
after first 
convergence. 

Tv 

K 

Number of 
iterations 
for first 
convergence 

Total 

number of 
iterations 
for problem 

Execution 

time, 

s 

50 

50 

1784.67 

8 

34 

0.12 


100 

1784.67 

8 

23 

0.093 



1784.67 

8 

17 

0.081 


mSM 

1784.67 

8 

13 

0.069 

100 

100 

1674.90 

8 

22 

■a 


250 

1674.90 

8 

16 

0.077 


450 

1674.90 

8 

13 

0.069 

a l 12.5 

112.5 

1655.37 

8 

19 



250 

1655.37 

8 

16 

0.077 


450 

1655.37 

8 

13 

0.069 


a Maximum value allowed by code for problem. 


TABLE 7.5.— EFFECTS OF TEMPERATURE DECREMENT AND MASS FLOW RATE TO 
START ITERATION ON MASS FLOW RATE OBTAINED AFTER FIRST 
CONVERGENCE AND COMPUTATIONAL WORK FOR PROBLEM 


Temperature 

decrement, 

AT, 

K 

Mass flow 
rate to start 
iteration, 
m 0 , 
g/s 

Mass flow 
rate after first 
convergence, 
m x , 
g/s 

Number of 
iterations 
for first 
convergence 

Total number 
of iterations 
for problem 

Execution 

time, 

s 

1 

10" 3 

4.278x1 0‘ 3 

7 

1895 

4.4 


5xl0 -3 

4.278xl(T 3 

3 

1891 

4.4 


10' 2 

4.278x1 0" 3 

5 

1893 

4.4 


0.1 

4.278xl0 -3 

11 

1899 

4.4 


1 

4.278x1 0" 3 

17 

1905 

4.4 


10 

4.278xl0 -3 

22 

1910 

4.4 


100 

4.278xl0 -3 

28 

1916 

4.4 


450 

4.278x1 O' 3 

32 

1920 

4.5 

5 

10~ 3 

2.21 8xKT 2 

11 

552 

1.2 


10" 2 

2.218xl0‘ 2 

5 

546 

1.2 


5x1 0“ 2 

2.21 8xl0 -2 

5 

546 

1.2 


0.1 

2.2l8xl0~ 2 

7 

548 

1.2 


1 

2.218xl0 -2 

13 

554 

1.2 


10 

2.218xl0" 2 

18 

559 

1.2 


100 

2.21 8xl0 -2 

24 

565 

1.2 


450 

2.218xl0 -2 

28 

569 

1.3 
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TABLE 7.5.— Concluded. 


Temperature 

decrement, 

AT, 

K 

Mass flow 
rate to start 
iteration, 

'"O’ 

g/s 

Mass flow 
rate after first 
convergence, 

g/s 

Number of 
iterations 
for first 
convergence 

Total number 
of iterations 
for problem 

Execution 

time, 

s 

10 

10” 3 

4.645x1 (T 2 

13 

287 

0.64 


10" 2 

4.645xl0 -2 

7 

281 

0.64 


5xl0 -2 

4.645xl0~ 2 

3 

277 

0.63 


0.1 

4.645x1 O' 2 

5 

279 

0.64 


1 

4.645xl0 -2 

11 

285 

0.64 


10 

4.645xl0~ 2 

17 

291 

0.65 


100 

4.645xl0‘ 2 

22 

296 

0.66 


450 

4.645xl0 -2 

26 

300 

0.67 

50 

10" 3 

0.3309 

17 

88 

0.21 


10“ 2 

0.3309 

12 

83 

■i 


0.1 

0.3309 

5 

76 

■1 


0.5 

0.3309 

4 

75 

0.19 


1 

0.3309 

6 

77 

0.20 


10 

0.3309 

12 

83 

0.20 


100 

0.3309 

17 

88 

0.21 


450 

0.3309 

21 

92 

0.22 

100 

10" 3 

0.9878 

20 

57 

msm 


10“ 2 

0.9878 

14 

51 



0.1 

0.9878 

9 

46 

0.13 


0.5 

0.9878 

6 

43 

0.13 


1 

0.9878 

5 

42 

0.12 


5 

0.9878 

7 

44 

0.13 


10 

0.9878 

9 

46 

0.13 


100 

0.9878 

15 

52 

0.14 


450 

0.9878 

18 

55 

0.15 

250 

10~ 3 

6.609 

24 

44 

0.12 


10" 2 

6.609 

19 

39 

0.11 


0.1 

6.609 

13 

33 

0.10 


1 

6.609 

8 

28 

0.092 


5 

6.609 

6 

26 

0.089 


10 

6.609 

6 

26 

0.089 


100 

6.609 

11 

31 

0.097 


450 

6.609 

15 

35 

0.11 

a 447.37 

io - 3 

32.92 

28 

38 



10" 2 

32.92 

23 

33 



0.1 

32.92 

17 

27 



1 

32.92 

12 

22 



10 

32.92 

7 

17 



50 

32.92 

8 

18 



100 

32.92 

8 

18 

0.073 


450 

32.92 

11 

21 

0.079 


a Maximum value allowed by code for problem. 
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7.4 Test Problems 

was 17 iterations and 0.073 s. The reactor exit properties, mass flow rate, and 
residence time agreed with the values given in table 7.2. The same results were 
obtained for m$ in the range [10 _3 ,10 9 ] g/s. 

As final tests of LSENS, solutions were attempted (1) with m\ increased to the 
desired mass flow rate and (2) with T\ decreased to the desired reactor exit 
temperature. Thus for both problem types the code’s ability to produce the desired 
solution after only one convergence was examined. Note that the reactor exit 
conditions are significantly different from the equilibrium state, which is used to 
start the iteration. Therefore the two problems represent the most difficult tests of 
the code. 

The assigned-mass-flow-rate problem was attempted with ih\ = 450 g/s and 
m m ax = 2000 g/s. No difficulty was encountered with the first convergence, and the 
correct reactor exit properties and residence time were obtained. Nine iterations 
were required for this solution. 

The assigned-temperature problem was attempted with A T- 894.74 K and r m i n 
= 3 1 0 K, and mo was varied from 1 0 -3 to 1 0 9 g/s. No difficulty was experienced with 
any mo; i n all cases the correct reactor exit properties, mass flow rate, and residence 
time were generated on the first convergence. As expected, the number of iterations 
depended on mo and had a minimum value of 7 for mo = 450 g/s. The extreme 
conditions m q = 10 -3 and 10 9 g/s required 36 and 41 iterations, respectively. The 
last two examples provide additional confirmation of the efficiency, accuracy, and 
robustness of LSENS for PSR problems. 
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